L ■ ((«i + *•)( + R4) + R, (Rj 

MATRIX algebra ' 

1.12. Matrix theory is a relatively recent m.,». 
development and acts as a powerful tool in various h****^**®»l 
engineering and linear programming. Gertain maA**'*****' 
(iterations and resulU can be exrpessed in elegant and *********' 
form by using matrix algebra. The study of matrices is 
from the familiar problem of solving system of linear couat?^ 
and^ linear transformations which often occur in the solutio 
engineering problems. Technique of abstract algebra ( modc^ 
algebra) is a logical approach to study simultanttously the algebra 
of matrices and the geometry of linear transformations. As this 
approach is out of the scope in the persent book, a simple introdu¬ 
ction to elementary operation and applicatiions of matrices it 
given in a direct way, ji»t to form the basis for understanding an 
advanced course in matrix theory. 


Notation and Definition of Matrls t 

An ordered set of mn numbers ( elements ) arranged in a 
rectangular arrey ofm rows and n columns and enclosed by a pair 
of brackets is called a matrix of order m X » ( read as m by a ), 
which is expressed in the form 


A 


«11 .«!» 

^. 


• • • 

• aa 

• •• 


• • • • • • 

• • • •• 

••• • • 


• • 

• • 

a#» 


-- ^IHji * a HnHg 


( 20 ) 






»it diflfe ^!n™d(5te^*^’ P^thedti ] » u*ed wWA 
j eriuinatit where v#l^l parallel ban 


maaes 

* 1 are used 
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where i 


Xhe other not3.tion used to designate (i elemnt is 

where super—index shows the row and lower—index indicates the 
column* Phis notation is sometimes used in Tensor—analysis. 
Some times the following parenthesis 


are used to denote matrices. 

1*13. Type* of Matrices x 
(1) Goliisiiii or row matrices 

If a matrix is of order m X 1 i. c. consists of single column 
with elements along m rows, the matrix is known as cokmrn marix 
or sometimes known as colwnn vector. It can be expressed as 


‘ace a column matrix is usually expressed by 
horizontallv within curly brakeu, thus 


Similarly, a matrix ol or 
elements along n cdumiw, is 
which can be expre^edjas 
A * [ «il, tfltJ 
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(II) Ztro or trail m«triz 


A matrix, every element of which is zero, is known 
or nuU matrix and it is denoted by Z. Thus ^ 


2cro 


'SXi 


0 0 
0 0 

0 0 


0 0 
0 0 

0 0 


(HI) Transpose of a matrix 

Matrix obtained by interchange of rows and columns is 
known as tranpose and is indicated by ♦or by a dash or by t. 
Thus if 

A =. ia,i\ 

A^ = ~ A' = [oji] [star~notation is used 

in this book ] 


I c. if 


*11 






*n 


a 


n 


*24 




*»4 


A* = 


**21 ** 


31 


**12 ®32 **32 

**13 **23 **33 


**14 **24 **34 


(IT) Sqnare matrix and its determinant 

A matrix of other n x n i. c. rows and columns are equal, 
if know as square matrix of order n, i. c. 


*11 


‘12 


Uin 


‘21 


‘22 


‘2n 


***»! **«2 


**n» 


A determinant of a square matrix, is such that its clcniientt 
arc fame ai the eiemenU in the Corresponding place of a sq^*^ 
matrix A, and if denoted by | A j ( read as determinant A 
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27 




If I A I =*''Opthcn A is called a singular matrix 

^ ^ ^ ^ then A is called a non singular matrix .(22) 

(V ) Symmetric and skew symmetric matrices : — 

(i ) The square matrix A is symmetric matrix^ if its trans> 
pose is same as A i. e. 

If A =s [ ], is symmetric then, 


I A=:A*| . (23) 

• «» - - 

i. e. f aij 3 “ [ 3 i* ^jt ~ aji> 

Thus interchange of rows and columns docs not change the 
form of matrix. Thus 


a h g r a h g ^ 

IfA= A 4 y A*- A 4 ^ 

«/'J 



Since A = A*, the matrix A is symmetric. 

(ii) The matrix A is skew symmetric, if 
' aji » — '»/« 

i. c. element of A is same as the element (j, 

with sign changed. 

Thus A is skew symmetric if 

(24) 

From the definition, it follows that for 
an « —* flu 
2<i« = 0 or an =0 

i e. dtatonal eUvmts of skew ^mmetric iMgtc are tera. 

■M:- 
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Tint 



g* Tlic matrix 







3 

5 


% ®» — % 


** *'^ •ymm.teic 


or A*j 



0-4 3 

4 0 5 

-3 —5 0 


^ .[ Thif step ii baled on the product of a 

•calar with a matrix, explained in the 
operations of matrices ]. 

( VI) Oiagoiml mod scalar matrix 

( i) If in a «,uare matrix, all the element! except thcae 
along the diagonal, are zero, the matrix i« known at 
matrue, • 

Thus the matrix Ami [at/] it a diagonal matrix, if 

« 0 for I 

i. e. the matrix may be irritten as 


Ou 0 0 0 

0 Sjg 0 0 


»« 4»a 


• ••• 000 000 

|_0 0 0 •... 
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(**) lUn a diagonal 


20 


a*'e equal i. c, a 


n 




-••“><>»-.». k. ,hc „„uri, 


A = 


^00 
0^0 
0 0 yt 


0 

0 

0 


_0 0 0 


is known as a scalar matrix. 

( VH J Unit Matrix : 


A scalar matrix with A- = ,,i,e,„,d a «„,V matrix of order „ 

and rs denoted by I„.i.e. Unit matrix i, a diagonal matrix, all 
tnc diagonal elements as unity. Thus 


In = 


1 0 0 
0 I 0 
0 0 1 


0 

0 

0 


» • • • » 


0 0 0 


1 

0 

— 

0 

0 

1 

0 

0 

0 

1 


1 


[J/ole Diagonal ’matrix, scalar matrix and unit matrix are 
all square matrices.] 

The property of unit matrix I is that for a matrix A 






i-'va 


i'r 



• •« #«• .*^ * *** 




i- * '• 'tr 

■■" - ■ ic' jf ■ nr^' /':yi 


_ ?_ a.1_ 
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T»t of ApHui Mu,lum.Uc,.f 

A^mbtt»rm Matrix > 

adj. A = [ A ] ^ ‘ 

<i^tcrininant ] = oefactor of ^ ^ 

Thus to and the adj. A first finH ru 
and replace .he elementi of ’a* bf Ae ‘^mpox: of A i. e. A* 
ponding elemenu of de.ern^Lm „f A^"°" ““ 

Ex. Obtain adjoint of ..uturix 

2 -1 3* 

4 ^ 6—2 

5 1 8 


Thui A* sss 

Hence 

adj. of A 


2 4 

5 


~1 6 

1 

and 1 A* 1 *= 

3 -2 

8 


— 

mmmm 



2 

-1 

3 


4 

6 


5 

1 


2 8 


'matrix of cofact ors of | A* | 

50 11 —16 
—42 1 16 
-26 -7 16 


lal4. Opcradoiis of Matrices : 


After cleaning various types of matrices, we now consider the 
fundamental operations vi^. addition, subtraction and mnUipVic- 
ation ot*matrix algebra. 


(1} £q«allty of two matrices : 

Two matrices A = [ a., ] and B = [ ]arc equal I. e. 

A « B. if and only if 
(i) A, B arc of the same order m x n 

(jj) 34/ * for every value of i and j 
where $ «= 1,2, ••• m 
j » 1,2, ••• n, 
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33 

^ Iir:-.ntT o»' Avldition ' 

A + 2 = A = z .,. A 

\\^*r= Z ■:aull m«r« ) is ,he 

AdJLii^^n. *'■' matrix under the 

T^-o.^ of thiab.vc lasvsi. left over ,o tl.c students a, 

IV) Mttltifilication of matrices : 

Ibe prxxiuci .\B of two matrices A = [a^], and B = [6«l is 
aeSacd oaly oa the ai^umption that flic columns of A are equal 
ffiki T§::si zf S. Xhus the matrices A, B arc conformable with 
respect to the product AB only if A is of order m x p and /?is of 
<^cr^ >C n and the product AB is mX n matrix C = [c(/], where 

^ • ; ! ; "" I 

T dip Opi 




Cii bu -f an b^j + 

P 

aik btj 


E 

k=i 


( 28 ) 


for CTO-/ . = 1.2, ... m '''"[A AB, multiply the 

struct the element c,i of ''jf, "Ji .„rr«pondiiiR elements oO'* 
elernenu of i<» rov/ of A w.lh he correspona h 

column of B and the ,1. f,|,(linp the (i, 

element of AB. The technique for In J' R \>J 
diagrammatically shown here, m ortlt. 
of matrices directly. ^ t 

A mXP ^ I column 


. /h/ . 

. .. 


i** row 


Oil aff 


atp 




» * * 


... ••• fi'i 


iJ 

« 

* 
s 

C(J 

« 

# 

'^hcrec,, =: b^j f 


:[ 


] 




-h 


bpf 


r.B. A.M...3 


■ : ■ -.f .f*' 

. • ‘'Is/" 


\,k 

'..a;*' ■ 

/.XI 


;■"/■":/A j:vf'45-^ 
*V .'/'itWviC -ft '.1 
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Tirt »/ 

^ ^ulia computing 

h«»etechiuqu «^ U,e »•* row of i< ( fcf, 

^ Toit^'y Ti^Z 

iTnLfi*) ‘ t ^Tof the matrix ( right hwrf 
.» in dn« th* i„ ,he corrmponding lotions and 

„^nit). cB obuined. The following example 

adding lucccirivcly me proau 
fill clarify the procedure. 

t A r 2 I I 


adding 
Mfill 


fM. Givat A 


id AB 


AB 



I- 


• —^ 1 

— 2 1 — 


p 5 fi -1 4 n 






4 —2 


1 3 5 2 1 


7 5 


1 

O 

c^ 









[ 


(5) (2) + (6) (4) 4 (- 1) (7) 4 (4) (3) 
(3) (2) 4- (5) (4) 4 (2) (7) 4 (I) (3) 
(-1) (t) 4t0) (4) I (3) (7) X (6) (3) 


[ ;• 13 


(5)(l) I (61 I-2)4 -(-I),s,4(4),_„. 
(-•)(l)4-(0( (-2)+,,) (5) 


' + (♦) (- •)”! 

+ (!)(-a) 

'+(«)(-8) J 


main* A 


^ <ic8nUio„of»p,od„c,. 


'»* «n evaluam for 


^ ^ ^ A ••• n tiiTi<^ / 

-I'ere A i. leirconformable Lr ‘"'ger). 


•quare 


product. 


I . CtvcQ A • 


6 

4 7 

-S -8 

#5 11 
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AI 


2 6 


4 7 
-3-8 

5 11 


*=» A 


[::] 


E*. 2 . Given A 


[ 




1 


-1 2 


5 6 


] 


'3-0 

5 n J 


'evaluate A’ - 3 a t . * 

^ A» -l- ^ .j. r^i 


A* r. 


['ii- 0 [-;ij] 


[ 


16 
-11 


18 

25 


11 


— 3 


38 


n 


A3=AxA* 


-1 


.J 



49 120 45 

-18 68 131 

159 213 -89 


] 


Hence 


A3-3A2+A4-51 

49 120 45T 

-18 68 131 

159 213 -89 


ot 


6 18 11 
16 25 -5 
-II 9 38 




-h 5 


[;;i] 


P (49-ll( + 2 + .’i) (120-54.1-3+0) T 

I (- 18 - 48 - 1 + 0 ) i 


-18-40-1+0) ||.t-3+.5) 

39 + 33+5+0) (2)3-27+0+0) 




38 69 13 

67 0 130 

197 192 -201 


0 






F 

? • 


\ i 
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T0Mt B99k tf Applied 


Itt cmmtU^ with the product of matricci. foIlowin| 
polnci ihould be noted ctreAiHy . 

(•) In rtenerwl the nwtrlx product AB is not commut^tw even 
if the product BA exists. 

A is celled /ufter end B is called pr^fattor in the product 
.4ir. In oixler that the product BA to exist, columns of B must 
be equal to rows of d. If d, B arc square matrices, we can 
compute AH and H d, but the products will not represent the same 
matrix i. e. AB BA, 


Bk. I. A 


r 2 3 

1 < - 


-3 

1 — 

L-i 0 

3 sj 

.H- 

AZ 

7 

1 

2 




0 — 

« 2 


AH 


[ 23 30 -1 

SI 6 J 


UA « 


-S 

5 

(i ~ 


nr^ ><4 

l L 0 -1 2 5 

2^ 


] p _7 -9 0 -7-1 

- I 3 15 26 25 I 

13 18 S 19 I 

L 2 6 8 18 J 


Thus AB^BA 


Ex. 2 A 


L’ 

-p-jn n 

Ls 2 7 J L* » J| [_« 2 ssj 

Heocf AB ^ HA 

(b) If dB-i r 

or B r-- 2 j, eWwr d •• Z 


Scanned by CamScanner 



^•f^rmmanis and Matrix Algtbra 


--[H Hi :>[;:> 

HcrcA Z. 

,., If AB = AC, it is not necessarily true that B = C i. e. 

^ e ordinary algebra, the equal matrices in the identity cannot 
be cancelled. Thus 

“■[ii 0 


— 3 —3 0 1 

1 15 0 -5 

-3 15 0 -5 


L4 -3-1 J L 2-5 - 1 0 J| 

p-3 - 3 0 l“n 

- I I 15 0 -5 I 
L-3 15 0 -5j 

Hence AB ■■ AG but B H C. 

The matrix product satisfies following fundamental laws of 
algebra. 

(i) Associative law : 

I<ct Amxp ]> ®j>x« — [ ]» Gffxo = [ ] 

then A (BC) e= (AB) C 
Proof I- Let D = A (BC) 

.% By definition of product 

P 

dif OiM [B C ]l(f 

;fe=3i 

where [BG]ai is ( k,j )th element of [BG] 

“E **• (E *•'**») 

A»1 f-1 
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TtM4 B$§k ^ 40 ^HhI 


• • «> I • ♦ 


P 0 

*» ^ H» (l 

kmm\ f»»l 

and let D* «» (AB) G, then 

f 

rf-U - ^ [AU]„ 
r-l 

« f 

-E E (ht hr 1^1) 

f-l \-l 
A 9 

-EE •<<» <’fy •*• •• •• •'* i« (h) 

1 r (MI 

Hence from (i) aikI (ii) 

A {WO ^ (AH)(:. 

(U) Dutn^ntie# iaw : 

A(1H-G)-.AH f AG 
or ( A } B) G - AG ^ BG 

( The reUtive poiitinn of m«trjcei in aimpliflcuiion ) 

Proof; 

[ Ai,xr* “‘'‘I | 

Let D- [di,] - A (B H- C ) 

P 

4,,^ ][]]-a[B f G],, 

Jt-I 

P 

— ^ «t» ( hi f #ti) 

p P 

mm y^<<fc hki i' J]] 

*-1 *-l 

- AB -f AG [ by tief. ] 

Qk\)k (AB) - (M) (B) « A (4B) 

MmHm fnm ^ km : 

(i) Prom Mioeiative Uw { 

' A«A - (AA) a - a (AA) - A« (dfOOUd) 


Scanned by CamScanner 



Mgirix 


H 


Thui 

Ume« •• A* (m ii u -j-vi! integer) 

A*A« A*>«» \ 

(A«)« - A« ] for w, M Ai politive integen, 

(il) From distributive Uw : 

(A i-B) (A~B) ^ AA~AB4 BA--BB 

- A«-AB+BA—B* 

/ A»-B« [ note thii, at ABf^BA ] 
(A4-B)* - (A-hB) (A-f B) 

- AHAB fBA fB» 

# A»f2AB^ B* 

l*li. laiveroo of • mortis : 

From the discussion of Laplace expansion of a determinant in 
art I ‘4, we have 

(i) The sum of the products of elements in one row (or 
column) with the corresponding cofactors of the clementa of the 
same row (or column) is the value of the determinant. 

(ii) The sum of the products of elements in one row ( or 
column) with the corresponding cofactors of the elements from 
another row or column is zero. 

Thus if the square matrix be A =« [ at/ ] and A*/ denotes the 
cofactor of clement atf in the determinant | A we have choosing 
elements from ith row ol | A | 

(i) fl<i Aii+oii A<,4- — +«i»A<ii ■■ 1 A) 

(ii) <Hi A/,+«« A/,+.. + =• 0 (i i) 

The above results can be expressed as 


E«..a,.= |a| if;-; . 

=s0 lf»#J 

Or using » symbol »„ known as “kronacket'sdeltt" defined as 

*„=1 ( i - J ) 

= 0 (< fij)- 


1 

J 
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TrniBmk ^ 
be campmciif wrillai It 





_ ih« pr«d«ct oi tqimmir OkMftMM A tjid adj. 

wi f e A -• ( 4 ^) and mdy A ) 

wbft <m udttctof *ii eiemmf «|t in f A { «» A«i 
Lf D - A (fij. A) - ( A, I 


m 

•*• ^ (»^j A)*, 


t-i 

#•1 


— ( «if — A|* ^ c«df«of <*C «!• IS I AI t 

4«>l 

(bvrrtwNJO| 

Smk« l« - 0 

•lfwt«liormairt«D.retach|A|afl4Ho,bmf*ifo tW 


A. adj. A - n 


IA| 0 0 ... 0 

0 I A I 0 0 

0 0 |A|,^ 0 

••• • • 4 ^ awa 

® 0 0 ... lA I 


-|A| 


I 0 0 
0 I 0 
0 0 1 


0 

««• 0 
0 


0 0 0 


-1 A»I 


- I 


■ itrr ..- 

■■ 



I 
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Thiw 


A. «dj. A «■ < A I 1 


(31) 


If a martix B for a given tquare roartix A be >ych ikai 

AB « I « BA 

A “•*’"* •"<* •• «*-'«• 

« A-nirt^ ). Thu . A- «,i.fi« ,h, r.U,io» 

Now the ,e.ult (31) c.n be written a. 

'' ("h^ )“’ («lAli„KaU,) 

comparing with (32), wc have 


A-> - 


|A| 


adj. A 


• •• « •« 


• (SS) 


prided I A | t*0i. e. timfir of « s^r, mMr{, A,mi, ml, tf 
I A I w 0 i. to tht matrit A is non ringutar. ' 

Thm lo find inverte of non-singular square inatrii, Bnd the 
•dj. A by VIII in art. 1 > 13 and divide bv I A . 


&i. FimI A"^ for the matrix A 


r ’ ' 

-I 4 S -1 


-I 6 


Sttp t 


Traatt me of A 


1 

7 14 


r * ' 1 

»A* - I 3 5 e I 

L I -3 7 J 


SA0 2 

o4}. A -■ Malris of cofacton of f A* | 

p 33 -13 -14 -1 

• j -J3 11 Id j 

L n -IS -3 J 
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4$ 


5 

k -1 


r#)rt ^ AppM M 0 ikgmttiu-I 

,M_,v (ssH(«)(-«5)+<-*><-'*> 

t $S -15 -14 -1 

-j: 15 10 I 

29 -15 -2 J 



Fw matrix A, unique A~* exists : — 

If ncmibie )et .KT* »nd B be the inverses of A, then 

A“’A = AA*“» = I. 

MMS BA — AB = I . .* 


TVflon pmauliipK^ng by B both the sides, we get 
B ( A A-» ) = BI 

i, e. (BA) .\r* = B (by associative law) 

IA rrs B [ from (ii) ] 

1. c A^ = B. 


(i) 

(ii) 


I'l^ Imporrimf properties of mmtrices : 

'a) 9f §. tmsp9U is tht mitrix ilstlj. 

If A = then 

(A^)^ - A 

Tlib is ciear from the definition of a transpose. 

{b) Trtmipffise tf « pr^Stet is the product of transposet pf matrices 
{ m Af prmimei ) (eUa m tfu reoerse order i. $. 

(.AB)* = B*A* 

Aoscs ~ 1^1 “ (^fil 

Tbea die product C = AB is a matrix iiiXa, where 

> 
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tutrix Atpt,, 

th« matrices ja 
la orUr B^A* which H ‘^•^■ 

A-l 


P 

E»« 

i«l 


«<r 


r 

TL <“*)« (A*)*. 

*-l 



(M) 


Cor. 1. (ABC...KL)*-L»K.»..C»B*A* 

Oor. J. (A+A+...+L)* _ a*+A» + ..+L* 

Oor. S. (A»)* - (A»)>-,. (/> a + ve inleger) 

(c) Eotfy tquarg matrit can he exprettei at turn of tymnUr'u and 
skno tymmetric matrica. 

If A if a square matrix it can i>e cxpreiscd as 


(35) 


m 

where A -f A* is symmetric and A —A* is skew symmetric far 
(A4-A*)« - A^ -f (A^)» - A* 4- A - A f- A* 

/, A 4* A* is symmetric by result (23) and 
(A—A*)* « A^ — (A*)^ - A* --A - - (A-~A*) 

/, A — A* is skew symmetric by result (24). 



Is. Bspran th« imiria 
skew sfMMtHe isstfia«s» 


fa -4 ,-| 

I 14 7 IS I 

L) ^ 11 J 


M s sum of •ymmciric tad 
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> 




p i: V* 

* ^ ' 

L J 

I ^41 >u pj ' r ^ I 

L ' L v^ ^ n J 


I H ‘ * ''ll ^ ^ ^ 1 

L ^ ^ u -t! J L--^ 4 V' J 

j ^4 ^ p I ' ' ^ I ^ 1 'i 0 4 1 

L ♦ >\ J Lv< 0 U J L--< ^k oj 


•‘A ‘,^<<f^' 


»X+'^'•.j'raaroet'! k- 




*V^'*^>ar <(/ ?V/ ?>%vVv i4 ‘W /'?vtWi ^fhTftt4s ^f njifri.'ts ( ft 
/rvu\«.^ ' *«^-|i*>t i\ i'lf nwc^ W/T. 


tv C^ 



^ % V % ^ 


> V ^ ^ % 




IV;v'‘utUrj'Mu<rN^ A^ t'v Al^» 

, Ai>) -.-* A A""‘ vb^' ajsocUHnx Uw) 

- A t A'-' 
iAt> A“' 




* AA~' 

- I 

.\ vAr>> v^>*^ A^') « I 
Hcmv by v!?tiuitu>t\ A**') ts it\\Tr$e of »\1> 
v\ (Al>)“'' ^ ir' A-' 

G^ncr^luux^^ tt'c {i.\>'T 

(ABa..KLp -. ir' K-' .. Cr-Hr'A-^ 

(o\ Thf fntx^pi^sin^ in^frstf*^ art tm^uUtiPi : 

V. vv (37) 
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4S 

W# iiavr 

^K^ =. I 

• • fAA^)^ as !• sa J 

•'• (A-*)* A* - I 

•'. Hr 4efiniaon (A-* )• u invent of A* 

*• C. (A*)-^ » (A“*)* 

(/) diU rmtntig oftkipr^nct nf tj,y m^trUn U tht product ofth 

dgUtmirnmis 9/ tht tw$ mairictf i. t. 



I f AB I » 1 A 

iBf 

••• ••• 

Ut 

A 

[^/J» B *a [h/J be tq. matrices of order r 

0 

0 0 

I A| 

=»•«!/} and 

IB i 

/ ^ 1 / 1 

Now 


AB =» 

[i: 

A* *»/ J 

1 A 1 

|Bl 

” *»> 

1 fby 

rule of product of deter- 



l>-i 1 

1 mifuntt in art. l.GJ 


- I AB I 


More f^ertlty 

1 ABC...fCL I - i A I I B I I C I .. I K 1 | L . . 
(g) We have, from result (91) 

A. adj. A I A I I 

- r |A| 0 0 ... 0 

0 |A| 0 ... 0 

0 0 f A 1 ... 0 

••• •• •• ••• 

•* 

0 0 0.. lAj ^ 
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By the property ( / ) 

lAl |. 4 >.AI= |._ n 


|AI 0 0 - 

0 i A I 0 

0 0 I A I . 


.. 0 

. 0 

. 0 


Hencr 


0 0 0 ... i A ( 


I A I 


I adj A I =* I A I 


(b) OrCkogOMal matrix : —If a square matrix A satisfies 
the relation 

AA* -i I 

rhe matrix A is known as orthogonal matrix i. e. 


A^ « A“» 


. ( 40 ) 


♦.f. for matrix A •» | _!_ 


1 -I 

v'6 y/2 

-2 

—1 0 
V6 

I 

v'6 v2 


AA* - 


V5 VJ VS 

J. zi — 
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1 0 0 
0 1 0 
0 0 I 


]■' 


''^'"AUonhogoo.loj.r.i, 

I,'”* tr,a,form.Hon, : 

CoMider (he let of equations. 

* - .» + C - 4 

2x + 3jr— e a 1 > 

3< - 2v f-4« 6 . 



where A 


is called the coefficient matrix of set of equation 

Let us consider the various formations of e< 
using following transformations s 

(I) Interchange of positions : 

Interchanging 1st. eqt. with the 3rd, we have 
in the form 


equations (i) 


with coef, matrix 
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To* 


•/ 


more eqoe**®"* • 

(„) MeUiply."* <«* « ^ bv 2 .nd -S. 

MulUply IH ^ 

ir.iiifofm«<l 

2. - 2 , +?i - ® 


-->) 

0 o 


the 


(») 


(»>) 


_6. -9y 

Jj -2j +<r " 

witH cocf fiiAiriX 

[ 2 -2 2 

-6 5 

y -2 ♦ 

(III) Multi|ilyin* '>iv<» moK- oqualion. by a wlar and 

uddinK lo llic cithcf • 

MulUpIy U. rqu...«n of (i) be 2 * 

2nd and 3rd eq.n., of fi). -hr .r.nHormrd rquabon. arr 


M — r 4 ^ 

4jr f 4 i 
Gir -V 4 7i 
with coef. iu*in« 

f‘ ' 

L 6 -j 


4 

tft 


(vii) 


I 

1 

7 


(viii) 


I, can br .hown. the equation (i) •••J hTve .hi 

nd (yii) obtained by ^ (,ii) are k»o-» 

imeMluUon i. e. equaoont (i). lifM > ,«p,eK«b"* 

.equivalent. The corretpnn<h"« ^ .m.erf.w. 

veaponding equation, are ^ 

Note that the equivalent matnce. («). ^ )• 


Of 


Q[ i 1 - 3 [ 
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The column matrix of constants on the R. H. S. of equa¬ 
tions, when associated with coef. matrixy the matrix thus formed 
is called augmented matrix and is denoted by 

[A|0] 


where C is column matrix of R. H. S. constants of the equations 
Thus augmented matr.ces of equations (i). (iii) ,(v) and (vii) are 



The operations I, II, III, which transform a matrix A into 
another matrix B, where algebraic equations represented by 
A, B have same solutions, are known as elementary operations. 


Elementary transformation of matrix: 

The tansformations I, II, III, discussed above can be directly 
applied to coef matrix or augmented matrix instead to the set of 
equations. This simplifies the computational labour to a great 
extent. 


The elementary rew ( or column ) operations arc: 

(i) Interchange of ith row with jth row of a matrix and is denoted by 

and interchange of columns is represenUd by 

(ii) Multiplication of elements of ith row by non-zen k. It is imoUd 

^ (A) and for column it is represented by C| {k) 

* (iii) Adding to the elements qfith row, the scalar nmlHpUs of corntpondhtg 
oUmnU in jth row and is (*) 

this is fmtolissd fy Cl, 


T. B. A. M...4 
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Conftiiler the Augmented nigrUx of fqunllon (ly 



IntfirhAnging lit and 3rd row : 

A p 3 -t M C -1 


Multiply lit and 2nd rowi of A by 2 «nd ( —!l) 

A ^ p 2 -2 2 I 8 -1 

-9 3 ^3 I 
L 3 -2 4 I 6 J 

Multiply Isl row ol A by 2 jin<i 3 and add respectively to 2nd and 3rrl 
rows of A 


^2i(2) 14 11 

Rsi(3) 

Le -5 7 



These transformed matrices arc same as given in (ix). The 
three elementary operations can also be performed on columns 
of a matrix. 


These elementary operations reduce the computational 
labour of solving a system of linear equations, by transforming 
the augmented matrix by row-operations to the matrix where the 
first ( r — 1 ) elements of rth row arc zero. 

Following step^ arc used to reduce the matrix by row 
transformation, to the form stated. 

(i) Using operation II, reduce the clement ai, to 1 

(ii) Using operation III, reduce the elements a,, 

to zero. 

These operations are repeated for matrix, so the final form of 
matrix is 

1 ♦ ♦ • ♦ 

0 1 ♦ • * 

0 0 1 *.* 


L 0 0 0 0 ... 1 J 

The method is illustrated in the following example. 
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Ba. Solve Uie tyiiem 


Heffe the eugmented auitrix k * 


^ ** required m cletuent in lit row nod l»t column* we u*e R 

A n -I -7 -2 r 7 -I 


Then using operation R| ( — 1) 


Using operations R,| ( - 2 ) and R 


To reduce element m 2nd row and 2nd column, we use the operation 


Tbos the equivalent set of equatiotM are 

Ml -f 7eg + 2*, - 7 


17 • 

Ukos theeohiiiooa are 






fVAl UtM if Mtihmiki 




Mi ru Hkmk mi \- 

A li♦♦Pl#» <»f ♦ifti#!’»»»* ^ iWMiiin Amjjn I whar# r ^mln (pp|,ii) ] 
ii A aaiarmlrtAiU Mil ‘irilfr I'oriwaM by alainanii lituatad at the 
lutar»a«iihni« t v%\sn and nduiim* «»f the matrix A, in thair 
natural tmlar, 

1'lia iiiatrlH ii mid tu be ol laaA » il' 

(M At laa«i one minor of order r ii aaii aaefiAui/ and 

iii) Hvarv minor ol'order (r f I) r»aa»AA#jf. 

Hince I'lW a minui of liixber r«mk ihaii {» f 1 ) will involve 
vaninhinn minor td order (» | I ) | by condiibm (ii) J. we have 
the ooiiditiini that every niini>r td A of order jfreaier than or 
e<turtl to (» \ 1 ) il aero, Thni the alternative deHidtion ii that 
the rank td matrix A ii the orrler tif iti M 0 ii~mnuking 

miMt (ind it ii denotett at 

p (A) - » 

AW# 5’*(i) Il there exiiti n non*vaniihing minor td* order 
k td'A, then p ( A) > A 

(ii) If id I minori of A of order ( A -f- 1 ) are aero, then 
P (A) N A 

lUii I'ioil ihf nfiltf mioric#« ; 

(i) pi 2 !l-i (11) pi 2-1 4-1 

I 2 3 4 I I 2 4 5 a I 

Li 5 7 J I -I -2 6~7j 

For (1) 

I I I 

‘ - I +0 

2 1 1 

/. Non vanUhliiR minor l« of oni#r 2 
a (A) - i 

(II) For Ihli tnairitt. . 1 II mlnori of order 1 ire lero 
114 1 


HTtii^nte^\ran«f«>rm.Uoni which rct.ice n.*trU A to matrix 
Ml not affect the rant of matrix 
1, e. A and H hav.- the Mine rank. 
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Thus QiAtrioes A, B which have same rank arc called 
Mimi wtiUnc$s, 

Proof : Let r and r* be the ranks of A and B which is obtained 
Mie of Ihe row operations and consider a square sub-matrix 
I of order whose rows uniquely coi'respond to those oi 
matrix Arfi of A depending upon the nature of elementary 
row operation. 

(1) For the operation :— 

'Fhe rows of Br 4 i will differ from Ar^-i in relative position, 
hence 

1 Br+l I = I Ar+, I I . j J 

or — — I Ar+i 1 J 

(II) For R, (k): 

The rows of uniquely detcinine Ar+i which may or may 
nM contain row affected by the transforoation, hence 

I Br^, I = I Ar^-i I . 

or = k I Ar4-i I J 

(III) For Rtf (k):- 

The row of Arfi corresponding to Bf^., may or may not contain 
ith row which is affected by the transformation. 

For the affected ith row 

element of Brfi in (i, p) th position 
Hence = <*<j» + ka^, 

I Bm.1 I == I Ar*i 1 1 (.jj) 

or — I Af+i I + k 1 Cf*-! 1 J 

where | Cr^i 1 « minor of (r+1) th order of A 
As A is of rank r, we have 

I Af+i I = 0 and | Cr 4 ., | =*= 0. 

Thus for all these elementary transfoimatic n?, we have firm 

MnuOTf-ir II -'Mkm ' 


on B and odng sunilw 
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f < . “• ••• M 

Hence from (iv) and (v) 

r* « r. 

Thus the elementary transformation of rows (or oolumni) 
does not affect the rank of matrix. 

1.19. Echelon or Normal matrix 

The catmonical or ecMon form of m^ix A is a row equivalent 
matrix G of rank r with following poperties. 

(i) One or more elements in Jch of the first r rows are 
non zero and the elements in the’remaining row.* are zero. 

(ii) In the first r rows, the first non>zero element in each 
row is I and it appears in a column to the right of the first 
non-zero element of the preceding row. 

For example, a matrix of order 5X8 and of rank 3, the 
echelon form is 


0 0 14—9 
0 0 0 1 5 
0 0 0 0 1 
0 0 0 0 0 
0 0 0 0 0 


2 3 
2 0 

3 2 

0 0 
0 0 


6 

1 

4 

0 

0 


Here the rank of matrix being three 

(i) ar.t three rows cont,in .t le.,t one ,ero element 
and other (i. e. 4th and 3th) rows are zero 

ooll'i*? *'«»«« i* '‘na Ute 

column in which it is present is to tk* « . ■ . 

in which 1 i. present in'-he ^eced^ng 1"* 

form by the Wlowi^** itepT*'*'"' "P*'^**""** ‘o echekm 



1 




IP' 

1 
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ikinmmMis W 

lit) ir III* am fmU^m 

*■1 ( ) '« iwlute IK* «l«m*ni to I 

(iii) Uiing R^(|) whh Npprutirl«t» 

ckm«ni» In ’ column (I. e. Ih^ iHilumn of | lo nto 

Applving Uif AboVf prorfdiirt (o ih« ^iff 

ftdtice A to a oannontcal form THU ii MIiikmM liy lb# Nl^. 

ingeMmplf 


Bb. Oblain cannonlcal ntaiila rtiw ih tfmtth 


A 


0 9 11 

!l !» I I 

•» I 9 ; 

9 r. n I 

I S A I 


S»nc«0 11 il«« tUnitn* In I •» ro'»' •»»«* ‘ **•'* 


A 

*^11 


1 ^ - I -I 

1 !i I 

5. -1 i a 

you* 

0 9 I I 


R„(-J) 


I 1 • I 

0 4 10 

0 10 I / ^ 

0 0 M 4 

0 9 1' 


r%d 



I 3 -!l -I 
0 9 I • 

0 -le ’ 
0 a M ^ 

0 -4 10 i 


»„(«) 


t 4 1 I 

0 9 11 

0 0 9^ 14 

0 0 M 4 

0 0 fl 1 


R,*(-2) 


I s -J -I 

0 2 t < 
0 0 I I 

0 0 *«l -2 

0 0 It 


Hw<' 


I 

0 

0 

0 

0 


f -. 4 * I 

9 I I 

0 I I 

0 0 *“ • 




■ 
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R»4(-5) 


I 

1 

0 

0 

0 


3 -3 -1 
2 1 1 
1 1 
0 -1 
0 0 


0 

0 

0 


This matrix is the echelon form. 

To find the rank of a matrix from the definition, several 
determinants are required to be evaluated. Thus computational 
work is very much reduced by elementary row ( or column ) 
operations which reduces the matrix to the'echelon form which 
has the same rank as the given matrix. This form enables us to 
find the maximum non-vanishing minor i. e. gives the rank of 
matrix. 

Thus to determine the rank of matrix AmxM reduce it to 
echelon form and if k rows contain the all xero elements then the 
rank of matrix ss m — k 

By using row and column transformations on the matrix A 
it can be reduced to one of the forma 


ifi 


Lin 


(Ir.Z), 


Q'] 

which are known as normal forms of a matrix. 
For example ( r is a rank ) 

(i) For A|)(| and r » 3 


Normal form of 


(ii) For A 4 x» and r ■« 2 


Normal form 


I 

0 

0 


0 

1 

0 


0 

0 

1 


-Is 



1 0 

0 0 0 

- 

0 1 

0 0 0 


0 0 

0 0 0 


0 0 

o 

o 

o 
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1 



{R,-R, (- 6 )} 



rc3-c,(-5) 'i 

lC4-Cj(-lO) J 



1 *20 Inverse of a matrix by elementary tmnsformations 

Since ihc normal of non-singular square matrix A is a unit 

matrix A, we reduce A by non singular matrices P, Q, to a normal 
form i. c. 



PAQ.-I 

iulHplying by P**^ md post multiplying by Q; 

I Q7> « p-l Q-, (pp-._QQ-,„] 

(p-gr')-'- Qp .... m 
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SiiTiilary A can be reduced to normal 
only row transformation*. 

Thus PA = I 

Poit multiplying by we get 


fonn (unit matrix) by 


using elementary transformations we get 

(i) or (u) 

E*. Using row iransforination* find the inverse of the matrix 


We have 


^15 ♦ 
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I'tt lAmmr t 

One of the mon frequent upplicAtioni of n^airicci to varioui 
fields in eivt^itieerin^ end tociul sdencri ariici from the need to 
sedve A aysif m of linear equetioni, 

Ooi\sider a syatem of m linear equationi in n unknown# 

^ti ^i“l ••• H At*<^1 I 

: : : : f . (') 

• * *1 

*<ai *|4 ••• 4^11111 Jffi ■" </fN J 

Here the inii <^calars atf and m scalars di are fixed. The 
solution of the set of equations is any set of values ofx,, . X|, 
which satisfy simultaneously the m-equations in (i). To solve 
the system is to find all possible solutions. 

The system (i) can be written in compact form by using 
matrix notation : 


m 


■ • 


1 

^11 ^is ••• 


*1 


M 

rtlj tfgs . . flgn 


• 


rf. 1 

1 • • 


• 

• 


• 

<Smi <*ias •• 




dm 

mm 


> 


- 


or more compactly i ns 

AX - D . (il) 

If D - Z (null matrix), the system of equations 
^ AX - Z . (ill) 

it known as system of hmogtrifous tquations. 

When the system (ii) or (Hi) has a solution, it it said to be 
cofuUtont, otherwise the system is called inconsistent. A consistent 
set of equationi may have one solution or infinitely many 

solutions. 

Tko ayitoni of eqiintioat la ooaalatant If the eoaf. 
sttfttrfai A aa4 tlia ftagmaatod mntrls [A | D] hnva tlM 
•SID# rnnli* 

HomofOMMM BqttatloM t- 

AXi^Z 



A 


4 
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TWi li timtUHM M thu r«rik ftf nmirlK A mtii 
tht mutrlx [A, Z] the iMitifi. 

Tiuii X 7* i. f. ATi ^ ,Yi 0 li AKvAyi • lolu* 

lion nnd It known ai <«/nIion. 

Thf oih«r form* of lultitioni dApfnd on ihf* rink r of 
mAtrU A I 


(i) If r ^ N, then there 1* n unique nolutlon which ii « 
Irmul 

(h) The other lolution* beihlei trivltl loluthm nriit If r < w 
00 n thli cate itjere exUt* r lolutloni, where r tinknowni are 
eapi^ird «i Unr^r oomhlnntltmi of remaining nnknowni. 
*«. riuU (hr noiftrlvlnl lolutlotii o( 

(I) *( n 

'-<*( i Hu, 4 ^ 0 

4 4*^ - 0 

*i 4* *1 2ifj •• 0 

(*•> 2v, I n*, ^ 0 

2*1 4 •'^*g 4 ^*1 0 

(I) 1 h* tuanientrU inittriK i« 


IA,/| ^ 


1 2 1 

2 :\ I 

4 !V 4 

I I ^2 


0 *" 


"■123 

0 — 

0 

R„(-2) 

0 -I -3 

0 

0 


0 -8 -fl 

0 

0 _ 

R.it-I) 

^0-1 -8 

0^ 


R|(~l) 


I 2 

0 I 
0 ~S 
0 -I 


8 

5 

-8 

-5 


■•(i) 


• 1 
0 
0 

L 0 


0 

0 

u 

0 

2 

I 

0 

0 


Rm(S) 

Riid) 


I 2 8 
0 I S 
0 0 7 
0 0 0 


0 

0 

0 

0 


8 

8 

I 

0 


0 

0 

0 

0 


A Th« r«nk of miurix I A, Z ) - i 

•rw- " ^ 

.% The •yitim hxi unique aolution •• 

01) eSuMider th« •uqmtnied mntrii^, 

,» r » -2 3 


- I • 8 




CTyariuhr^. 
no other. 


• • •• (•) 
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TVm iW r»»k «f Mvix i« 1 < i, tkkc miaiber cf vanmUca and tkiin 
paacn a MJaticn <h^ct cbaa trWial <ohit>oB frcaa mlaotd matris (a), the 
•9fieaieat s-wteia af eqvadoas h 

Ml — 2jtj -f 0 

!ht, - 0 

Thaa iafittite act af aohitmaa we fr'aea bir 



(ae art ol rahMS ke paraaaeter (. 

A s>'stero oi' a homogmn'tis equaTioos in * variAblc5 
possesses a solution other than trivial solution, if Ci^rf. matrix 
Aa](a is singubr i. e 


!A| =-0 

i e. the rank r cf matrix A is less than m. 


Non-Homogeneotis Eqaatioms : 

C»^n«ider a $\'stem cf m equations in »-unkno\vns given bv 

AX = D 

( I ) aaafc* j The '^stcm pojsevscs a solution or'.s consistent 
if the ccefl&cient matrix A .'»nd augmented matrix (A | D] have 
the same rank. 

If f is the rank ot* these matrices, then f unknoA%*ns can be 
expressed in terms of reniaining n - * unkn >wns to which whatever 
values can be ;»s>ixied. 


(11) >•=»<: A system of n non-honK^gentcus equations 

in a unknowns has a unique solution, provided the tank i>f matrix 
A is m I. c. [AJ i< a non-sigubr matrix i. e. 

|A|^0 

One method by using de»erininantt is discussed in art. I *B 
The other method by using matrix form is as follow's : 


The equations are 

AX = D 



Since A is a matrix of order a K a and I A | ^ 0, A ’ *****^ 
Premultiply b»>ih sides of (i) by A“‘, we have 

(AX) - A-* D 

i. e. (A"* A) X = A-* O (by »s>ocUti»e tow) 
IX = D [a* AA-* >= t) 

X = A-* D 


I. c. 



aiuyittiiiuiiiiiiiUii 


iHiMiaita 
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^ Solv« th« 

(l) *j *' + " 1 

2#| ■"^f4*3xj4'4.t4 *2 ^ 

S#|"“2#44‘2X4-f-X4-}-Xj « I 
^i+*$+2x4+x, - 0 

(ii) *1 +»i+2xj+x4 =» 5 

2 x| 4-3x4—* 1 — 2 x 4 «■ 2 

4xj + 5 x 4 4 -3x, ■» 7 

(Hi) 2x|4-3xj+4ifj ■= II 

X|4*5x4+ 7 X 4 =» 15 

3«] +11 X2>f 13xj 25 

/n matrix i» 

^ r-l -1 1 -» • M -I 


[A, D) - 


R4i(-2) 

rJ (-3) 


2- 13 042 

3- 22 111 

^ 1 0 1 2 1 0 
-1-1 1-1 1 1 

0 112 2 0 

0 1 —1 4 —2 —2 

1 0 3 0 -1 

•1 -11-11 1- 
0 112 2 0 


Rsi(-n 

R,8 1-1) 0 0 


Rs(-l) 


0 0 -2 2 -4 -2 

0 0-1 1-2 1^1 J 

1-1 1-1 M 


^•(1) 


0 1 I 2 2 0 

001-12 1 
^0 0-1 I -2 -1 
1-11-11 1- 
0 II 2 2 0 

001-12 1 
0 0 0 0 0 0 _ 


63 


Thui t t rank ol coef. matrix A ■» 3 

• rank of augmented matrix (A I D] ^ 

Thuf the lytteni it coniittent. The aystem of equivalent rq> iii.ons o 

»‘ecl fram cannonlcal matrix (a) ii 



x,+x,+2x44-2x4-0V ^ (P) 

X 4 -X 4 + 2 X 4 - 1-^ 
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IVtttlng «4, «4 u •rbitwy, we expreM Xj, x,, Xj in tcrmf of X4, Xg. Thu 
the Inflnity •olutioni of the lyitem ere obtained by subctituting *$ ( “ 

—2X|) from Srd equation Into 2nd equation of O) which give* xj in terms c 
#1 end X|. Substitute the values of Xp Xg thus obtained in 1st equation of 0^ 
to get X, in terms of Xg, Xg. Thus for solutions, we have 
Xj 1--3x4+*» 

X| « — 1—Sxg 

»• “ > f^s-^Xg 

where X4, Xg are arbitrary. 

(ii) The augmented matrix is 


fA I D] " 


112 1 
2 3-1-2 
4 3 3 0 


5 

2 

7 




k\\-% 


1121 
01 - 5-4 
0 I -5 -4 


5 

-8 

-13 




112 1 
01-5-4 
0 0 0 0 


5 


8 



Here the rank of coef. matrix 


and the rank of augmented matrix 


[ 


0 1 
0 0 


-5 . 

0 


0 “ 


ri 1 2 1 

01-5 -♦ _g ],. 
Lo n 0 0 -5 J 


H«,r. .. ,«k rf eo-r. mtlri. (, - *) |, b,! «,«.! to the rank (, - S) 


(111) This ii the raM of m n. 



2 S 4 

I 3 7 

3 11 IS 


Hmoo tlM lyitan li oooiUtfnt. 



i 

Hence for coaf. matrix A ! 


- - 16 # 0 
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A X D 

r' 

For A~' : A* * I S 5 11 I 

L 4 7 isj 


adj. A ■■ matrix of cofactott of | A* | 
p-12 5 1-1 

- I 8 14 -10 I 
L -4 -13 7 J 


Hence 


p-l2 5 1-^ 

r;:] 

I _4-13 7 J L 25 J 


*. Solution it 

Xj — 2, — — 9» X 3 — 4. 


•22 Linear dependence and linear Independence of 
ectors 



A set of vectors X,...Xn, is said to be linearly independent 


let if every relation of type 

Cg Xj + Cg Xg +. + c 

column matrix, implies 


Inhere O is zero 


^here C|, Cg Cjj arc scalars. 

If there exist scalers C| Cg .. 
bat not all arc weto, then vectors 
impendent scL 


rctotion (i) tt>ch 
X. arc linearly 
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Mm, Stela watlier following «ot of vaciofi ara llnaarty dopondottl or art ing^ 
poodoot. It dapandoni And iba ralalioii batwaoii lham. 


(1) X, - o.-j, I)'*' 


T 


X, - (1, -») 

(ii) X, - (I, 2, X, - (S, 7,10)'* 

{i) t5| X| Cj lf| -f Cg Xj O givcf 

I. a. the equationi lo deiermfna Oj, (J|, Cg are ( hoin aqt. ). 

C, + 9C;g ^ Cg 0 

2C^ - 2Cg - GCg - 0 

3fJ, 4 Cg — AC, ^ 0 

which ara homegancoui having a trivial aolutioni Cj •• C, — C, 
non'trivial solution consider the rank of a/eAclent mafria It, 


- 0 For 


pi 3 '“I ^ r* 3 *-l 

12 -2-6 I 0 -6 —8 I 

Ls 1 - aJ Lo -8 -Bj 

^ pi 3 1 

b;:J 

The r^nk of thematrl' •2(^3 tto of vf'riablet). Hence non trivial 
solution exists. Thus from Iasi matrix, we get 

Of *}■ Gg 0, CJ| «{' 3Cg 0;| ••0 

I. a. C, - - X Cg ) , C, - - 2X 

Thus Sat of vectors are linearly dependent and the relation between them It 

-2X, + Xg - Xg - O 



(II) C,X, + CgXg > 0 gives 

O'G] 

Thus the set of equations for C, and Cg is 


C, -f SC| - 0, 2C, + 7Cg -i 0, 4C, 4- IOC, « 0 

^Ich hu ■ trivial iolution C, - C!, - 0 To Dad wlioUift non trivial aoluftoa 
tsiltf, tlia cmft natrix li 
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\ 3 • 
2 7 
^ 10 


roii'co 


R^k of tho motrix « 2 « no of variables No non-tiivial solution exist 
and thus there is only unique solution t. - C. - 0 Vecton X,, X, are 
linearly Independent. 

1*2S Llanar trmngformntlons 

Let the homogeneous equations of linear transformation 
rom (xj, X|) variables to (j>j, _j'j) variables be given by 


yi =“ + flis «s T 

y* =* «2i -f ffji *s i 
i. e. in matrix notation it is given by 

• • • • • t. 

(43) 

Y = AX . 

• • • • • 

(43.) 

where Y = T A = f"" T X 

L;’| J Lati an J 

■m 


Similarly let the homogeneous linear transform equations 
from variable! (>t» J's) to variables (i„ 4 ,) be 

=“ f^vyi + 

Zt = b^iVi + J 

i. e. in matrix form, we have 

• • • • • • • 

• (44) 

Z =» BY 

• • • . 

(44.) 


where 


= andB= r*" *“1 

LztJ L^si J 


Then the resultant transformation from X to Z, is given by 

Z « BY 
=» B (AX) 

s® (BA) X .. • • ••• (^5) 

(by associative law) 

The equation (45) represents the resultant of transformations 
(43) and (44), where A, B are known as transformation matrices 
^ transformations (43) and (44). 

^foU I— The linear transformation from X to Y i. c. 

y-Ax 




Scanned by CamScanner 




6t 


Tint Book qf Applud 


determines uniquely Y for given X. However the converse is 
true, if A it non-singultr for 

X - A-^ Y 

to that to given value of Y corresponds a unique X. In this 
case the transformation is said to have one to one correspondence 

S*hrMi ProbI««ns : 


Verify :- ( I) (A+B)* — A*+AB-|-BA+B* 
( II) (AB)* = B*A* 

(III) (AB)“i-B-» A-l 
(IV ) (A»)* - (A*)* 

We have 



Example 1. Given A 


r-0 1 -I - 

-I 2-3 4 ,B- 

Ls -2 3« 
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•<U* B -• Matrix ofeofacton of | 

- [-■; 3 

I A I I Md I B I - 1 . 

(J) A -f B » ^0 1 — 1^ 4 f 




Gri'TtrL-O 
■ [■:■;! 0 


L-::: :j 

(A*f B)* — (A-f B) ( B) - p* I 0 0 


•nd from (li), (Hi), (iv) and (v), we have 

A®'^'AB ■4* BA -f B® ■■ ““ I — I I 


[:;;n - 


1 n + p-i 0 
-2 S -4 I 

-2 J L S -4 3 J 




Tima ftom (a) and (a*), %rt get 

(A^B)* « A|4M-f BA^^B* 


(«") 


O) 
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r-i;; :D[.i -i n] 


B*A* - 


T-; 

L 0 2 2J 


Thus from (J) and (S') wc get 

(AB)* - B*A* 

(III) (AB)* - p —1 3 3 - 




a4j (AB)* 


—4 —2 I and 1 AB | — 1 


-- -2 1-1 

-3 -2 1 1 
« 0 —1 I J 


Thus 


(AB) 




I ABI 


adj. (AB) 


[- 13 


From (vi), (vH) and (vtii) 


A'l- 


B-l- 


f-i-i >-i 
— •dJ.A-l 6 S -2 I 

L » s 

U T-H 

-F; iSFia 

-pt -2 


(30 
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(IV) From (i) and (ii) 

(A*)* 


r/ 


P 0 2 s-j p 0 2 8—I 
and (A*)*-A*•A*- I 1 -8 -2 I I 1-8-2 1 

L-1 4 3 J L-1 4 8 J 


iP) 


; n 


-1 6 5 

-13 3 

1 -2 -2 
" (A*)* ( from re*uU (p ) ] 
Bmunplo 2. Show that 
x» 


[ X 1 nn r x» «x«-‘ -1 

I ■■ I I, wliere a is a positive integer 

0 xj Lo x» J 


The proof ie by induction 


c :h: :]c:h 

[: ;t-[: :][::! 


x> 2X 
0 X* 


] 


for R a 2 


X® 8)*1 

I for R ai 8 

0 X* J 


c: :]•-[:• T] 


(i) 


Thue result being true for a - 2, R - 8. let us assume it to be true for 
Hence 

__ 0 x"* 

[ X * 1 r "I 

0 X J L 0 x« J 


. by (i) 


Lo 


XP+l 
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Thui If rMult li true for m, it U true for m + ! and ai It U true for 
« . 1 2 It !• turo for any poaUlve Integer. Hence 

t x i-i» rx" 

OvJ"Lo X" J 


EXAMPLES - A 


1. Given 

A - 


2 3-1,B-p 2 3 ♦“l.C-p 3 4 5-a 
4561 

7 8 sj L 8 9 0 J L 9 0 ij 


Show that 

(I) (AB)C-A(BC) 
2. Show that 


(ii) A (B + C) - AB + AC 


— 1 2 3-n and p-2 ~ I -6 ■ 

S 2 0 J 2 9 

..-1 -1 -ij L-1 -1 -4„ 


commute. 


3. If A- 


r::::] 


Prove that A* •• A" t 


3 -3 
•3 
I 

4. Find all pouible products ol the moiricei 

A-p l-^B-piO 

0 3 


1 


t l 0 4 •! and O ■■ T ® *1* 

0 3 0 J L 7 J 


5. Determine the matrix M Such that AMB — C 

B- r 3 1 1 C - 


where A ■■ 




9 . ifA(e)- 


[ coi6 ilnS *1 

— ilnO cot8 J 
pr<w.(i) A(.).A(«-AC+« 
(U) A* (0) - A (»»«) 

J- 3 -4 J and B - 


7. Given A — 


t X 1 0 -j 

0 X I J 

0 0 X J 
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1. If A, B are aymmetric matrices, show that 
( i ) A 4-B is symmetric 
(ii ) AB is symmetric if A and B commutate 
(iii) is symmetric 

(iv ) adj. A is symmetric 
( V ) + where 

flo» <*!• On arc scalars and n is bositive integer, is symmetric. 

( vi) A A* is symmetric. 

9. If m**square matrix A is symmetric and if D is of order m X n, then the 
matrix B*AB is symmetric. 

10. Given A=® i 0 0 “i. show that 


Show that (i) adj.A=i3A* (ii) adj.(adj-A) 
12. Obtain the inverses of following matrices 


13. If D ■■ [tf| ia tdiagonal matrix, provf 


if given by 


14* If A, B are n'aquare roatricei 
(A-fB) A-' (A^ 
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15. Find q, r, s, such that 


[::] [::]-[;:]• 


16, Show that 




co»0 —tin 6 
,fin6 cotO 


] 


1 


coi^ tinO 
■sin^ Bind 


] 


2 - -2 

17. Prove the following matrices are orthogonal and hence find their in verse i 
(i) P* cos^ —sin^ 0 

I sin^ cos^ 0 

L. 0 0 1 

(ii) r* cos^ C086 sin^ 

I — sin^cosd cn$^ 

L» — sind U 

18. ''how that for square matrix A : 

( i ) adj.(AB) « (adj.H) (adj.A) 

(ii ) adj.(adj.A) -= | A |»“*A, if | A | % 0. 

( iii) I adj (adj A) | | A | '"“*)* 

(iv) (adj A)-l =- adj A'*. 

19. For what values of*, the matrix 

3 -* 2 2 

1 4-* 1 

-2-4 1 

is singular. 

20. Obtain the caniionical form of matrix to be row-equivalent to each of the 
following matrices and reduce each to the normal form. Hence find the 
rank in each case 

(i) P I 2 -2 3 1 "1 (ii r“ 1 -1 2 

0 I 14 2-1 
2 2 -2 


[ 


J 


13—23 
24-364 
J 1 -146 

21. Obtain the ranks of A, B, A-j-B and AB, where 


[ 


-1 

2 


I 


— 1 I 2—1 p 1 I 2-1 
- I 2 3 . D- 222 

» I -I -ij L n I 2 J 
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S2« DiMuu lh« ooniiiieAry o( lha follow!n| lytiomi of «i|«t*4foM MMf 
thorn whtnovor 


(I) *1-f 9«|> 

SJI 4-0 

(Itt) 2«i4-«a»4 

»i —2»a4-2»|— f 
5»,>2»a-l 

(v) 2»|-O|+8»,-0 

5*1 +2»|+t|—0 
Oj ■“ 4oa+Sva<M 0 

(trii) *j 2*1 4- *1 - - I 
6#! -f S| 4* — 4 



*» - »• - I 


(10 o,4 2«|4 2»a-l 

t*| ♦ 2f,4 I*|-l 
(iv) 2«|4 «|4 5«t 

•1 f»a-t»|-4t4--^| 
()f|'^7ag4 04 *»i 

2*1 4 2*14 2aa’<"l#4—2 
(vi) 2*,4 *11 5a|—4 
^a|"^2*a'4 2aa**2 
!i*j-«aa-4a,-l 


2S. Determino the voluea of X for which following arti o( •qiiniltMW p« 
aon-trivinl aoluilon and obtain ihcic lolutioni for tha real value* <H X t 


(I ) Sjij f «| — x»a — 0 'ii) 2«, - 2*1 4 Oa — Xa, 
4*1 - 2*j -3*4-0 2a, - S»a 4- 2*, — Xa, 

2Xa|4*4aa 1- Xaj ■■0 — a, 4 2aa Xaa 

(ill) (l-X)a, 4-2aa 4* S*a - 0 
3a, 4- ( I - X) *a 4* 2aa — 0 
2a, 4- 3aa 4- (l-X) a, - 0 



2i» For what valuoa of X the followini act of aquatiiNM art coMittaai and 
aolv« tb«m. 

a, 4* 2aa 4- th *■ ‘3, a, 4 - #• 4> t| w X, S«i 4> Bf 4> S«| ■* X*. 
IS. Olven tha fbfIowiDf linear tranafbrmations 

*i Fi 4* J^a ^ *■ *1 + 2*t 

ViJ tg 

^ t>i 4* Sf* 

Find by vaiaf the method of matrim» the traniformatloQ from ( t,, «„) <• 

(»i. *1 )• 


26. Oivtn the llaaer inmaformetfon 


CY| 




ted the co>ordlMim 1 ffi* «|) c or r M fo adl ng 4o (2» 0, 5) U Y. 

27* It F be a ■ymmetrlt matrix and Qbe a ihtw tymmallla matrix* itew 

ttei(i) QfoJ iafymmftrk 
(•) Qpiiiteerniwxnti 
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It the flMtriK A — f* —4 —I *-*“1 “how 


--4 -I ^ 1 - 
-I 0 I 
^ 2 3 4 -. 


that A it a tinfular matrix aad that adj. A it tymmctric, 

29. Find whether followtAf vectort are Hneary independent or dependent 
tec and if dependent find the relation between them. 

(I) (1,2.3,)'*'. (3,-2,9)'*', ( 1,-6,-5)'*' 

(ii) e, - ( 2. 3.4, -2 X, - (-1, -2, -2, I )'*'. x, - (1. 1,2. )T 
(Hi) X, • (#,a-*, a-r, 4-fr]’*', a,, 4 ., ]T 
X, — (r-e. c-4, a, a + *]^, x^ •> (*+f, r »-a, « + 

ANSWERS 


(15) 


p-io 4 9-^ , 

‘)T '* T 

L -5 I 6 j 

[f’-i] 


5 0 0 2 n 
110 2 
0 0 2 1 
L-i 0 0 1 < 


if A* 

r» 

2 

-2 

3 

1 — 

r 

^-'*1 

1 ^ 

1 

0 

0 

-1 

(H) 0 

2 1 


0 

1 

0 

2 

Lo 

0 1 -iJ 

Uo 

0 

0 

-2 





( 20 ) (i) 


( 21 ) (i) Rank -2 (H) 

(i«) Rank - 2 (Iv) RwH* - * 2 

(M) (i) * 1 - --f" 


(IH) #,- 2 -— 

(iv) •i**2.»i**^»** * * 5 

(v) H ^ j? M) »i - **.*»• 

(id) 
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(IS) (I) X - - 9, If, - - Y *1 - - Y’ “ 0 

. > ^ 

X11,- Y*. •• • - Y**^*"^ 

(II) X ■■ 1, II, «M 2#, — C|, «, I,, ff| «• #1 

X * — S| *, •• 1,1 #1 2#|, t, * 

( III ) X « 6 } » - 9 - « - • 

(24) X - aj If, - I, If, - 1, *1 - I —« 

X - 3j If, - I, If, - a, If, - 3 “ f. 

(25) *1 - — *1 + 7<,{ - 2«, - fit. 



(27) (I) Independent (H) deoendent.X, + X, - X, - o 

(Ui) Dependent, (e+4)X, — (a4 i) 7C,-f (a—^)7Ci—(«—i)X4*** 


1*24 Gharacterittic roots and charactorUtlc voctoro : 

Consider the linear transformation Y«*AX. This transforma 
column vector 

I into column vector Y 


L- , 

and the transformation squart matrix is 




flj, ... 

<*ia 

tfsi 

Ots 


» • « 

i.. ®ai 

• • « • • • 

flu, ... 

Afiti 


p\A ■- ^ 


It is interesting to consider the transformation for a given 
matrix A which givesY - XX i. e. vector X is transformed into a 
vector Y which has the same direction as X but has different 
magnitude. For this transformation we have 

XX - AX or [ A — XI ] X ■S’ O . (i) 

which represents the following system of homogeneous equations m 
a unknowns x,, (i «• column vector X) 

( flu—X) r, I .'j 

«ti ^1 +(^si"“^)’*s +.+<»sa^**“® ». (^0 

,*♦ ••• ••• ••• ••• ••• 

fl«i 4* ^'+•„.. ^ ^ 
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Thi. .y.tem of equation. I- • <'«*» .olutlon K . 0 f.„ 
K.Jx. If the .y.tem of hon.»R.«eou. e.,UM.lo... I. in h.». 

Kro (X 0) «.lutlon, then coelHclent m.trl* A-Xl of Ih. .yti.m 
(ill) must have a ran k leit than n I e . 

|A-Xl|-o| . (♦») 

when the equation (46) is e«pa.;*.l. we Ret an eqnMion .rf ... 

degree in X and ha.» roots X,. X.X. wh ch are ralW rAa,«. 

Urislic values or «|.a values ( or latent roots ol n.atria A). Correa 
ponding to n characteristic rimts, we get a value, of clumn v«i«e 
X, obtained by solving equations {ii) or 


I AX « XXI 


(47) 


These column vectors arc known as rharacitristic vtcton or 
mtors of matrix A. 

For matrix A, the polynomial 

lA-Xll =0 

is known as characteristic polynomial of matrix A. 

Notet- The simplification of the determinant J A-Xl I in 
the characteristic polynomial is obtained directly by the meihcKl 
illustrated for matrix A of order 3x3. 


All <*is ‘’is 
Oil ‘’ss ‘*ss 


(iv) 


L. ‘’ll ‘’ss ^SS —1 

then the characteristic polynomial | A-Xl I « 0 i« P^en by 
flu— X flit ® 

fljl ‘*ts""^ ‘’s* 

fl,i «st 

which can be written on simplification a. 

_ [sum of minor, of order one 
+ [ .urn of minor, of order lusv along d.agonal of A ]X 

•• ••• V 

_lAl-0 
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IxhF 


J L 

► dii ®ss 


+ l«tt <*m|+ ®II ^1*1 


1 <*•• 

~ flil ®lt ^It “* ® 
«tl ‘*** 


®il *M 


(V) 


1 «tl I 

Es. Find the charnctcriitic values and characteristic vectors of m-trU 

*t;i n 


The characteristic matrix is 

(A-M)-p2-2 3*1 "^P 

L: :-:J L 

The characteristic equation is 
I2-X -2 


1 0 0 - 
0 I 0 
0 0 1 


2-> “2 
1 l-> 


I 


3 -l-> 


11 3 -1-X 

hich can be simplified by using result (iii) 
Thus _ . „ . , . , 


x»-[2+i 


2 M+ 2 


S -1 


2 -2 
1 I 

1 3 


]■“ 


-:i]' 


i.e. X» - 2X* + - 3) X - ( - 6)-0 

i.e. X* - 2X* - 5X -f 6 - 0 
On factorisation, we get 

( X-h 2 ) ( X - I ) ( X - 8 ) - 0 
/. The characteristic values of matrix A are 
X, - - 2 .x, - I.Xg- 3 . 

The characKtriaiie treCtor X has to satisfy the e<|^ti» 

lA-»l]X -0 
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hr tfce fw«n m».t^ A ii 


[r-UEi-C:]. 

I® X, - - 2, the chwacterktic vtetof X, it ^ 
[fram(i)) — 

[; 1 ;;]■[:] 


4*1 -2jr, +3^, 
*1 +», 

*1 +*• 


1 I • j I 

Solrin^ firit two equaiioos of (ii), we get proportional values of Xj, 

» » w •>_ 


*1 _ *a ^ j ^ ^ *1 ^ ^ 

-2-9 3-4 ” 12+2 ‘ II “ 1 " 19 

For 4 =» 1, the eigen rector corresponding to Xj — 2 is 

Xl-tll.i.-H]’'- 
For X a J, the equations [ from (i) ] are 

*2 — 2x^1 + 3xy •On 

Xj + Ox, + X, - 0 > .. {iu) 

»i + 3x, — 2x, — 0 ^ 

Solving 6rs( two equations Ibr proportional values of x,, x,® x, we get 

-2-0 3-1 0-(-2)’'T ~l n *• 

The characicrittic vector jr^ corre^x>ndiDg lo Xj » 1 

* *s “* t *2 —1» — 1 wbcreA«r|. 

Similarly from (i) for X • 3, the set of equations are 
*» “ ^** ■*■ *^ * ®' - 2», + a, - 0. X, - Sx, - 4x, » 0. 

Solving 6rst two of the equations for proportional values of x,. x^ x, we get 
i ** = *>• *1 *t a. 

TV* for * - I, die eigai vrcior X, for X, _ 3 it gi»a, by 

*t - I M. I 

_ ^1***^ •if*® wiort or charactariitic vecton w« 
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1‘25 ProptrHet of ch«r«cteriitic v«ctori : 


If Xr and X, are two distinct characteristic values of an 
fi~square matrix A, having characteristic vectors Xf and X# respec¬ 
tively then 

f (a) Xr and X, are always linearly independent 
V*) [ (b ) Xr and X, are orthogonal, if A is symmetric. 

( a ) Since Xr and X, arc characteristic vectors corresponding to 

values Xr and Xf, we have 

AXr = XrXr . - (*) 

AX, = X,X, . ( ») 


T.et Ct and be two scalars (numbers) such that 

CfXtf r,X, ~ 0 ... ••• (iti) 

By art. I *22, the vectors Xr and X, will be linearly indep<fn- 
dent, if we show that whenever (iii) is true, Cr = c, = 0. 

Prcmultiplying (iii) by A, we get 

Cr AXr *1" C$ AX, = 0 
using (i) and (ii), we have 

TrXrXr + r, X, X, = 0. ( iv ) 

Multiplying (iii) by Xr and subtracting from (iv), we get 

— ^r) X* == ^ 

Since X, =7^ X, and X, is non-zero vector, it follows that f,-0. 
Hence from (iii) as is non-zero vectors Cr — 0. As r= c, = 0, 
wc have Xr and X, as linearly independent vectors. 

T 

( b) Since A is symmetric A = A . 


Now wc have 


AXr = Xr Xr 

AX, == X, X, 


Taking transpose of (ii), wc get 

xJ/J = X.xJ 

i.e. X.'^A = X,X,'^ (asA=A’’) 


Ta B« Aa A4[«aa6 



(1) 

(ii) 
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Post multiply by vector Xr. w« 

xjAX,-X.X/Xr 


la C a 

i. c. 
as 


XrX, 


X 5 Af 


X, X.* Xr 

(Xr-X.)XjXr = 0 

x,^x..xJx. = o 


Hence Xr and.Xs arc orthogonal 

(b) The characteristic vectors corresponding to distinct 
characteristic values are independent vectors 

Let X., X„ ... X» be characteristic vectors corresponding to 
distinct characteristic values X„ X, .. X* of matrix A. 

Let X„ Xj ... X, (r < * ) be independent set of vectors. 

Now let Xr+, be a vector dependent on X„ Xj... Xr. Thus 


the relation 

c,X, + r,X,... +r,Xr + Cr».iX,+,= 0 . (1) 

implies that not all of Cj, c,... Cf+i 

Premultiply the equation (i) by matrix A, we get 
f. [ AX, ] + c, [ AX, J + ... + Cr [ AXr ] +er+> [ AXps. ] = 0 

i.e. c,X,X,+ c,X,X,+ ... + <rXrXr + Cr+iXr+iXr+i=0... (n) 

[ as AX< = X< X< ] 

Multiply (i) by Xr+i and subtract from (ii),tvc get 

Cl ( X,-Xr+, ) X,-|-c. (X,-Xr»..) X,+ ... +Cr (Xr-Xr*,) X, = 0 
Since characteristic values are distinct and X„ X|, ... X, are 
independent, by are 2*2, we have 

«•. ^ 

and from (ii), wc get 

^r+i Xf+j Xf^j = 0 i. e. ~ 0 
Since Cj, Cg,...Cr+i are all zero, the relation (i) contradicts the 
statement X^+j is dependent on X 2 ,X 2 , . X,-. Hence X 2 ,X 8 ,...Xrfj 
arc independent characteristic vectors. Taking Xr^a as dependent 
on Xj, Xa,...Xr 4 . 2 , we can similarly show that Xj, Xj,** Xr+i, Xr+a 
are independent vectors. Continuing tlie process upto Xm> 
be shown the characteristic vectors X,, Xg,...Xm corresponding •<’ 
m distthet characteristic values arc independent. 


Scanned by CamScanner 



DiUrminanis and Matrix Algtbra 


63 


For a matrix of order 3,3, the three characteriitic vector! arc 
always independent vectors and hence we come acrois following 
cases for determination of 3 independent characteristic vectors of 
matrix A of order 3x3:— 

(i) If the three characteristic values Xj, X„ Xg are distinct 

for a matrix then the corresponding characteristic 

vectors Xj, X^, X^ arc independent by property (a) of 
art, 1 *25. 

(ii) If two of the eigen values of are equal ( Xj ■» Xg) 
then the coiresponding independent characteristic vectois 
arc obtaind as follows ; — 

(a) If A is symmetric matrix, we determine the vector 

Xj to satisfy the equation AXj «= XjXi and vector 
Xg corresponding to Xg = Xj is determined as 
orthogonal to Xj and Xg [ by property (b) ]. 

(b) If A is non-symmetric matrix, then X^, Xg are 
obtained from two independent solutions of 
AX = Xg X. 

This is illustrated in the following example t 
Ex. 1. Find eigen values and eigen vectors of the following matricei. 

(air* 2 —2 3—1 (b’r"2 1 1-n (c r* 6 —2 2-^ 

I 1 1 ll 1232 I |'2 3-l| 

L 1 3 -ij Ls 3 L 2 -I sj 

(a) This example with three distinct ei^en values, is solved on pp. 79. 

(b) The cbarectcristic equatii n of matrix A is 

2~X 1 1 I 

2 3-X 2 -O 

3 3 4-X 1 

i. e. X*—9X* + 15X - 7 - 0 

which gives ( X—1 )(X—1)(X —7) — (i 
Therefore eigen values arc Xg— 1, Xg— 1, Xg—7 
Here eigen values X|—Xg. 

The eigen vectors are given by [ A~Xl ] X— 0 1. e. 

[ 
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D[a’[;] 


(tn^ 


rm ■ „ 1 —■ (ir- *■ ’** *" **"" 

fcMM 

^ ^ jUi,. * Jl- •• I I. ♦ *1 • I M.)) 

$ It I* 

F«r Ike etkte i^ dgtw »•!««> 1. »W (M), 

Mnet Ike meirin ie Md kerne tke iwe mm(f 

•,. t, ere reepe€t>%^h gieta kf »,-0 *!-<* ^ 

!,♦ «.ti--! 

•fid wK»* ^ 

fl-*!. •§•■•“ •• ****** 

ThiM »lkf eeeiM* nf m«lri» 

'■[XLITC:].. 

we cmn tkett iket X,, X, tr« ll•#•rh *m4efef^Mei rm. t« 

(«) foe ike nuitrli m 

-} I 

-1 S-> -I -I* 

} -I S-k 

, ^ >• « |t»* 4 H> - M - ® 

i.*, -*» 

ihut il*« tiftn v«lii«» ere X|«X|—t. 'i*® 

rhf rectett etetirenkfi A-Xl J X-Oi.» 




we tr* 


..|w« »- - F, rn«wi««« (*») 

Kor now r«p*«»*d e4f« »»'•• ^ w - 0 

A W 9m *• *** i*|“*|***^ *' 

.;•’• 

^ • 5^- — * t ♦* *1 "• I *» “ *• * * 


1*1 •-tl’f •• 


• 0 


(•) 
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Mtuljr 


!«• it) I t. 


li|k »l«>4 i^«» 


T 

Siace iW «amx u symMMrk^ nfaM x^<t««r X^«» 14 vk «) •* 

dbat k i» otIiNif—>< (• X« 4wi u t. 


^*^X, - *4 I -n J - M U. « 

- 0 I ♦. W+«>* - 0 


a«dX/X,-0. 10, 


, s V > \»i) 


,, 


Mlrinf v'^i) and v^u) for pr«fMMtt«Ml vmKM «!' i, «. « r< 

i m » T 

— - — --p - i i.e, X, - 11. 1. -n 

Tlmi tfoe ei g en vectcrt of tke •yvMMtvlc latTH A are 



It be ihown that the cifca veeteee »i. X. mntHn 

A are oatbogonal to each other and abo X|, X|> X« are linearly independent. 


1*2S CSaky-Hamlhoa Tlin » r» m :— 

A wtstrix satisjks its mm t k tnsit ns tk efMliM :~ 

For a square matrix of order a, if the characterittk equation 
is 

I A-XI I =0. (-l)*[X» + ^X»-*4-a,X»-»H'‘-.+an] -0 
then 

A» + «i A»'» + dt A*-* .... + d«l - O 

We have from the result (31) of art. 1 * 15» 

[A-Xl]adj(A-Xll-|A —XIII . (i) 

Since adj [ A — Xl ] hat elements at colactors of elements of 
I A — XI I , the elements ofa4j[A — Xl]are polynomials in X of 
degree n — 1 or less, as the elements of [ A ~ XI ] are at most of 
the first degree in X. 


j 

i 

1 

I 
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Hence a^j [A — XI] can be written as a matrix polynomial 
in X given by 

adj[A-XI]«B„X«*-‘+BiX«-»+...B„^X + B^j .. («) 
Thus from (i) and (ii), we get 

I A - XI I I « [A - XI] adj [ A _ xi] 
i. e. (-l)»[X»»-haiX«"i4-fl,X»-a...+<i»l] 

=* [ A - XI ] [BoX«-J + BjX" B„.,X + B^,] .. (iii) 

Comparing coefficients of same powers of X on both sides, wc 
have 

( - 1 )«I- -B<»I 
( - l)«ail = ABo —IBi 
( - 1 )»a,I« ABj —IBg 


••• ••• •• ••• 

( — 1 )» a„ I = AB„^j 

Premultiplying the above equations successively by A’S 
A’*‘“^» A**“‘I and adding, we get 

( - 1 )» {A" + A«-^+ ..0nl}=^O 

Thus 

A^ flj A^ ^ -J- .,« -p < 1,1 lss»0 ••• ••• (iv) 

Cor:— If A is non-singular matrix, the prcmultiplying (iv) by 
A-i, we get 

A«-* + <ii A«““ 4- ... -I- I + A“' = O 

^—1 —-L [ A’^'“* + A"”* +••• +<*ii-il] ••• 

Oft 

Ex. 1 Show that the matrix 

A - 1-8 -8 -2-1 

U::iJ 

sxtUfics it* characteriitic equation and hence determine A *. 
rhe chnractcriiiic equation of matrix A It 

I 8-X -8 -2 

4 -2 

3 —4 1—^ 

X»-6X*+1U- 
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A» - pe -8 -2^ p8 -8 -2^ - p2b -32 -2*1 

I 4 -3 -2 I I 4 -3 -2 I I 14 -15 -4 I 

1,3 -4 >JLs 'J L** 



Now io L.H.S. of, (i) we repleee X by A, we have 
A* - fiA» + IIA - 6! 



/. A» - bA» 4 I lA - 41 • 0 .f i») 

I btH A Mtiefy iu charscteriitic equ*<uon (i )• T*** ^•'*1 
by A“*, we get 

A* - 8A 4 III - bA » - 0 
I. e. 6A‘ ' - A* - 8A -f- 1 n 

- p26 -32 -2-|-p4e -18 - I2-I-4 p M 0 0-1 

14 -15 -4 2* -18 -12 I 1 0 11 0 I 

Lll -16 sJ Li 8 -24 ej L 0 0 11J 
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lltt thtrMitrlitlf fquMiion «f A If 


I ‘-X 4 


« 0 


i i-x 

I* •• X* ^ 4X “• 8 0 «. .. • ■ (I) 

INvMt Ihf ttolynnmlfl X* flX* — OX* *f 2X* — 4X + X correipondlng 

!« glvtit matrlN tHpmilon, by X* » 4X — 9. W« get the quotient 
X* >f Ox* 4 * 19X 4* 147 end renieliirler li 790X 4- 742. Thuf 

I^f 4 . 5 x 1 - 5 x 1 4 . ax* 4x 4 - 7 - (X* - 4x 9 ) ( X*4* ^'X* 4- «9X4 147) 

4- 790X 4- 742 

Replaiing X by melrlN A, wf get 

A* + ftA* - OA" f 2A* - 4A + 71 

« (A*-.4A -91) ( A* 4-9A* 4-39A 4-1471 ) 4 799A 4 - 7421 

. (ii) 


Hinoe A intUAei lu cheracieritilc equeiiun. X* —4X —9 0 

A*-4 A-91^0 

BubfUtutlng in (il), we gel 

A* 4 * 9A* - OA* 4- 2A* - 4A 4 - 71 - 799A 4- 7421 

• 739r I 4 -] 4- 742r 1 0 


t; T\: I] 

[ 1901 8096-1 

19iS 8 OI 0 J 


- r 1901 9036 
19iS 8010, 

♦ 

1*27 ttmlUrlty of Motrleof 1 — 

If A, B ere two iquere meirioei of oreder n, then B ii teid to be eimiler 
to A, if there eeiiU Mn-olafuloe metrix P luch that 


B«P 1 AP 


(49) 


For flmiler metrieai A, B, we have 

(I) |A| - IBI 

(ii) The obarecterlftic polynomiali for A and B are tame. 

Since A| B are limllar, we have 

B-P'^AP (by (49)3 
(1) Taking deurminant of both the lidet, we got 
IB I « |P‘*AP| - |P-»| lAl jP| 

«i|P'H tPI |A| C being deierminanti we cominiM|tf)l 
- |P'*P| IA| 

» III I At • I Al (ti ill - ij 
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(ti) Ciontidcr tht d^tenninmat of matrix B >- Xl i. e. 

IB-XII - |F^*AF-XI| [from (49)1 

- I P-^AF - xr*^ip I 

- 1P-HA-XI)P| 

- IP-M IA-XII IP I 

t» IP'^1 IP I lA-Xll [being determinant*, they 

commute ] 

=. IP-iPl lA-Xll 
» 111 lA-Xll 
* lA-Xll 

Since 1 B-Xl | = I A-Xl | the similar matrice* A. B have Mme 
characteriitic equedon. 

Note When A, B are to be proved iiinilar,thow that | A —XI1 =■ | B—XI I 

1*28 Rednctioii of matrix to a dialogonal matrix y/Adth 
has elomento as characteristic values t— 

T X X 

the characteristic value of matrix A|)(^ corresponding to the diaracteristic 
values X|, X^ X|. Thus 


AX, 


Xj X|, AX| 


XjXj, AXj — x,x, 


i. e. A 


□'ta 


The above three result* can be expreamd a* 
A 


"*i *1 0 O-n 

1 « H 0 

Lill a, a^ a, a,^ L.0 0 X^J 


The matrix 


L - 


^1 ^ I 

•i -I ** I 

■i "t "*J 


farnmd by column diaracteristic vectors of matrix A, i* known as 
■natvla. 

and the diagonal matrix* 

4 • r-x, 0 0 


kaaasaaaX^gsttfai. 


rh “0-1 

0 X. 0 I 

Lo 0 xj 



.(i> 
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Thui the ranilt (i) am be eaprtwtd •* 
AL -LA 

Fre ■Nthiplyinj by L“\»-e get 


L‘‘ AL - A 


.. ( 50 ) 


Thu* the matrix A ii timilar to the diagonal matitx^. 

La. 1 Find the matrix P tueb that P~*AP u diagonal matrix, whei^ 

A - r2 -2 S-i 


2 S- 
1 1 

3 


From the example of art. 1.24, the characieriatic vtciori of the matrix A 


X--2 X-1 X-3 

Then the matrix P is formed by these column vectors i. e. 

P - p n 11-1 

‘ M (i) 

L-14 -1 ij 


No%»- P-» -- 

SO 


Hence 


0-2 2 - 
^0 I -15 25 -10 

L-15 -S -12- 


-1 I 


p.*r.._4r “ nr nr " ■ n 

SOj —15 25 -10 II 1 1 1 II 1 -1 I I 

L-15 _8 -12JL» 3 -iJL- 14 -» iJ 

1 p 0 -2 2-1 p-22 1 S-n 

sol -15 J5 _10 I I -2 -1 S I 

L-15 -S -I 2 J L 28 -I S J 

2_p60 0 0-1 - p-2 0 0-1 

sol 0 -SO 0 j 0 1 0 j 

Lo 0 -9oJ L 0 0 S J 

Tbw the mairis F is given by ( i ) 

Ba. 2 Show that AB and BA hate same charaeieffette eqnalion. if A, Bare 

a-mnetric matrices. 

• Coorfder the matrix Cmrii that 

C — AB — .. * 
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wow _ ^ 

« [ AB - XI1^ - B^A - XI 

- BA - XI .. 
a, A - A*^. B - B*** 

Since I C I — I C I , we have from (i) and (ii) 

I AB - XI I « I BA - XI I 
Hence, AB and BA have same characteristic equations. 

Ex. 3. It X is an eigen value of matrix A, show that 

(a) X" is eigen value of A*‘ 

(b) * ^ is eigen value of adj A. 

X 

(a) Since X is an eigen value of A, we have 

AX - XX 


Premultiply by A, we get 

A*X - XAX - X(XX) 

- x*x .. 


[ irom (i) 1 


Premultiplying (ii) by A, we get 

A*X - X*(AX) " X*X .. 

Thus prcmultiply (i) by A- *. » « h.ve 
A«Ji - X'X 

which shows th.t X* is M eigon v»lu. of A* 
(b) Now 

A.adj A * I A I I 

or o^iA- |AiA-‘ . 

AsXisancigw value of A, we have 

AX-^ XX 

Pre multiplying by A"*, we get 

A-»(AX)-^**** 

• X-XA->X 

i.e. A->X--[-X •• 

4 . 

i.,. .llialgeii valtiaof A*‘ 



.. (iti) 


« • • • 


• • • ♦ 
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Now poiuniuliiply by X the rwuh (i) 
(acU A) X -1^A| A ‘X 


« I A I X [by reiuh (ii) J 
X 


^leiice 


(«ijA)X- l^x 


Thui —— ii the eifon value of adj A 


fXAMPLE-B 

T 

(a) Show that A, A hai lame characteriitic equation 

(b) If A it real, lymmetric and orthogonal, prove that iti eigen vaiuei 
are ± 1 

(c) Prove that A'and BA**^ have same characteriitic equation 


If Xii 


it an eigen value of n*iquare matrix A, show that 
(i) X** it an eigen value of A"' 

(il) JCX. it an eigen value of A'A 
(hi) JT+X it an eigen value of A f A*! 


Find the characterittic valuet and characteriitic 
matricet 

(i)r--9 4 4-1 (ii)p8 -8 -2-1 


vector! of the following 


.-16 8 


t 8 -8 -2-1 (iii)pl -6—4-1 
4 -3 -2 0 4 2 

3 -4 iJ Lo -6 -sj 


iv)r 4 2 -2-1 (y)n-l7 18 -6n| (vi) p 1 2 3-i 
-5 3 2 -18 19 -6 h * ® 

L-2 4 J L-» ® ® 

1;:: :0 [■: 'J L“’ -J 

C.ley.H.»i1». .h««« for <1.. * ' 

nr^-> -rr 1 .T «-|<«T.:: -i 
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5. For a aymmetvic matrix A the elg«n vacton are [ 1, 1,1 1*** (I,—2,1]*^ 
correaponding to eigen value X^ - 2, and X, • 4 ratpectiveiy. It - 6 
And the matrix A 


Ana ; A 


" 7-2 1-1 

- -2 10 -2 I 
1 -2 7 J 


6. Show that the matrix 


A . n-j 


D 


can be reduced to a diagonal form with diagonal element* aa eigen valuea, 
find the diagonaliaing matrix P. 

I 

7. Find the characteriatic equation off" I 4"l and ti*c it to expreaa 


ca 


A* - 4A* - 7A» -I- llA* — A - 10! 
in terma of A. [ Ana. A 51 ) 


8. Show that the following matricea are aimilar 

pO A #-i. pO / A-|, pO g /-I 

j A 0 / I I / ® ^ ^ M 

L/f / oj La / oj L/ A oj 


f 


I 


ANSWERS 

(ii) 

(i») [*•■>♦ ]x ^ 2 ’[ ®’ ‘ ]x- 5 ♦ 

^ (*) [*■*>']x_ _2-[ *’'• ®]^. I ■[-'-*• - I I 
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Tex$ Bmk •f Jippfui 


w •. •«' y. OL-, 

(« i )[*. l .2 1.-1 0.1 

<“> [ * f - 0' [-♦• ♦ r. S' [*- -*■ ■ I-» 
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COMPLEX NUMBERS 

ratioI^UolWng ttplefn “P'' 

ons of addition and subtra<>f' ”• Since the graphical operati- 
to oori'espondine ooerari ®°™P'“*annibersareanologous 
frequently applied to v ''ectors, complex numbers are 

distribution o?lher . ‘‘PP'i'd mathematics vfz. 

01 lorced vibrations of a dynamical system. ^ 

2-1. Complex Number 


In solving quadratic equations, we often get a sq. root of 
negative number as part of the values for roots eg. if 
•r*—^2x4-2 = 0, the roots are 


V - ^ ± V- 4 
2 


= i i A v*”“4 


The extraction of sq. root is not possible as no real number 
exists which when squared will yield a negative number [eg.-4], 
Hence a new type of number known as imaginary number is 
introduced to c.xtract a sq. root of a real number. 

eg. V “ ^ V~^ = 2v'^';V^^ = 6v/~ 

Thus the sq, ro >t of any negative number can always be 
expressed in terms of V—Y, imaginary unit and is ^ 

usually denoted by or ‘ /’. The fnidamental property of the 
symbol i is 

I <■’* ( or ) = - 1 I . (1) 

Introducing imaginary numbers the system of numbers can 
be diagramatically represented as follows 
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Numb«n 

__ 1 

P _ 

R«*l nutnben Imaginary numben 

„ -1 

Rational numben Irrational numbcri 

[ db Integral, ± fractional J [ eg. ^5^ ect. ] 

To make the real and imaginary numben part of one 
•ystem, a new number known at c^mpUx nimbtr repretMMdt 
^ i« introduced. 

If e -»Af -f y» (complex number ) 

then X and y are known at rtal and imagiMry parts of the 
complex number t. 

2*2 Equality of oomples ■ombere t— 

If two compUx numbtrs ar« tqual^ thin thtir rtal and imginary parts 
art rtsptcHotly tqual. 

Let *1 -I-1>, - a, + i>, 

(*i -*•)•■ » ht - y\) 

Squaring both the sidei, we get 

(x, -{yt-Ji )* [aii«- -l] 

( ^ — ■»! )• + ( )• = 0 

.ti ■■ X, and yi ■= Hence the result. 

2-.1. Graphical ropraaantatioii of oomples munbar 
( Argand'a Diagram ) :.. 

The method ol repreteating complex numbers by poiittijp ^ 

• P**"* “<*“*«> J- R. Argand and u mually known at Argasd** 
diagram. 
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Let a line a units long represented by OA (Fig; 3) be turned 

about O from position OA, 
through 180®. 

It then hns~vc direc« 

tion OA' and graphically 
represents—rt units. There¬ 
after turning through 180®, 
it again takes up the 

position OA and graphi* 
cally represents a units. 
In each instance, rotation 

of vector OA through 180® 
has been equivalent to 
multiplying the vector 
by — 1 and since = — 1, 
the multiplication by i may be taken as equivalent to 
rotating the line through 90®. Hence definite geometrical meaning 
may he attached to the complex number .v + iy. 

The complex number a* + iy represents in vector notation, a 
vector ‘ V ’ added to vector * y ' 

perpendicular to the vector ‘ .v ’ 

[ from the geometrical meaning 
of i ]. 

Thus in Fig. 4 let xox' and 
yoy’ be perpendicular axes where 
xox' — x-axis ( axis of reals ) 
yoy'—y’TixXi (axis of imaginaries)- 
Then to represent the comp¬ 
lex number x i) measure a 

distance x ( OA) along the axis of reals and to this add a vector 

—T 

(.AP ) perpendicular to the axis of reals. The resultant of 

these two vectors OA and AP will be a vector OP which repre¬ 
sents a complex number x -}- iy. Hence vector joining origin to the 
point P (Af, ) represents the complex number x f iy. 



T. B. A. M...7 
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2*4. Polar form of eomplom immbor t— 


With the vectorial rcprcfcntation ai above, we can expreti 
the complex number in term# of Ungth ami difcction of vector 
which represents it. 

Let in Fig. 4 , P ( r, ) represent a complex number ^ 4 i> 
and OP = f, POr ** 0 , 


Then x — r cos 0 and 7 = f sin 0 . 


Hence ps/ar e^ioaUni of the complex number x -f •> m 
given by 

.V r ( COS0 -K t ) 

jr 


where r* = v* -f- •>Mi tan 0 


In the polar form cfx + if, the qiKUiiity r »» •«<«»'' “ 
the mtitins of the comple* number r + i> and i« reprerented at 



j r - I » + ■> I ° \'^+^ I . 

and the angle 6 which definet the petition of the rector 
^ j ^ 15 called the amplitvd* or argomoni of ilic complex number 
X ^ and is given by 


amp, of t -h i> ^ 0 = tan^> j . ( 3 ) 

(f OP be turned in anticlockwise direction through multiples 
of 2jt, the point P (x,j) for all such rotations, %vill have the 
same position as before and hence for all such positions of OP, 
the point P always represents the san»c complex number r ^ i>. 

Hence the complex number x -|- i> has various polar f jriDi, 
when the amplitude is increased by multiples of 2« and hence 
the gowral poUtr form of v ^ i« given by 


j 7 [ cos (2it w 4 - 0) 4“ i tin ( 27 k w -r 0) ] 
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Where 2 7t in 4- 6 is known as the general amplitude of x 4- 
and 6 which lies between —> n and tt is known as principal value of 
the amplitudle. 

2.5^P61ar form of x 4- iy for different eigne of x,_ji 
(i) X 4- ;- ( x>0,j»>0) 


The point P {x, y) will 
* lie in the first quadrant, 
hence 

r = V** 4“ y* and 0 = •< 

X 41 > = 4 y* 

[ cos «< 4 * sin •< ] 

y 

where tan •< = ^. 





Ex. 14*V3 =2^cos -1 4isin 


Fig. 5 


(ii) — X 4 *> :— 



Fig. 6 


The point P 
lies in the second 
quadrant and 

AOP = •< where 
y 

tan •< «=: — • 

X 

The amp. of 
Jc complex number 

= e = 75 — •< 

and r \/** + 


X4i> « \/^4 / [cos ( X — •< ) 4 i sin ( X — < )] 

Ex. - I 4» * 2 j^cos ^x - -^^ + * 

of 2x . 2x-l 
s 2 I cos - 4»sin- I 

L 3 ^ 3 J. 
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ioo 

(ttl) - X - i> 

The point P ( — t, — ^ ) lies 
in the third quadrant and AOP 

■■ <, where tan •< = -:L and 

X 

the amp. of complex number 

s: 0 «■ 1C + o< 




and r = -x/.t* -fjr* 

—X —i>= V-v’ + y [coa (ic-f K ) + I dn ( ir-f < )J 
Ex. — 1 —i \'3 = 2 ^cos ^ir-f+iiin + 

of* 4x , . . 4xT 

L 3 3 J. 

(hr) X — ij* :— 

The point P (x, — y) lies in the 
fourth quadrant and AOP = •<, 
where tan 



Amp. of complex number 

= 6ss:2ir — •<or 

and f x/xM-y 


fcoi(2-t- K) + ,,in (2,t- <)]. 
or = v'**+ / [ CO* < _ , ,in < ] 

* * *®“^**» «•"»'*•» 1- 

*Vhcn*„,real we know lh;ic 
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Jf* X* 


gX ss \ _j_ X -{- - — ■■ “h ••• 

2! 3! . 


( 5 ) 


Assuming this is true for all values of x ( real or complex ) 
Let us substitute ix for a' in (5). Then, 


=s 1 ix -|- 


2v2 i*X* 


rA 


2 ! 


+ 


3! 


+ 


4! 


•“I” t • I 


A 2! 4! J \ 3! 5! ) 


= cos A' -|- i sin A' 

1 ^ ‘ 4_ 

as cos ,t = 1 - 


si„x = x-- + — 


Thus the complex number z = a 4* iy ( Cartesian form ) 

= r (cos 0 I i sin 0 ) (Polar form ) 

= ( Exponential form ) 


Exponential form of a + iy — r« 


i6 


... ( 6 ) 


Thus we have — 


,f* _ 


and 




cos A* + I iin A 
cos X — i sin a 


( 7 ) 


These results are important. Although the use of the symbol 
is arbitrary, it obeys the index law. For 
gi» ^iv == ( cos A -h t sin ;;) ( cos> -|- i sin>») • 

^ cos ( A -f- ^ ) • r I sit' (A -h y) 

we thus take e\ in genral, to represent the series 


1 + 4-r 


2! 


'f- 


4- 


3! 
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2*7 Mathematical operations with complex namu 
and their representation on Argand’s Diagram 

(a) Addition and subtraction : — 

Let the complex mjimbers be 

= ^1 + iyi and ^2 = ^2 + *>2 
^2 = (-^1 di ATg ) + (J'l d: ^2 ) * | . (8) 

Hence to add or subtract complex numbers, add or subtract 
the real and imaginary parts separately. 

Ex. (2 - 30 + (4 + 60 = (2 -f- 4 ) 4 i (-3 + 6 ) =: 6 H- 3 i. 

Graphical represention : — 

Represent the complex 
immbers Zj by vectors 

OPi and OP2. [ Fig. 9 ). 

Complete the parallelog ram 
OPj PP2, then by the para¬ 
llelogram law of vector 

addition, OP represents the 

sum of two complex numbers 
For 

Fig. 9 

= 8 l -t OM /' of OP, on .V axis . 

’ «OPi = lltoP,P j 

S-mUarly. PN = RN + PR f Considering ,he projection of 
- P.M + P,L [op, and P,Pon /axis 

Thm p andPiM = RN. 

represents “ 

add the vectors rep'^esend/eTo graphically 

P'“'"‘'”8«>™plex numbers and 

W Proauct of two couple. 

1 • + >*t J’s + (a, j. ^ _ 1J 
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Complex Pfumbm 


JOS 


Z1Z2 = [xtXi — J'U'a) + I (^i.V2 + 

This operation is more simplified by reducing 
polar forms. Thus 


• •• (9) 

Ztt Zt to their 


if) 

Let Xi -f iyi = (cos 0^ + i sin Oj) — s 

•/ X 

Xi + *^2 = >2 (cos O 2 -r t sin 0^) = - 

Then 




1 . e. 


Zi’Z2 — ^1^2 { COS (01~}“02) “b I sijl (Gi“f*02) ) 


Hence the product of the complex numbers is a complex 
number whose modulus is the product of their moduli and whose 
amplitude is the sum of their, amplitudes. 

Thus we have 

1 • 

Ti (cos 01 + i sin Oj) X r^ (cos Oo + i sin 62) X r, (cos 0 ^ -f I sin Gg) 

®= riTjT^ ^ cos (014-024-0j) 4“ i sin ( 0j 4~ Gi 4*08 ) ) 


This can be extended, step by step, to the product of any 
number of factors, giving the important result for the product of 
any number of complex quantities viz. 

modulus of the product = product of moduli of factors 
amplitude of the product = sum of amplitudes of the 

factors. 

Graphical representation ( Argand’s diagram ) : — 



Let in Fig. 10, 

Pj represent 

Zi — fj (cos 0^ 4- i sin Oj) 
P.^ represent 

Z 2 — r^ (cos O 2 4* i sin Oj) 
and OA ^ 1. 

construct the triangle OP^P 
similar to the triangle OAP, 
such that 

POPa = AOP, = 0i 
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^en the vector OP repreienti the product of the con.M 
numbers represented by and Pj. *^onipiex 

. “ ^ = »■ (CO. 6 + ,• ,in 0 ) we have, a. AOP a 

and AOPPj are similar, ^ 

OP _ OP, . r r, 

OP, OA T “ T 


• • ' — fi'e 

also 0 = aOP = *OP, + P,OP. 

= AOP, + aOP, = 01 + 0, 

Hence e = «,•«,, giving simple graphical construction for 
a product. 


(c) Quotient of two complex numbers i— 

The fact that the product of two conjugate complex num¬ 
bers 18 a real number [ viz. (x — Icsds 

to the following method of division^ where the denominator is 
always expressed as a real number. Thus, 


+ »>! ^ + »>i . *t — <>i 

+ *>8 ^a + *>a ^a “ »>f 

« ( ) +»( Xty^ - ) 

V + yt* 

I + _ (*i^a+ >»>,) I 

4- »>a ^a* -f V V -f yt* 


But it is more convenient to divide the complex numbers in 
their polar forms or better still in exponential forms. 


'^8 + {Va 


^a + »>a 



cos (6, — 0*) -f t sin (0j — 0,) 


) 




( 12 ) 


Hence the modulus of the quotient of two complex numbers 
is the quotiont of ihtir moduli and amplitudo of the quotient is the 
difforetUe of tfioir amplitudos. 
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Complex' Pfmbers 

Graphical representation ( Argand’s diagram ) 

Let 6, > On 



Pj represent ri (cos 0 ^ + t sin 0 i) 
p, „ fj (cos 02 + * sin 02 ) 
and OA = 1 along .v axis. 

Construct a A OP,P similar to 
A OP 2 A such that 

OPPj = OAPa and 

POPi - PaOA = 0. 


Then the point P thus obtained, represents the quotient of 
the complex numbers represented by Pj and Pa- 
For, let OP represent r ( cos 0 i sin 0 ) 

A OPPi is similar to A OAP 3 
. . OP _ OPi. r ^ 

OA OPj***^ 1 ra 
Thus r = rj/fj 

and 0 = POX = P,Oa; - P^OP 

= PjO.v — P,OA ( by construction P^OP = PaOA ) 

= 0,-02 

This gives graphical representation of -c = . 

^2 


(d) Powers 6t complex number — De Moivre’s 
l^orem 

The Theorem states that if n is any real number^ one of the 
values of ( cos 0 + z sin 0 )" if cos ;i 0 -f* i sin n 6 . 

We will consider three cases (i) n -f ve integer (ii) « — ve 
integer and (iii) n — a fraction. 

(i) Let n be a 4 * ve intejser 

By actual multiplication from the result (7), we have 
(cos e + i sit, 0 )a = (cosO + i sin 0 ) X (cosO + i sinO).. „ tiqies 

[ by law of index ] 
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= cosr o H-0 + 

t sin [ 0 H- 0 + umci ] 

= cos « 0 + t sill »0* 

(ii) Let « be a — ve integer 

n = — where m is a + ve integer 

/. ( COS0 + i sin 6 )« = ( cosO + i sin 6 )“ 


m 


1 


(cos0 + i sinO) 
1 


_Fas == —-r”] 

isinO)”* L ® J 

[ from case (*) ] 


cos m0 4- i sin m0 

(cos /nO — i sin m<*> 0 ) 

(cos m0 + i sin w0 ) (cos mO — i sin w0 ) 
cos mO — i sin mO 


cos^m6 + sin^mS 
= cos (— ot )0 + isin (— 7 m )0 
= cos n0 + i sin n0. 

(iii) Let n be a fraction 

p 

^ —) where />, q are -f vc or —vc integers, 

9 

From (i) & (ii), we have 


( 


cos — -f. i sin _i 
(/ q 


)'= 


cosO i sin9 


(cos0 -f i sinO)'/? = cos _{sin ^ 

9 q 

(cosO + i,in«)« = (cosO + .-sine),/, 

= [(cose + isinO)>/5]P 




= COS 


~ ® + i sin 


«0 + isin ne 


-0 


J 
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Thus 


r 


• • • • • 


(13) 


E.«mpU :- Simplify -'^Q " «»»» 56 )* /<^_ 

( cos 10 + f sin I 0 ) 3 /» ( cos |0 - i sin JO )i® 

Here ( cos 3 0 +«sin 3 0 )«=.(( cos 0 + , sin 6 )* }* = ( cos 6 + isin 0)»* 

( cos 5 e - i sin f) 0 )*i^ == [ cos (- 5 0) + i sin (-50) !</* 

( (cot e + isin 0)“® }*/5 = (cos 6 i sin 0)"* 

( cos ^ 0 + t sin I e j>/» = ( (cos 0 -|- f ,in 0 ) 3 /» } 2 /» =. (cos 0 +1 sin 0 ) 1/3 ' 

( cos J 0 - i sin I 0 )!• « ( cos (0) + i sin ( -1 6 ) )i» 

=• { ( cos 0 + f sin 0 )-‘/6 jio =. ( cos 0 + I sin )“* 
Exp. =» ( cos 0 + t sin 0 )!* ( cos 0 -j- isin 0 )~* 

( cos H i sin 0 )l/* (7os0 + i sinO)-^^ 

(12 - 4 - i + 8 ) 

=• ( cos 6 + t sin 0 ) 

“ ( cos 0 + isin 0 )«/» 

« cos 2 0 + 1 sin —^ 0 by Dc Moivre's Theorem. 

Aliter ; 

(Solve the Example by «sinR e‘« =. cos 0 + i sin 0 ) 

(e) Roots of a complex number :- 

By De Moivre's theorem, we have 

( CO, ± + . sin A)” = ,0, ^ 

= cosO4-tsm0. 

cnee from jho meaning of a n<» root, we see that 
(cos ^ + , sm _ j is one of the n'» roots of cos 6 + {e, 

'hanSg .IrvaluV 0/00^0 5 'lsbr',h""*''‘f 

roots are obtained as follnu., K of n'» 

general polar form • ^ expressing the number in the 

«. CO, ... 2,* + 0 

+ . .W ( by De Moivre', Th.) 
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Onk 4- . . 27r/t 0 . , 

Hence cos - "h * root of 

n ” 

(cos 0 + /sin 0 ) for any integral value of k. It can be seen 
that for the values of i = 0, I, 2,... (« — 1 ), the n** roots ol 
(cos 0 f / sin 0) are all different and further values ol 
k = n,n 1 , merely give repetitions of values in the above 
group. 

Thus there arc n different values to the roots of 
( cos 0 + i sin 0 ). 


Hint [n evaluating fractional powers of a complex number 
express the complex number in the general polar form. 

Example 1. Find the cube roots of unity. 

/' ‘Since I =a cos (2i: k ) + I sin ( 2r k j 

.._thc values of 1 ^/* are given by 


(i)V' 

The values are 
k *=» 0, (l)t/3 B cosO + isin 0=1. 


2»:k . . 27:t 

cos —— -i- I sin- 

^ 3 


h fl)V- = cos ^ _I V3 

^ 3 2 *2“ 


k => 2 , ( 1 ) 1/5 ^ cos ^ + / Jin il ^ _ . V ‘3 

and for all other integral values of k fi> i 

k, these values u-ill be the repeated. The 


(,a « zlz ‘ ^ 3 
2 


— 1 +1-^/3 
2 


uLVr^'■’'■'‘^• 26 'I 

• 2 + .- + 

36*50'1 . 

' ^ '*‘‘^t2nA 4. 36-52-J 


.. '*‘n( 2 ni 4 . 

V 2 4*7 *" Cos f T 36 * 52 * T 

^ ^ 0 th ^ 1 


^hen _ 

coi iQ.gg,''*vaim, j, 

' 8 ' 26 ' ..o. 


+ / sin 


[ 


2 Ki: 4 36*52' 


4 0 » 3162 , 
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Complex A^'umben i 

m 

When * » 1, the iccond iq. root i^given by 
cos [ 180® + 18*52' ] + I lin [ 180® •}. 18®26' 1 . - 

- - 0.9487 - 0.3162 

Thus the required iq. roots are :l: (0*9487 f- 0*3162 i ) 

Solved Problems s-' ' 


vertex is given by 1 4- i j regular hexagon is at the origin and one 

R‘vcn by 1 + . on Argand Diagram. Find tlie remaining vertices. 



JT- 



As OD represents I 4- », Ol) makes an angle with x axis and is 

of length V?. Being a regular hexagon OE, OF, OA, OB and OC make 

a 2Tt 4 k 5n . 

angles-^, ^^* Hence the amplitudes of complex 

numbers representing E, F, A, B and C arc 
K 2k k k ' 4k k 

+ -r; “:r+ i- 


3 


1 ’ 3 


5k 71 

+ -r; — i —- respectively and 

4 5 4 


««« moduli arc V 2 [ as OD = OE » OF OA ^ OB =■ OC ], 

Vectors representiug the vertices are 

l or E, VT (cos 105’ -1- i sin 105» ] = - ( 0.3660) -h ( 1*366 ) i 

For F, vT [ cos 165® 4- i >in 165® J = - ( 1.366 ) 4- (“.^66 ) i 

•''or A, y/T [ cos 2'.>5® 4- isin 225® )«=:-- I ^ t 

Fo: II. [ pQ, .;8.5®j 1- /sin 285» ) (0,306 ) - ( 1‘366) i 


V 
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ForC, ,/Ttco.345* + i.m3«*l - ( 1-360 ) - ( O-SBO) i 

E»mpl. 2. If« - CO. « + .'.in P + ■ ‘i" ^ + ' •>" V 

oncJ u *=■ cos 5 -f I sin 8, prove 

oc + p- Y- Sr oc + p-f-Y'»'» 

(!) xjf + ■■ 2 cos- - 


[ 


cos 


H- 7 sin 


oc -1- p -1- Y ^ - ® 


1 


(ii) 


1 


(«-«) 


1 oc-P Y-^ 

— cosec —-- coiec —-— 

4 2 2 


[ 


cos 


CC + P+ Y+S 


t sm 


qc+P-I-y+8 


|Y +8 j 


(I) xy-}-zu = [cos (oc + p) + I sin ( oc + P) ] + [coi(y+ 8) + iiin (y* 1-8)1 
= { cos (cc + P) + cos (y + 8) } + » { sin (oc-J P) + siii (y+8 .)} 

r. oc+P+y+8 cc + P — y — 81 

=» < 2 cos--—^-cos-> 

12 2 J 


. .•fo.;. “' + P + Y+ 8 oc+P-y-8-\ 

r i|2sin - - ^-cos- - -j 


, 8 ( oc + p+y +8 

’ 2 cos ---^ cos -- - 


, . . “C. + P + Y + 8 

+ t sin- 


] 


(ii) * -^ = ( cos oc - cos P) + ,• (,in X _ sin P) 


- ^ - 2 si 


o^p . oc - p 


sin —sin 

2 2 


) + » ^ 2 si 


cc — p oc+p 
sm--— cos — 


) 


2 ;.i„ii^[co..“= + ^ ' 


2 i sin 


SiiniJarly, 


I 2 * . « + 3 1 

2 i r~j 

in r oc + p OC + RT 


= 2 
1 


i sin -—i- r cos y ^ ... 1 + 81 

2 L ^ — J 


iz-u) 


1 


~4,in ~~ ^ . Y “ 8 

^—" »>n 


r cos JLi_? A • > oc + p + lii 

L 2 --- + 15in — 
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I 


r- 


h : 

f'*'’ 

h:. 






I oc - ^ 


III 


^ -i- co»ec ■' " ' " '■ ■' cft««c 
4 2 


_ j r 05 -4 p ‘fY+^ 

T-1“’-2- 

, oc + |J 4* Y + 8 1 
+ .-..n- - -: J 


-1 


I oc - ^ Y ” , 

—-— coiec —-— 1 coi 
2 2 


~ COSfC 




cc 4* P 4* Yjf ^ 


. . cc4- P + Y 4* 5 T 

- - ’2 - J * 

by Dc Moivrc’s The irenj 

Exampl* 3. Simplify 

^ (coi 0 — co» <ft) 4* I (tin 6—tin 4* { (co# 0 —coi ^) — i («iii 0 — iln <f>) }'’ 

Vet A -> co» 6 — COI ^ — 2 sin ^-SL jm 

2 2 

n - sin 0 ~ .lu « 2 sin Zl cos 

_ 2 2 

.-. A + in - 2 .in“-±i[- + i„. •_'-J ^ 

c„. 1+1+i. + ...i„ i+l±.t 

*• L 2 2 

1° *' i* "’'-"i”' <“ «P««a comnltx 


] 


.•. (A-t-iB)' 


. 2". ,i„«IL-* „ ^i±jL+i.\ 




by He Moivre's ihcorcm. 


nnd 


(A - iii)- -- {2 

. . / t: 1-0 f,/> \ nA n 

,, .\--rMl 


-I,., 


— I Sin 


Oc Moivrc'a ihroirin. 


*^r- 
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Expretsion » ( A4- iB )•» + ( A — t B )" 

A-<f> r o_/ 


[2cos„(-^^j 

I ^ ^ 


2» sin" 


2«+i sin" cos n ( 


otn ^ 1 + »V3 and n is an integer, .prove that 

2*» + 2"^" + ^*« is zero if n is not a multiple of 3. » ’ P " »hat 




■** 1 + i \/ 3 
2«x 


O I ^TT 27r 

2 I cos —— -h J sin — 

3 3 




] 


= 2"|^ 


. . . 2rtx 

cos + j sin - 

i 3 


] 


Let 0 oo p3 2 

t» =» 2" 


"[ 


2»m . . 2rm 

cos —--1- t Sin —— 


1 


Hence 

Ztn 4 . 2 »zn 4. 2 ln ^ u* + UV 4 - t;« 


U ~ V 

2 *" [ cos 2n:: + i sin 2»m ] ~ 2*» 

•onf- 2nx . 2nT^ 

2" [cos _ 4 i si,) _ 

t sin 2n k 

2"« \ 2n n 

cos --1 1 4 . t sin 


^ - 2 " 


22 n __ * 2n K 

/ 2nli \ 

[cos — - 1 14 ., si, 


3 / • ■ 3 

"■0 if fj is not multiple of 3. 

If n is multiple of 3. the expre«ion takes the form ~, hence is intletermioile. 

provf^'’'* *■ ^Y “ cos. + cos P+ COST”'). 

cos3. + cos33 + cos3y = 3coa(.+ p + v) 

•ndsin Sst + sin 3 P + . „ 3 ^ „ 3,i„ ( , ^ 

Wc know that if a 4 . ft 4 - c « o 

then a* + ft8 4 . fS „ 3 ^^^ 

Let 0 «» cos« + , sina, ft ^ ^os p + i sin p, c » cos t + 1 sin y 
thus wc have a + 6 + c -« 0 

From (i) abovC; we have 

(cos. + + (co.p + i.i„ P), + + i.i„ Y)» 

3(«.. + f,i„„,(oo,p+(ri„p,(oo.Y + <.inY) 


Jf 

(i) 
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So Iha< by Ot Moivrt’s Thwtm ^ 

(CM30 + COJ3S + co«3t) + i. » n3» + »in 3 ? + ui> Sy ) 
«3co8(a+^+Y' +3ism(a + P+Y)- 

Hence by ci\uauivj real and imaginary parts, we have the rcqu'Tcd rouUt. 
Example 6. U^e Dc Molvrc's Theorem to prove the follow ing : - 
(i) cos 4 D = cos* 9 — 6 cos* 0 sin* 0 T sin * 0 
fU') sin 6 9-6 cos® 9 sin 0-20 co^* 9 sin® 9 -4* h cos 0 siu* 0 

(\ 1 cos 4 9 -i- isin 4 9 — ( cos 0 + « sin 0 )* 

•1.3 

— cos* 644 cos® 0 (i sin 9) 4- —~ cos* 9 (i sin 0)* 

1 « — 


4,3.2 




cos 0 (I sin 0 4 - (i sin 9 )* 


1.2.3 

( cos* >) — G cos* 0 sin* 0 4 . sin* 0 ) 

( ' + j ( 1 cos ®0 sin 0—4 cos 0 sin® 9 ) 

as r* =■ 1, i* m l. 

So that by equating the real pans, we gM 
cos 4 0 = cos* 0-6 co8*0 sin *0 4 - sin *0 
(ii) cos 6 0 4- « sin 6 0 - ( cos 0 4 - i sin 0 )* 

= CO.-1) + 6 co.» 0 (i ,i„ 0 ) +v CO.- 0 (i .i„ 0 

I *• 


4- 

4- 


6.5.-t 
1 2-3 

6.5.4 3 2 


co.>e .• ,i„ „). + , 

cos 0 (i sin 0 )® 4 . (,• sin 0 )« 


1.2.3.4.5 

= [ CO.- 1) - 15 00 .- 0 .!„> 0 + 15 co.« 9 .in- 0 - .!„• o . 

+ . 16 CO.- 0 ,in 9 - 20 co,> 9 ,i„> 0 H- r, co, 9 .In- 9 1 
By C 9 U.,.„, ,hc p„„., 

Example 7. Expand 

(i) c«,» 0 in „ .cric of co,mc. of mnUplc, of 9 

(H) »'''‘«i"»»cric.or.i„„ol „,„l,ipi„„, „ 

(i) Ic. x-|. -’-..2 CO. 9 


t2cos(,)» 
T. n. A. M.'.B 


("iy 
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*8 + 8a* + 28a* + + 70 + 56 -4- + 28 — 


®'7+ > 


(,. + ^) + 8(,.+ ±) + 28(/ 

+ 56(,.+ ^) 


+ 70 . 


[ If Af — COS 0 + 1 sin 0, + - = 2 cos m 0 1 

xm 

~ 2 cos 8 0 + 8 (2 cos 6 0) + 28 (2 cos 4 6) 

+ 56 (2 cos 2 0) + 70 

/. 2^ cos8 0 « cos 8 0 + 8 cos 6 0 + 28 cos 4 6 + 56 cos 2 0 + 35 

(ii) If a: = cos 0 + j sin 0, a“* = cos 0 — ? sin 0 


Hcncc 


X -- 2 i sin 0 

X 


2® I® sin® 0 


[ 


(- t1 

=• A® - JA® 4 - 10a — 10 — + 5 -2-!.. 


if , =. cos 0 + i sin 0. AT- _ 2 i sin m 0 

A”* 


] 


= 2.-sin50-5(2f)sln3O + 10(2 0sin«. 

/. 2 »^sm®0 ==s:n50 -5sin30 + lOsinO 

/. sin® 0 = — [ sin 5 0 - 5 sin 3 0 + 10 sin 0 ] 

E*ample 8. find the continued product of the four values of 

1 - \3/4 


"7“ 'h » ^ COS 

^ ~2 3 




COS — .f ,• sin -IL- 


rr 

T 


. 'fcqiiircd as fiaclional power sllHolve'H 

( Y ■*• ^ cosl. Z'®’'* + " U . . ■!* 1 
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. Dtircreiit values given by A » 0, 1,2, 3 arc as follnws i— 

a ,, a 7a 7a 13a . 13a 

coi -f I >»n , cos ~- 

4 4 4 


115 


In , . 7n _ 

- 4- * “T" > * r ’r > •‘n —— 

A JL 4 4 * 


197t 


and cos- 4- • sin 

4 4 


t t 

CsOiuinued product of the lour values ( by product theorem ) 
' - In I 3 jt 19 k ' 


cos 


/ n 7r 

(t^-T 


4* —' + 

I 


9k \ 

4 / 


4- I sin 


( r. 7k 

(t + t 


4* 


0 


•* cos 10k 4- I sin 10k •« I 
Exnmple 9. Solve the equ.niiun x® — x® 4 - x* — 1 
'riic equation is -f I) (x* — I) «=> 0 
Taking the first fiacior, we have 
X® ^ - 1 » i-os 2 A: 4- 1) K 4 * 1 sin (2 k -f 1 ) ;r 
« I cos (2 K k 4 - tt) -f- i lin (2 k Ar 4- k). ]^/« 

V - CO. 17 *+ Da 


13k I9k 

"IT T" 


) 


f) 


fi 


■* >“““«vcly we gel ihc solu.ion. cos 30“ + 

I aking the second factor, we get 

« I cos 2 K A 4 “ I 8 ;r> 2 r 4 

• V c ” ^ ^ k 

.. A «a CPS -f. I -- 

.n,l‘ "" " '• ^ *•"" >nlu.ion, a, _ , 

Thus nil roots are known. 

Examples : H>-A 

Simplify in the form (o f- ib) 
fi) ( I 4- 0* (I - .^/D* /14..XI 

'-os - 2 (;.rjy 

lAns (i) -L (ii) - 3_2 ,• j 

(2 If.,, *«r I 4 . 2>, -a 2 4- i, show on .Arfftnd’s r 

•'rgand. d,.,gram ,he point, 

^n.rr,entmg.,4-.,,,^,^^,^^^^^,^^,c, 

grurn the um,.litiulr uul modulus of ? r ^^ **"^* 

...Id check will, ,hc 
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.. rMr« of two similar triangles arc rcpr. scnted by 


aj I 

fla h 

O3 »3 * 


0 


O 3 ^3 * 

r a-e represented on Argand’s diagram by 

(4) Complex 3 order, prove that the 

,he point. A, »■ C „„aitio„ that tl.o triangle ABC tnay be 
necessary and suincicm 
equilateral triangle is 

- z. - « ( ■" "2 I- 

1 4-IS represented in 

(5) If p is real and the complex number -f 

.HC Argand. diagram by ajmin. on the line .ho„ that 

p =s — 5 i V 21. 

(6) .farg(.+ l) .-^andarg.U-l)-f.''-<‘^ 


[Ana. ■ - ^ ' 


4 + ‘ 


-?] 


(7) Find c so that 


/ « + » \ JL 

, / I = \Z\ and arg. ^ ) = 4 

j^Ans. i = 2 ( “ ‘ ^ t)] 


3 ) If is purely imaginaiy, show that the locus ol {^x^y ) 

^ z+2 

of radius y' 5/2. 

)) If e, = 1 - <■, ^a - - 2 + 4 i, a, - V3 - 2 f, evaluate 
(i, I .i+Jil-.'!' ' , (ii) R, (24,* + 34 s= - V). 

I 4, - 4s +t _ -1 

r 3 .6 V 3 f 4 n 

1 Ans. (i) -p- (it) — 3.» fiii) —” ^ * J 

0 ) If X*+ .)>*•= I, show that 


--- = y ty; --= v+ tx. 

l+x—tv l4-_y —IV 


-3 0 , 

If 4j «2 ‘he roots of the equation nz®-I* 

a, b, c, are real numbers with b^ — 4af. < 0. obtain Ibc va*' 
expression -f in terms of a, b, e. if« is any intege** 
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I that (*' 

i sin 




/I2 If ^ 5 

/ A j- t sin 6), and hence 

ogf Express — ; 

V2 

limptttyi- ^ 

« {f*7) 

(2 J-V + (-^ - —\ 

Vvs" V'^ j Vv 2 >' 

s. (0U^+V3‘) (ii)zero]. 


10 


[Ans. 


(14) I’rovelhal 

»V3 y ^ ^ —I —t ys ^ has the value — 1 

if n =» 3A i 1 > and 2 if n =» 3fc where k is an inte.>cr. 

(15) If (xj + i>i) (xg + t> 2 )'- ••(*!» + O’n) = X + lY, then prove that 

tan“^ 4* tan*'^ 4- .... 4* tan~^ = tan~^ — 

*« 


tan”‘ ~ 4 - 


(16) If 2 cos 0 — X 4- — and 2 cos (j) r= y ^ _1— 

X y 

\ 

prove that one value of xP 4 - - is 

xP y^i 

2 cos ( /> 6 4 * 7 ^). 

Prove that x + iy + ^ y, has u real values and Bnd those of 
s/ 1 I -• /S“ a. •! / . 


(17) 


V 1 + .V3 + ^ 1 - ,V3 


j^Ani. 2‘;«cosi5iiJ)ji^T 


(18) Fiml all ihc Values of— 

(i) ( 36 4.6'H)1/* (ii) (liJlV/* /I XI.a 

H. + i) (-'(t:;-)' 

w («- -J,• , - 

' ■* 3 } (>'■) (V3 - Al/* , •• 

f\„. , •> ' ^ ("I) ir.1,4 

“• I') i (7.337 + 4.32(;„ (■; 

(W) O DGOG-O 23or i ±(''5809 + 0 15 ,,., 

“•23»0,;-.o.63oo_o.G300i/ 

~ 8.2306 + o.ggQgj 
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(„) -,, l+ys , 

^ -C •) 

(vi) y * [cos -I- I sin y" j, where. 

I A ■■ — 1. 5. 11, I 7 or 2U (vii) •(; 2 nnd _j. 'j , j 
Find die dircc cube rooU of 1 - cojO - i sin 0 when 0 < 0 < 2rt, 

[Am. r y)_'V ~T^T''''~T~^] 

where root « r ( cos (f> -|- i sin <f>) 

(20) Prove that 


w» m tfi 

— / w 1 .y \ 

. ix -t- «»" -} (if - t»" « 2 (X* + cos ( « "7 j 

(21) ^vc die (qnations : — 

/\\ ) s’ f. *< + ;(3 I Q 

(ii) .v’ -I I =» 0 

(iii) *“ -h .X* f- *• + I 0 

(iv) .vi'‘+ 11*6 q. JO « 0 . 

Am.:- (i, 

«n(l ,.|: [ co.-^ + i.i,, ^ \ 

(ii) - I and CO. ± ,■ ,i„ „h„, _ I, 3 5 

0 6 G 

^ TT 


~ 1, COS afn ^ 

3 3 

(iv) ±/.i„^;c„,?i ±. 


T ^ ’“"-f ]i 


10 


(22) Solve the equation ***-.!« n r i .. ' 

equation 'vhich of its roots satisfy d'C 


** + **+ 1 « 0 


[aos. .-t 1. ± i ^ 


± I sin 


-y ^ and 


i 


I 

$ 
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Chinpi^^ 


, \umhtii 


(co, ± i «n ^ )• T'’' J 


(23) 


Solve ihecqvaiion + Z 


•t = i 



|^± -7 o + n o + V5 )^/2« i “5"^ ^ *) (^''5 ^ 

in the form a + *6 giving the values 


"1 


■' T7^ + (x"^* 

of a, b in terms of x and y. 

r. 2 («* -/I.. 

-(;rr,»y‘ 

(25) If n is a positive integer, show that 

(I + i)” + ( 1 — t)’^ = ('\/2 cos ^ 

and show that t!tc continued product of all the values of 
( 1 + t )^/5 is I + i. 

26) Prove that cos* 0 + sin® 0 =• 4 ( 3 cos 4 0+5). 

(27) Prove tha: 

( I + cos 0 + i sin 0 )» => 2“ cos" ~ f cos ~ + t sin ~ \ 

2 \ 2 2 / 

(28) Use Demoivre’s Theorem to express lau 5 0 in terms of powers of tan 0 
Deduce that 5 tan* — 10 tan* +1=0 

2.8 Circular functions of complex angles : — 

From the formulae (13) in the preceding paragraph for 
and we have 

-h = 2 cos .V, c*® — e-*® = 2 t sin .v 



whence 


sin ;ic = — 




cos X = 


2 t 


(>4) 


These are known as exponential values of the sine and cosine 

Foranynon-real quantity e. where thegeometricaldeBni- 
t.onsofs.n ,.cose no longer have a meaning, we may regard 
them as defined as above so that, ' '•S‘^ra 

sin e = . cos e = 'Jllfll, ^ si^ 

with cosec z, sec z, cot z as their respective reciprocals ^ 
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Text Book of Applied Mathematics-^j 

2 9 Definition of hyperbolic functions t — 

From the analogy to the definitions of sin x and cos x, 
define the new functions known as hyperbolic functions. 


(15) 


, , sinh X 

and tanh x =- 

cosh X 

and cosech x, scch .v, coth a* are defined as the reciprocals of 
sinh A, cosh a, and tanh x respectively. 

2.10 Relations between circular and hyperbolic 
functions ; — 

Using the definitions of sin z and cos z^ we have 

{»■<) __ -» («a) 
sin {ix ) — - 

2t 

_ - 1 f^e^ - 

- 2i ~~r L 2 

' = i sinh X 

»(»>) , *>(»*) 

and cos {ix) = --I_ 

2 

- 1 - . 

= - = cosh A 

2 

Hence, we have 


( 16 ) 


These definitions enable us to deduce the propertif-* ® 
hyperbolic functions from those of circular functions. It may ^ 
verified that the properties of sin z, cos z, tan z etc. wbcf 
not real may be deduced from definitions given above. 


sin ( ix ) = i sinh x 
cos ( ix) = cosh X 
tan ( ix ) = i tanh x 



Hyperbolic sin of a = sinh x = 
Hyperbolic cosine of .v = cosh x = 




2 

gX _j- g-x 
2 
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/e*^ -r r** V f — <"*• \* 

r>* - 2 — ^ ^ — 2 -r 


4. 


= J- = 1 (aj t* = - 1 ) 

i ‘ 

A 

;2} la the above write z = ix, then 
C3i* (u) 4- tin* (ix) =1, 

:. f, wsh* X — (i rinh x;* = 1 
herce coih*x — sinh*x = I 

[3} £:n t Cl — -^ 1 ) sin Cj cos z, ~ cos Zi sin 
pnt Zi — ix and e, = 

.. srn I X ~j) = sin (ix). cos (ijf) i cos (ix) sin (i;) 
i- c- i:nh - I 4; t) — sinh x cosh — cosh x sinh j 

iroiilarh* !rom the expansion of cos ( Ci n: Cj), vre get 
cosh X ~ j) = cosh X cosh y 4: sinh x sinh j 

We have fo^loH-ing formulae for hyper be lie function which 
cm be deductti from those of circular functions by similar 
tncihods as illustrated abcjvc. 

,. - , , - tanh X ±: tanh ? 

f 1 ) tanh X f: t) --— 

I ± tanh X tanh^ 

Cti) Miih x-x-sinhjr — 2 sinh 


sinh X— sinh y — 2 sinh 


X -r 7 

cosh ^ 

2 

2 

-7 

cosh ^ ^ 

2 

2 

* -r 7 

cosh ^ 

2 

2 

X 4- 7 


2 

2 


cosh X—cosii 7 = 2 lin 


rm) cosh*r - H ^ ^ 

BnV-.r = n ^ 

l^v«rse hyp^tboMc faction. :- 

. write f — COS^”’ 

If X =coihTthenvt»rile» 
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If X be real, we have 

ev 4 - e~‘V 

2 .^ 

BO that _ 2xey +1=0 


X — cosh_)» = 


and hence = a: ± ^ 


y = cosh“^x = i 1^8 ("^ ~ ^ ^ 


('7) 


The positive value of the right hand side is the one always 
taken. 

Similarly it can be shown, if x is real 


siuh“ix = log (.t f ) 

, , 1 "i” ^ 

taiih"' AT = ^ log -- 

1 — X 


(18) 


2 12. Differentiation and Integration 

( i) V = cosh a:, ^ = sinh x, /. V sinh a- dx - 

' dx J 


(ii) y = sinh X, -- = cosh a, \ cosh x dx 

dx J 

(iii) y = tawh X, ^ ~ sech* x, ^ sech*x dx 

(iv) y = sinh“^—= — - _ 

^ V + X* 


cosh X 

= sinh X 
= tanh X 


••• 

J V a 


dx 


(v) y = cosh~^ iL, ^ = 




“ = sinh”“^ — 
V fl* 4- x^ 0 , 

1 

a' dx ^ 
dx 


\/ x^ — a* 


V — <z* 

(vi) ^ = tanh*"^ -L , ^ ~ 

a dx 


cosh”*' —“ 
a 

a 


— x« 
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.1 


dx __ '_ tanli 




(vii) 7 ’ * 




+ a- 


5 : 


___L coscch""^ — 


a 


xVaH-x’ 


X 


(viii) y = sech — , 

a 


dx 


— a 


Xy/d 


S —vS 


5 


dx 


x\a^ — .V* 


--sech — 

a a 


Series for cosh x and sinh .v : — 


v3 


.V* A*'^ 

<* = 1 -f -V +--f — -f- . . 

2! 3! 




v3 


■V* .V" 

.V I --_ f- 

2! 3! 


cosh X = ^ ('e^ -\- 
.'•inh X = \ {e" — 


tanh .V 


sinh X 
cosh X 


Thus :— 


') = 

1 

.Y< 

•{' 


2 ! 

4! 


") - 

•V 4 — 

3! 

A® 

*5! 

+ • 

•V4- 

A’ + ' 

A^ 



120 


1 ♦ 


I 4- h .v^ 4- _1_ .Y« 4- 
24 ^ 


■' i 

15 


• • • « . 






( 19 ) 
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2 13 . Graphs of the Hyperbolic Functiona 

The values of sinh x, cosh x, tanh x for at = •—• qq q , 
are obtained from the definitions and arc tabulated thus ^ 


X 

sinh X 

cosh X 

tanh X 

— 00 

— 00 

+ 00 

- 1 

0 

0 

1 

0 

+ 00 

+ 00 

+ CO 

1 


Since arc always positive ( or zero ), it will be seen 

that tanh x is always < 1, its value must lie between ± 1. 

From the definitions it is obvious that 
sinh X < cosh x 

Hence the curves 
y — sinh X, y = cosh .t, 
y = tanh x have the forms 
shown in the Fig. 13. 

These curves can be 
plotted more accurately 
from the tables of hyperbolic 
functions. 

The curves^ = coscchx 
y = sech A', y = coth x can 
be sketched as reciprocal of 
those shown above, but they 
arc not used to any great 
extent. 



approximately bTgraphfcal’meS 

c!rcul«ra„dhyp„'3^yj P«rt« oO*" 

(a) sin (* + ,v, . “onspl** variable > 

^ n .t cos cos X sin (y) 
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C^lix Mumbtfs 

• t 1 rn* lx A- iv) == cosx cosh j> — » SIH X jinhjf. 
Similarly, cos (x + 

lin (x - h y) 

(b) tan (X + V) ^ )- 

_ 2 sin (X -f i> ) cos (x - t» 

2 cos (X -f i>) cos (x — f» 

^ sin 2x + sin (2i» 
cos 2x + cos (2i» 
sin 2x + t linh 2j 
cos 2x -)- cosh 2jf 


si;i 2x 


cos 2x + cosh 2jp 
sinh 2jf 


Similarly, tan (x — ) 

sin 2x 


cot 2x cosh 2y 

sinh 2y 


— I 


cos 2x 4* cosh 2y 


cos 2x 4- cosh 2y 
Thus if tan (X + »>)*= ^ -h 
then tan ( x — i> ) = /> — iq 

(c) sinh (X + i> ) = sinh v cosh (yr) + cosh x sinh iy 
I sinh iy = sin » (i> ) = — sin sinh iy * i sin y 
and cosh iy cos i ((y) == cos jp 

■s sinh X cos -4- i cosh x sin^ 

similarly, cosh (* 4- iy) can be expressed in the form a 4- it 

(d) tanh (x 4 iy ) :— 

sinh (x -|- i>) 


[ 


] 


tanh (x + iy) = 


cosh (x 4 - iy) 


2 sinh (x 4 iy) cosh (x — iy) 

2 cosh (x 4 iy) cosh (x — iy) 
sinh 2x 4 sinh (2iy) 
cosh 2x 4 cosh (2iy) 

sinh 2 r ^ . sin 2 j 

cosh 2x f cos 2y cosh 2x 4 cos 2 y 
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Similarly, 

* y 

tanh (x — iy) = 


Text Bo.k of ApMkd Malkmalic,., 


sinh 2 X 


--1 


cosh 2.V 4- cos 2y 
In all the problems involving separation of real and tnn\ 

inf f ^ . .o X_. ... taginaiy 


sin 2y 
cosh 2x -f Cos 2y 


parts of tan ( cc + t'p ) proceed as follows : ~ 

Let tan ( a 4- Ip ) = X + ty 

then tan ( oc — fp ) = x — () ( as proved ) 

Then to express a, p in terms of x and y, we hav»* 
tan 2 a = tan [ (a 4- *(5) 4- (a — ip) ] 

= ( q: i?) 4 - tan (a - ip) 

1 — tan (a f ip) tan (a - ip) 

= (•^' 4- (y) 4- (-y — iy) _ 2.v 

1 _ X2 — ^2 1 — X» — 

which expresses a in terms of x and y. 

Similarly, 

tan (2ip ) = tan [ ( a 4 - ip ) _ ( a - ip ) J 
^ ^(a 4- ip) - tan (a — ip) 

1 4- tan (oc 4 - i{i).tan (x— ip) 

= — ty) 


i tanh 2p = 
/. tanh 2p = 


1 4 - j:* 4- 

2i> 


1 4* a:* 4" 
2^ 


1 4~ 4” 

which give p in terms of x and y. 

Thus in problems when 

tan ( X 4- ip ) = X 4- iy is given, then use 
tan ( oc - ip ) = X - iy 

and with combinations as illustrated above, we get x, p in 

terms of .v andj-. This method will be clear from the problems 
solved here. 

E»n.pl. I. Separate into it, real and i,aa,i„ .,;v part, the exprefio" 
tan-t (oc -f ,'3). 

Ut tan M oc f ip ) -^ .1 iy 
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un (» -f (jr) - oc + 13 
•nd tan (* - >) « « - 3 
tan 2* - un ( , + ^ ^ ^ 

— + (oc — i3) 

j ~ (« + 

• 2a: 

1 — cc* — 3* 

.*• * - * tan 1__ 

1 — a> — 3* 

•nd tan ( 2 i> ) « tan [(* + (y j 

— (°^ -H «P ) — (oc - i 3 ) 

I + (or +. i 3 ) (oT — i3) 

2 t3 


i tanh 2jf w 
lanh 2y 


! + «:•+ 3*' 

_ 2±__ 

1 + oc*+ 3* 


.'. 2f •" tanb“* 


_ 23 _ 

I + «• + 3* 


I + 


2P 


I 


- *Iof 


1 -f GC* + 3 * I 


i log 


(1 + 3)* + oc* 


1 + ec» + 3 « J 
^ as lanh t « ^ | log J 


(I - 3;*+ oc* 
Hence, ton“* (oc 4- »P) - i «*n"* 

-f i tlog 


2oc 


1 - oc* - 3* 

(M 3)* + oc* 


(1 - oc 


i * 


Eaiunple 2 . Prove that 

. , tO . 

M • ) ” Y + 




Let tan'» ( r‘® ) - * + »> 

lan (x 4- (r) «• — cos 8 4 » sin 8 

henc •, tan (x - i>) “ cos 8 - 1 sin 0 

tan ( 2 x) = an ( (* 4 '.s) I I* - O' 1 

(COS 0 4 > sin 8) 4 ^co s 0 - i rn 0) 
I (rosrt f- i sin 0) (ms 8 - ' 
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2 cos 0 
r- I 


00 


2x — rtTC +'’-^ 

n:i TT 
“ “Y + 

and tan 2/^ « tan f (x + iv) — (x — iy) ] 
2tstn 0 


^tics-j 


i 


^ 1 





tanh 2y «= sin 0 
2y = tanh~^ ( sin 0 ) 

I 4- sin 0 

= ‘ 

1 4- cos 0 




2 cos' 


i log 


I — cos <f> 


- i log 


2 sin 


. . <!> 

• rs •• _I_ 


-=* i 2 log cot « log cot 

(i , / « 1* \ 

« — log tan - log tan - - J 

:■ J’- - logun^-i _ 

lan-> X " T (iT “ t) 

Example 3. If tan (0 4- " tan cc 4- « sec cc, prove that 


U 


cot-and that 2 0 = tut 4* ^ 

2 " 


tan ( 0 -h ) •= tan cc 4- i sec cc 
/. tan ( 0 — ) =s tan oc — i see oc 

tan 2 0 tan [ (6 + f<f>) + (6 — * ^ 1 

tan fO 4* t <^) + tan (0 -- i</^) 

- - ----- - - - 


1 — tan ^0 I- ufi) tan (9 — i(f>) 

2 tan oc 

I — (tancc4*>scc oc) (tan cc — tsec cc ) 
- tan X 2 tan x 

1 — tan*x — 8cc*x —2 tan* x 

tan ^-1 ^ X ^ 


— cot * 
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2 0 ■= fjTc + ~ + oc ai required. 

•% 

and tan (2 t j>) =» tan [ (6 -1- » (f>) — {b — i<f>} ] 

^ tan (0 + itft) — tan (0 — i 
1 + tan (6 4- »^) lan (0 — i<f)) 

2 i tee oc 2 i sec oc 


I tanh (2^) —-—- 

1 -h tan* cc + see* oc 

/. tanh *1 tf> CO' oc 

2 <^ =* tanh""*- ( cos oc ) 

1 + cos oc 


2 .^cc* cc 


1 + cos oc r 1 4 jt *] 

1 *oS -from tanh“^ x •» * loc --— 

1 — cos oc L I — * J 


2 cos2 


oc 


^ i loK 


2 sin* 


log Cot 


oc 


2d> oc 

e ^ =■ eot —— 

2 

Solved Problems : — 

Example 1. Prove tanh"*^ x = sinh~* 

Let tanh"*Af = ^> 

/. X = tanh 

But 1 — tanh*^ **» sech^j' 

sccc"j» =» I — At* 

I 

cosh* ,v 
/. cosh jf 


V 1 —X* 


1 - ** 
I 


VI - ** 

sinh^ = tanh X coshj^ = 
A r =» lanh ^ x sinh"^ 


I — X* 
X 


V -1 - X* 


Example 2. Prove that 


it , .n , n - 1 / 10 . 
I sin (« 4 0) “• * 0 / ” * 


T. B. A. M..0 


\ 


Scanned by CamScanner 




















130 


Text Book of Apfilietl Maih 


1-. H, S. *- I gin (a .1- 9 -- (coso -|- isin o) lin 0 

- { sin a cos 0 + cos a sin 0 - cos « sin I) - i si„ « gjn o u 
sin" o { cos 0 — I sin 0 }'* 

■=• sin" a ( < I" ta sin" a.e 

E»mpl. 3. If „ = log .an ^-1 -I- -i ), pr„,o ,a„|, -1 ^ ^ 

U gU _ I 

tanh — --- «i _ 

2 ,«/a+g-u/a g« ^ , 

But u = log tan ^ —j- •}- ~ ^ 

[tA) ' 


tanh 


tf" = tan 
u — I 


i» + 1 

tan 


In 0 \ 7t 

I — 4- — I —• tan — . 
\ 4 ^ 2 / 4 / 

. f ^ 0 \ ^ \ 

1 + tan ( —“ 4-I tan — 

V 4 ^ 2 / 4 


as tan — «= 1 
4 


) 


t tan A — tan B 
1 4 -tan A tan B 


.(A-B)l 

Example 4. Prove that 

^,+ co«c-^) 


(I 

1 — «=» 1 — COS 0 — 1 sin 0 

0 


1/2 


2 sin’ 


2 sin 


2 sin 


— — 2 I sin — cos 

2 2 2 

0 r . « ® 1 

^ COS <fi — i sin <f> J 


hut (/) 


n 

T 


0 

T 


_ Z'’ )■*'*=( 2 .in Y y' [ ^ “ ■' ] 


to express it in ilte 
form cos A I’sinA 

'/• 


( 


2«" y) ‘ [“>■(“ ^ 

by U. 'I'"""'" 


(2 .in y) CO.-I-+ ' 4 ] 
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.iml I 


— 'i ilii 




I '■■ mil II I- I till II 

" (' I '' 

T 

0 I' 

'i »ln / I' Mlii >f> 


f i < *y* ' 




v/hrtr tf, 


ff 

'/ 


0 


//» 


.•. (I , » ,. (, 


i f,t >!, j i nu, •!> 

.'i] 


„ '/» 

i »:o*^ -~’l 


2 «iM 


T 


I 1- col ‘ft I ’/* 
0 ' 


llli IT j 

■i ' ^ 


l>ii( /// “* — 

' ' 2 


0 

T 


f- •»« -:7 


lI .4 

) f I ^ i' 


0 

lifi ^ / 

E>i«mpl« 5, n lio (0 f Oft) - f- <»«' 

cot* H ^ i tin'/ 

Wr hnvc 

tin 0 ’ft f < "* *'♦' ^ ^ 

/ //f 7 - 4 ' < iln '• 

Equating ilir r**aJ *»*'< {ffiaK'riary p;<r<i, f/-* 

tin 9 coih </> "• f 'ti '/ I 

i / f / / 

no'l f'tif 9 tioh fjt *-' lift'/ J 

To prove th< rrq.jJrf'J ^ iroio d, hy ut,nt 

coif.V' 


fU 


9 

■* 

7 




/ 2 «jii 

0 

>1 



4' f *if> 

±) 

\ 



1, \ 2 


■! ) 




1 ('01 ; 

I *to 

t ) 1 




\ 2 


2 / 1 

( 2 ijii 

-^] 

-/•/ 

2 f ' 

1 


\ 

2 J 

' \ 

2 y 

1 



s 

i 
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sin* a 


1. e. 


cos* a 

^n*6 " ^ 

I *“&in*a 




'■Sm^ 0 

1 


sin* a 
cos* 0 


sin* 0 
cos*0 


- 1 


sin* a r - 7 ^--\ 

L sm* 0 cos* 0 J 


sin* o 


sin*0 sii * 0 Cos* 0 
cos^ 0 = sin* a /. cos* 0 = ± sin a 
Eacampte 6. Separate into real and imaginary parts the expression 


sin ^ (e ). 


10 


Let sin-1 {e ) = x + j> 

sin (x + iy) = = cos 0 + i sin 0 

cos 0 + t sin 0 = sin (x + iy) 

— sin X cosh > + » cos x sinh 
Equating real and imaginary parts, we get 
cos 0 B sin X cosh^ 
sin 0 =» cos X sinh^ 

Squaring and adding (i. e. to eliminate 0), we get 

1 = sin* X cosh* + cos* x sinh* 

= sin*x ( 1 + sinh*^’) + cos*x sinh* 

= sin*x + ( sin*x 4- cos*x) sinh*j 
= 8in*x H sinh*j> 

CO *x = sinh*j» 
cos X =a sinh y 

But ,cos X si h = sin 0. 


(i) 

(ii) 


cos 


*x =» sin 0 i. c. cos X «=» V sin 0 




X cos"! ( \/ sin 0 ) 
and putting cos x =» sinh in (iii), we get 


(iv) 


sinh*^ - sin 0, i. t. sinh jr = V sin 0 
/. y « sinh ^ y/ sin 0 =log{v/8in0 


(vl 


Hence from (i) and (v), we have __ 

cos"^ V***i 0 d" * ( v^sin 0 + V ^ d- 


• —1 / \ 
sm * ( « ) 
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Example 7. If cos (0 + i^) = R ( cos « + / sin a ), prove that 

sin (0 — o) 


I sin (6 + a) J 


sin (0 + a) 

We have 

R cos « + i R sin a = cos ( 0 + ) 

= cos 0 cosh ^ — I sin 0 sinh <f> 

E mating real and imaginary parts, we have 

R cos a = cos 0 cosh <f, .(;) 

R sin a = — sin 0 sinh ^ .(ii) 

To prove the required results eliminate R from (i) and (ii) by taking the 
ratio, we get 

cos a cos 0 cosh <i> 

- csa — —--- ^ 

sin a sin 0 sinh ^ 

, , sin a c os 0 

♦. tanh Q = —-- 

sin 0 cos a 

4, = .a„h-> f - ] 

L cos a sin 0 j 


n - 


= J log < 


cos a Sin 
sin a cos 0 
cos a sin 0 


1 + 


i log 


sin a cos 0 
cos a sin 0 

r s n (0 - g) 1 

1 sin (0 + g) J 


sin (0 + g) 

Example 8. Prove that 


( ^ \ 

! + cos g -p I sin g a i I J 

- . =a cot — .e\ ^ / 

1 — cos g + I sin g 2 

g r ® « "1 

N = 1 + coi a + i sin a = 2 cos — cos-1- i sin — I 

2 L 2 2 J 


« -tx/o 
2 cos-- € 

2 


D = 1 — cos g 


. ® r . * 

r. + i sin g = 2 sin -——I tin ——}- i cos — 1 

2 12 2j 

= 2sin^[cos(^-^)+ isin (^- y)] 

. :) 

2 lin—. f V 2/ 
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Hence 


L- H. S. = j + cos g + I 


sin ct 


2 cos — e 

0 


a i a/2 


1 - 


cos a -j- 1 sin a 


2 sin 


( — 
in ^ \ 2 

'[i-(f-f)] 


i) 


~ cot — . e 
2 


« '■ (* - -f") 

= cot-. f ' ^ ' 


Examples : II —B 

(1) Prove that 

) sin 2a + i sinh 23 = 2 sin ( a + i3 ) cos ( a — ) 

cos (a 4- I 3 ) + »5>in (a + 1 3 ) = e ^ ( cos a + 1 sin a 

sin (a + n 0 ) — * sin « 0 = e’” ® sin a 

Prove that sinh = cosh“^ ■y/ 1 + a*. 

yi^ H tan a = tan a tanh.>' and tan 3 = cot * tanh v, show that 
^ tan 'a + 3) = sinh 2,y coscc 2;c. 

F) Separate into real and imaginary parts 

(i ) cot (Af + i» (ii) sec (a: + t» (iii) tanh {x + j» 
'’tv) sech (at + ijf) 



ns (i] »^n2x — t sinh 2,y ^ / cos x cosh ,v + t sin x sinh ^ \ 

cosh 2.y - cos 2x ** \ ~ cos 2x'd- co sh 2i~^} 

sitih2Ar+isin 2^ , / cosh x cos y - t si 

iv 2-1- 

3? 2y \ cosh 2x + c< 


'’iiil 


— t sinh X sin.v 


cosh 2x-f CO? 


cosh 2x + cos 2y 

<o) If tan (x + t> ) =a I where x and y arc real, prove that x is indett 
minate and^y is infinite. 

If j> =* log tan X, prove that 

fi ) sinh ny = J ' tan"x - cot«x ) 

(ii) 2 cosh ny cosec 2 x -- cosh ( « H- 1 ) y> cosh { /» - 1 ) .V 
'7)^/^ow that 

( cosh X 4- sinh xrr, coih n x f sinh nx 

If X f t> =, sinh ( 3 + 4i), find numerical values of x and 
three place- of decimals. 

[ A ns. X - 6.540, y — 7 * 
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S) -he soluaon, of 

«n ^ « 2»cos^ 

are given by ^ = HH . * , „ 

2 + 2 n >• zero or positive int 

(\ 0 \ jfi . positive integer. 

complex numbers which satisfy the folio • 

^ cosh . - ~ 1 and U , < 5 

(ii) tanz = ^(i_,.j 

[An.. (.)±i, (ii) e=on + ,a„-l2-lilog5] 

^^^Find in ,ho f„™ , + ,j_ ,^y 


^_>«^lf-.in (« + i P ) = , + ■>. p. ove thn, 


[*"•■ "2 -I log 2 j 


+ 


= I and 


sin* a 


cos* a 


= 1 . 


cosh* p ' sinh* P 
(13) If cos +,a^ cosh (^ + »-) = 1, a and i being real,show that 

26 = i log (2 + V3 ). 

fT^Provethat tan = ja a -f »sinht> 

2 cos 0 + ci sh V 

(15) If tan ( 9 + t'^ ) = cos a + t sih a, prove that 

nn n / ir a \ 

— + — and ^ log tan ^ j. 


0 


2 ■ 4 

(j^ tan ( X + t> ) =3 sin ( M 4- iv ), prove that 

tan u sin 2 x 
sinh jy 




tanh V 




• + >* 4- 2x cot 2a = 1 and x* + j»* — 2j> coth 2 p + 1 *■ 0. 

- 2ea 

l) If a + IP =■ <r tan (X + »>), then tan 2x = 


I 

^ ^ coicc ^ + tx ^ = M 4- »!', where x, u, v are all real, show 


Ly \ V- 

that (V 4- »*)* = 2 (m* —• p*). 

^2^ If sin (a 4- »P) =» R (cos0 4- t s>n 0 ), prove that 

n.t ^ ( cosh 2P cos 2 cc ] and tan 0 = tanh p cot a. 
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(21) If iinh (0 + i(/>) « prove lliat 

sinh* 0 ” cos* a => cos^ <f}. 

(22) If p, q be the imaginary cube roots of unity, prove that 


/// qe^ ^ si,, V^jr ^ cos x 


(23) The complex numbers #*“, e ^ arc represented on Ar^and 
diagram by vectors OA, OB respectively. If OP=>OA + OB, provj 

if— 

that OP represents complex number 2e V 2 / cq, j 

(24) If a =* I 4- I, ,3 *=* I — I and cot x + 1 prove that 

(x 4-- (>f + P)” • / jLa n J. 

-- = Mn (n<p) cosec" q>. 

a — P 

2*15 Logarithms of a complex quantity : — 

Let z — X iy 

Expressing the complex number in general polar 
form, we have 

^ = v4- (v = r [ cos (27rA: + 6) -f- i sin {2'xk + 0)] 

where r = ^fx^ + y“ 
and 0 = taii“^ 

.V 

i ( 2rEA: 4- 0 ) r p , t 

~ re ^ ' [ from result (12) ] 

Log z = log r +1 ( 2-nk + 0 ) 

Thi.*; sliows that the logarithm of a complex quantity xiy 
mullwalued (for different values of k) and is written 2 S 
(x + iy) and lienee 



cqPal to zero in the value of Log (x I"‘>j 

denoISly ” ‘'•Sorilkm " 
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>«g (*+ I» == log ^ O \ 

orlo8(A:+.»=.log, + ,fl 


•■ ( 21 ) 


undlld'"""'"''’" '°S W is .0 be clearly 

Solved Problems :- 

I. Find ,he value, of I.og (-5) and log (I + 

i-OK (~5) :- 

- = 5 (cos TT + ,• sin tt). Hcncc r = 5. « = ;r 

log ('r+'o ' *”■> 


1 + / 


V'2 l^cos —|- /sin 


Hcncc r v'2 and 0 = JL 

4 


log (1 + /) r= J log 2 + /■ — 

4 

Example 2. Prove the following; — 

(i ) log tan ‘ J ~ i (sinli ;c) 


a -{■ ib . b 

(li) log- 2 i tan"^ — 

' a — ib a 


f - X \ 2-— + i 9'i li 2 — p using the n 

( » ) (an I — + I — 1 = -- -- — I rrsulls (b) of I 

1“^ 2/ o^-L !*> * Larl.l!*14. j| 

cos 2 — 4- cosh 2. --- ^ 


cos 2 — + cosh 2. 
4 

1 4- i sinh x 
cosh X 

1 . sinh X 


f- / 


cosh X ' cosh X 

j— r ( c>)S 0 4* » sio ® ] 

1 sinh X 

f cos e —- - ; f sin n » — — 

cosh X cosh X 

1 4- sinh* X cosh* x ^ ^ 

cosh* X 


ind tan 


cosh* X 

0 sinh X i. c. 0 =* tan*-^ ( sinh x ) 
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Hence \jsing the re«ult (21) 

log tan ^ -}• I ^ “ log, I "1* • ^ (•inh x) 


i tan"^ (ninli «). 


(ii> If a -f lA =a r ( cos 0 -j- i sin 0 ) 
we have r «= \/ i.® + ® 


tan 




and 


a — ib zss r { cot ^4- » sin ^ ) 


where r =» 4- ^ " 


tan 


-1 


log ° ^ 4 = log (a 4* il>) — 
a — to 


- I i log (fl* 4- b‘) 4- I tan-» ~ j 

— I i log t- b^) - « — I 


= 2 I tali'"^ — 


a 

X — i 


Example 3. Prove that Hog -—^—- 

tO 


=» n: —• 2 tan" ' x. 


Let X 4- » = 
/. 0 


"■ ( f)- 


and X — i = re 


-!0 


x-i ( -2ie\ 

t log -I log I I 


X - • t 


But tan 0 = 


- I (-2/0) --=* 20 .... (i) 

X = cot 6= tan ^ — 0 ^. 


__ _ 0 =« tan~' X and Or, — — tan**^ x. 
2 o 


Puting thii valuer of 0 in (j) 


• I s — 1 

t log -- =r. 7T - 2 tan*' X. 

X 4 t 


44 


In problems involving separation of real and 
parts of the expression ( a + , p ).t+(i/_ express the quant''!' 
terms of base e and proceed tints :_ 
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Covipl*-^ J\un\k(TS 

Let ( a + ! p ) = , [ cos (27rA: H- 0) + / sin (2nk + 0) ] 

where r = V’a’ + (!■•“ and 0 = tan-' i- 

oc 

Log(cc + i(i) 

[ using ~ ] 

= [log y-f-i (2-^ + 0) ] 

^ J.vlogr- ). ( 27 :^+0)] 

X ^27TA-fO) } 

r -j- U A B 1 

[ as < — e e \ 

= , [ A' log r - r ( 27 t:^ + 0 ) ] 

X [ cos [ y log r -f A ( 2 t:/: - j- 0 ) ] 
r t sin f y log r v (2 -k -• 0 ) ] } 
which gives the real and imaginary parts of ( oc-|-i^ 
Solved Problems : — 

Example 1. Prove that 

j'‘ - cos { {2in -f- i) t: a } < / sin { (2m h J) « } 

,« = / '■ 

a [ log 1 + i (2m + ■ ] 


as I =- cos — -t- i sin — ^ 


^ y (2m d i) «« 

COS ( (2m -H i) - O ^ { (2m + i) - a }. 

In case of problems of identities, take logaritlmis ol both 
the sides and separaic them into real and imaginary parts 
and by equating the real and i.nag'nary parts of both the^ 
sides, Ihe required result can be proved. Tlus method wi 
clear from the following problems. 

E»mpl. 2. Prove.hat.hcr»lp.nr.of.hMuincip.lv,Mar,f(i^'‘’S “ " 

(t'-O- 


.1 I 


COS 


log (1 + 0 Jog(l+»Mog« 


(0 


1^1 log 2 i j^log 1 + ‘ 2 ](log l- 


0) 
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=, {■' T ^ “ t) 

JL. log 2 V 

-(•- 4 )(''‘ ) 


[cos ( ~ loR 2 ) + ‘ ( T } 

Hence the result. 

Example 3 . If ® = « + >' ft P™'" 

(4ot4-1) 

Take (he loga,!.hm of bo.h sides of= a + I'S, 10 the base 
We get 

(a + i'P) Log?- Log (a + ip) 

j c. (a+ip) [»(2m+i) r,] - J log («*+?*) 

4 - I ^ 2n + tan ^ j 

i c. [ —(2mH-i)?rp+»(2'n + i) «« J 

=. 4 log (a2+ p*) + ^ 2n 7t + tan'^ ^ 

Equating the real parts, we have 

- (2m + i) Tt p = i log (a*+P*) 
log (a®+P^) =» — (4m-l-1) TT P 

... .t+p* 

Example 4 . If ( a + li )^ = S prove that one of ihe 

y • . i 

values of — is 2 tan“^ — 

X a 


log (a*+6') ; 

Taking log.irlthms of both the sidcj of the identity and considering only 
the principal values, we have 

P log {a 4- ib) =r (x 4- iy) log m 

x.c.p ^ J log (fl* 4- A*) 4- i tan“l » (x 4 . ?» { log m + ‘ 

Hence equating the real and imaginary parts 


ylog (11*4. A*) =,xIog 

a 1 b 

/.tan-i-^ ^J-Iogm 


m 


(i) 

(ii) 
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Dividing (ii) by (i), wcgcl 

2 — 

^_. 

jt log (a® -f- b*J 

Example 5. Find the general value of Log^"”^^ 

(-3) 

Let Log(‘~2)^ X + »y 
(-3) 

Changing the base of the logarithms, we get 

Log* (-2) = (.V + i» Log c (-3) 
i. c. log 2 + i(2n7t+Tt) =j {^x + iy ) 

[ log 3 -h I (2m TT + 7t) ] 

=“ { X log 3 — ^2m + 1) } 'f* • { (2m + 1) rrx + y log 3 } 

Equating the real and imaginary parts, we get 

X log 3 — (2m + I) = log 2 . 

(2m + I) Tt X 4- log 3 = (2n + 1) Tt 
Solving the linear simultaneous (i), (ii) we get 

(2m + 1) (2n + 1) rt* + (•og2) (log 3) 


(i) 

(H) 


X = 


and y 


(log 3)* + (2m + l)*Tt» 

(log 3) (2n + 1) 7t — (2m -H 1) « log 2 


(log 3)» + (2m + 1)» X* 

Examples : II —G 

( 1 ) Find in the form a + ib { consider only principal values ) 


(i) log 


3 - i 
*3 + I 


i i (1 - i) 

(it) 11 + t; (iii) t (iv) (1 — i) 


Axib. 


(V) 2 '+' (Vi) 

;_(i) _0.6l34i (ii) <”''^4 [cos (J log 2) + ism (t loR 2) ] 

.—’T/a 


(iii) e 
(tv) 


(ilogv-^) 


[col 0 — /sin 0], where 0 = i log 2 1—•— 


(v) ^ [ cos (log 2) 4 isii;(log2)] 

(vi) 

> Prove that : - 

(<2 ) fl* = ^ cos (log (i) 4 - » sio (log a) }. 

( 3 ) log (1 4- »■ tan a) = log see r 4- » 

( 4 ) If g ( 1 4- cos 2 0 -f I sin 2 0) log ( 2 cos 0) 4- « 0. 
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i R\ 1 COS(jf—ly) 

> log 7 ~r ': ' = 2i tan"^ ( tan X tnnh j')• 
cos(x+y) 

(7) loglL"(^+‘» 


sin {x- iy) 
(8) log,-=,,_!L 


2i tan ' (cot x lanh j). 


( 9 ) Prove that i ” cos 0 + i sin t). 

where 0 = ( 2 a + i) + 

(I 4. ,•)* + i>’ ,j 

(10) If --- a 4 . ,• prove that one value of tan"^ J__ 

(1 _,)*-«> 

is i Jr * + ^ log 2. 

* 1 ” + 1 

(11) Show that Lor, j = -. 

4m + 1 

( 12 ) Prove that the general value of Log 3 ( — 3) is 

{ log 3 log 2 + 2 n ( 2 m + 1 ) } + irr { {2m + 1) log 2—2n log 3 ) 

(logl)* + 4a* t:2 .. 

and its principal value is given by 

log 3 -f ;t I 
log 2 

(13) Find the principal value of ( 1 -f 2i /“ 

[ Ans. 0.0150 - 0.1786 i]. 

(14) Solve for ^ if «* = 1 -f i y'3 . 

Ans. 2 = log 2 4- i ^ 2n 7t 4 - j j. 

2.16. j ( = i) as an operator ( Electrical circuits ) 

We have 

' 7:/2 

ai = ae = ta 

ai^ = = — fi 


aP = «>■ 


la 


~~ ac 


(2t:) 
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Thus if we take a radius vector of length ‘ a ’ along a 
• inf'll line, the effect of raising i to a power n is equivalent 
|r*turning this initial radius vector through an angle 

TT 

n Y ' 

(i) Operation of j {= i) on a sin pt : — 

In Fig. 14, a sin pt is the 

projection of vector OA ( = u ) 
on the horizontal line, where 
pt is the angle made by it with 

vertical. Then j {a sin pt) 
represents the projection of the 

vector OA^ ( — ^ ) hori- 

zontal line, when OA is turned through — • 

J (rt sin pt) = Projection of OA' on xox' — a cos pt 

I j (asm pi) ^ a cos pt j '' ' ’ 

(«) Operation of ( u + * “ 

( jb) sin pi ^ a sin pt + jh sin pt 

= a sin pt b cos pt [from (i) ] 



( a + jb ) sin pt = b^ sin {pl-\- «<) 


where tan «< = — 

a 


Operation of { a — jb ) on sin pt . 

( a - jb) s'm pt = a sin pt - jh sin pt 
= a ^in pt ~ b cos pt 


{a - jb) sm pt \/'a^-\-b^ sin [pt - <) 


(23) 
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where tan «< = — 
a 


1 


(24) 


(,//} Operation of ^ 


on sin pt : — 




-f 


— sin pt = —- 

ib a -h b 


sin pt 


where tan << = — [from (iii)] 


a 




^ sin pt — - - • sin ( pt — c< ) 


a + jb 


a^+b'‘ 


(25j 


Similarly, 



( 26 ) 


where tan << = _ 

a 




In an electrical circuit containing a resistance R, induc¬ 
tance L and capacity G in series, we know that if a current 1 
flows through the circuit at any time due to th^ r ^ 

harmonic E. M.F.E,sinbehave 

~ phase with I 

L/>I in quadrature with I 

( leading) 

E = -L 

^ C/i quadrature with I 

. , ( lagging) 

'vherc F p 

"1^* L 3nd Eq are voltage 
across R , , 

this is 1- * ^ respectively- 

'*'c «djnining*^^j®'“^®’*y represcntfi* 


y 


% 15. 
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• ,dence in the circuit is given by addition of 
The tot^* '^hus if Z represents the total impedence 
.hese vectors. 

Z = R + J 

Hence, if E, sin pt be applied voltage, the current I in the 

circuit is given by 

j ^ _i- Eo 

^ + ^■(^^- 07 ) 


E, 


sin {pt — ®^) [from (25)] 


7r.+( 4 - i)’ 


where < = tan 


(^' - i) 


R 


Exmples t II — I^ 

1 . On the Argand diagram the^ 

FVnd”rnumbcr.‘rcpre.cntcd by the remaining verticc.. 

/ trrr TK \ ^ 


[Ai». 2 - • + (- 3+2 ■) ( 


CO, II + i sin for r= 1,2, 3, 4, 5]. 


, . enrI’A D represent given complex 

H " by B, E. C, F »re given by 

It 

where 0 has values i j ^ 3 

3. If ei,e, are “”P'« 

,he points e, e'. nnd e„ f, m-sv ^ cii 

,A„. ,-1 

c 0 . a >" iT".rr; “".“.sr; 

her. 9 + i, 4 + - ® + ®' 

3. iV:::. represent verdcesofancuiueraurian,. prove that 

e,>+es’+*s* = ‘i*s+^>*«+*’ *' 


T. B. A. M.--I0 
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6. If zv zp Zp Z 4 arc vertices of a parallelogram, then prov- 

Zi — Z 2 Z^ 4^4 “ 0. 

7. The vertices of a triangle ABC arc I + 2 t, 4 — 2 i 




Prove that the triangle is isosceles. 


and I 




8. In an Argand's diagram the points A, B, C, D arc respe • 1 

I, ^and where ^ is a complex number. If ) ^ _ || ‘''''Vri i 
(hat AB is parallel to OG and BC is parallel to OD, where" ^ ‘ 

origin. ^ •» th, ‘ 


the 


9. Prove that the points representing three roots of 
=» I (z — 1)* in the Argand's diagram arc collincar. 

10. Given that ^ =» \/3 + i 

4 

(a) represent z and as vectors on Argand's diagram, 

/ 4 \ 

(b) show that the sq. root of Iz — ) ** 1 + ft 


(c) show that e” + z ^ ^ 2 


n + 1 


COS 


nr: 


II. A square lies eutirely in the second quadrant. If one of the .Id.. ■ ■ 

thepo.nis-2a, d2q find the complex numbers repreiend J'" 
two vertices. umuers representing other 


J2. Given that 


C Ans. — 2 -f* 4t, — 4 


+ 2 .] ^ 


R, 


show that 
L s 


— r )• 

Rt~ J- 
coG 


_RjRsCw _ 

I and Rj 

)3. Show that the root‘. „f ,„e • ' ^ ' 

given by ^^uation (x _ _1^6 


32 (x 4- 1)® arc 
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,h.t I + 2‘- i* »”« *'*' + ®'’" 

15- °‘T- «. S'"* „ > , 

[ An». 1- 2i, i (1 ± < V3 ) !• 

. -tSnn _1 *=0, hence show that 

16. SO...'h. «)'■*<">'' **. ’ 3 V 

- (X- .) ( .* + 2'“- T + ' ) ('’+='“*-+')• 

*’• ®t'/+Tumif 2 0 + 20Vnd 

product is — (11 + 2t). ^ a, 1 

^ [Ans. 2-«;-4-3»], 

18. Solve ( 1 - «* ) = 


[ 


An.. 

2^2 2 2 


] 


19. If 


R =. V '’I* + »"£* + 2rir, cos (Oj - e,) 

r f j sin 6i + sin 0g "| 
and ^ « tan cos 6, + r, cos 0, J 


0. Prove 


n-l 

E 

r-1 
th 


cos 


2r Tt 


- 1 


I. Show that all the w • roots of unity are given by expressio 
1, X, X* 


1 2Jt 2n , 

x”" , where X - cos — + » «>’ 

. A » ^ n 


those of -1 arc given by 

2n— 1 






r . . « 

, where p = cos — i- * **o 
» r- n n 


Prov. th.. .he continued product of tl,. three value, of i*/» » 
E,pre» .tin 70 and co, 70 each in tern,, of the power, of eo,0 and 

, Z_ in powers of 8t'.’0 only. 

sinO. Frf)in your result express „ 


sin 7 0 
sin 0 

7o ■) I rns*0 sin*fl + 35 cos*0 iin^0 -7 co«0 ?»« 0 

y„’ 70 : Z,>e dno -35 CO.^0 .in*0 + 21 ro.*0 ain-« - .in 0 

sin 70 ^ -f 112 

rsin 0 


:0-n 
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(*) Uii*> i/ *~* \ I * 

• Af<Mi X where A •" **•’ ® — 

y anH fi'i ' ”* V- I rinr# nof contain /. 

•**« find an equation In # and y, which doc 

"" Am, 

* ^ cot nl— (eg—i|) 

> (eg + ^g) coin/+ i \t _l />, A M \ 

*• ((«.-*.)• + («.+‘.)*} vV •‘A'i-V-V • 

26* If V - A#"* + B# »*, where A. B *fe unknown conitants and jf 
V - V. when a - Band V - 0 whena - A -how that 
„ Slnhn(/-x) 


V-V. 


Sinh nt 


27. Show that for any real numben a and b 

‘ {Hin} *“ '• 

28. If cos (6 + f^) * ICC (o + «P), prove that 

tanh*^ coih*p iln**. 
tanh^p coih^^ ■■ iin*9, 

29. If a - 2 cow coihp,^ . 2 lina linhp, prove that 

sec (a + I'p) + lec (a — ,fl) «, _ 

«• + >>* 

sec (« + ,-p) « __ ^ _ ^«> 

SO ir « ** 4* 

^ «+^ + , n I I ®’*"■ *®’Y + Iiin Y »Dd 

^ ^•' + <-(1, proven,,,;, I 1 ^ 

3l If ^ y • "* 

J'. if COI« X coifl . „ ^ ^ 

^ ' ^Ojv im A • 

sinA • 

+.My i. 

«nd " 2 * 


“*'* + eo.»j + 


COS*y ^ 

T 
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i49 


S2. If Oft Bn real integer!, ihow that 

^ ^ +/iin(aO+*loff)} 

SS. Show that (he principal value of 

C“» (i*9 + »l„gr) + .-.la 2 

whereO - lu » -i»ndr- y/^TH 
0 

t * ^ ^ cxpreii a and j» in term! of a, 8. Hence 

IqZion' “ ""’***^ ^ obtainS'^^X 

X* - (a* + + 1) X + *• • 0. 

35. If a P — (a + ty)^ + principal values beiag considered: 

prove that • 

« - I p log* (a*+/) - f tan’> ~ log,# 

M 

.nd log. (.Hy) - ‘ 

36. Prove that the general value of (1 + i tan « ) is 

^2ia« + * ^ cos (log cos «) + i tin (log cos e)}, 

37. Find the sum to infinite terms: —> 


/M I^ * « 2 

(*) I + -T- cos a + -— cos 2a + 

j y 27 


cos Sa + 


r S « cos a *1 
L 10—6 cos a J* 


a* a* 

(ii) I + acoiO + ~ co>2e 4- —cos 36+ .. 

SI 


fS 


21 

a cos 6 


cos (a sin 6) ]. 

, prove that 


I 1 + M*® 

38. If a + i> — -r* ^og -:- 

■ 1 - »'* 


a ~ andj» — log (sec 0 + tan 6). 

39. Prove that the each of the products cos (a + y») cos (a — iy) and 
sin (a + yr) sin (a — ly), is real, being real. 
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40. If - _!- «=• sin (.V + i> , where m *- a + tp, siiow that the ampHty^^ 


w + 1 

of « is 0 + where 


li 


tan % = 


. X + i> -• 


cos X sinh jf 


1 -}- lin X cosh^ 


; tan (f} 


cos X sinh.y 


1 — sin jc cosh y 


X + (y + ' 


fU+iv^ where x,y, u, v and c are real, show that 


r sinh u 


c sin V 


X — 


cosh u — cos V 


Cosh « — cos y 


TT 

and if x* + Jf* c*. prove that y =■ (2n + I) where n U 


tn 


integer. 

42. If X -f i> = r cot (« + ip), show that 

X — y c 


sin 2u 


sinh 2y cosh 2v — cos2u 


43. 


/ TC . \ * 0 

If tan I ~ -j- IV j rt , show that r = 1, tan 0 =■ sinh 2r and 

6 

tanh y = tan — 

2 

44. If X 4- ty — tanh ^ o -f » “ 4 “^* where u is real, find x, y in terras of 

u and show that x* + >** =“ 1 • 

45. If c *» X + iy and Z « X + tY, show that 


if z 


Z - I 


, then X* + y^ 


(X-1)* + Y* 


Z + 1 ' ... (X+T)* + Y* ‘ 

46. If^ = x4-i)»=r( cos 0 -f t sin 0), prove that 

1 __ 

V-C = d: ( V r + X 4- I r — X ) or 

V2 

1 _ _ 

± HZT (Vr + x — i V f x), according as y is positive or 

V 2 

negative. 

47. If log log (x 4- iy) mm p ^ ig, then prove that 


— X tan {tan g log ^ x* 4- }, 

48. Prove that the values of « ( *- x 4- i> ) satisfying the cquatio® 
sin (x 4 - j» t* 3 are 


nn 4- ( 


-I)-/. 


4- »■ log (3 4 - 2 V 2 


■-} 


Scanned by CamScanner 




















CmfUx J'fumhrs 

49. If..nY -tanh-^. prove th.l 

(i) .inh « - tan* (ii) co.h o cos* "" 1 (»■) v = log tan ^ ^ + T ) 

50. Express cojh (1 + i) in the form a + ^ . » _».* nf 

The current entering a telephone line it given by the real pa 

the expression 

cos (•> I + s >in a t 
cosh iP + i P ) 

Express the current in the form A .<in ( o < -f a ). 

p sin [ta t + tan”^ {cotp cotbp) ] 

I current «*» m . _-.'-1":^— I 

L v/ coshV -* sin*/) J 

51. Considering only principal values, prove that the real part of 
( 1 + i V3) ^ ' ^^3 ) I, 

3x/3 


3\/3 / n 

2. CO. ^- 3 - 


+ V'3 log 2 


)• 


52. Prove that 


fL+ 

sin t -p i cos K * 

\n /fiTt 

\ 

1 1 f 

sin Cl — 1 cot y 

1 -'-(t 

“ na 1 


(f—)■ 


I sin 

53. If 2cota - X 4- -L;2 co,{i ^ 

prove that 

XtZ 4 —i 0 , 

”2cos(«4-h+ 

5^- If 2 cos -1 1 

Or *r f — , show that 

r, „ *l'V*s ' a.l Inf ^ 

Prove that 

1 ‘) sin’ 0 - . L r I" • r 

+ + 5 .in 40 _ 


20 tin 20 } 


Scanned by CamScanner 









152 


Ttxt Book of Applied MathemaUcs~>J 


(iii) 2* cos^i «=• cos 70 -f- 7 coi 50 + 21 cos 30 + 35 cosO. 

56. Prove thatsin**^ (cosec0) «• + (—1)" ^ + *(*“ 1)" logcot-^ 

57. ,Thc voltage applied at the sending end of n long telephone wire being 

sin pt and the current entering the line is 


. [-±1 

V r + I 


ilq 


sin qt. 


If r = 6 ohms, / => 3x 10"* henries, ^ 5 X 10“* farads, s =3x 10“* 

mho, q = 6 X lO*' find the current. 

[Ans. 1.261 X 10“* Vo sin ( 6000/+ O.llll).] 

58. The current C entering a telephone is given by 

2Vo 


+ t) 


In 


where Vq «=» 10 sin 5000/ and n 


^/rkqi. 


If r=«88 ohms, A—5x 10 * farad, <7«»5000, /*=»40 and R=» 100+0.04^/ 
find the values of a and b, assuming C has the form a sin {at + b). 

[Ans. a « 0.0002596, /> - - 3-798)i 

59. If cos ‘ (AT+iy) = oc + i p, prove that. 

X* sec* 3C — .-osec* oc => 1 and x* scch* P + >»* cosech* p ■=» 1. 
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EQ.UATIONS OF THE FIRST ORDER AND 

6f the first degree 


f ' consider in (his chapter, the siitipleit tvo« 

*’r ti,*** J •*'* ordinary diflerenUal rqusdon 

of the first order and first degree. Such an equaUon r“„ ^ 
written as ■ ■ ”* 


dy 

=f (*•>) or dx + N(a,^) dy ^ 0 

The various methods available to solve this equation can 
be classified as follows : 

(i) Method of separation of variables. 

(ii) Method for equations homogeneous in x and y, 

(iii) Method for non-homogenous equations of the first 
degree in x and^. 

(iv) Method for exact differential equations and those 
which can be made exact by the use of the integrating 
factors. 

(v) Linear equations and thofe, which can be reduced 
to the linear form. 

(vi) Metliod of substitution to reduce the equation to one 
of the above forms. 

2*2. Separation of Variables : In the standard form 
of the equation above, if M is a function of x alone say /» [n) 
and N be a function of y alone say/, O'), then the equation it in 

the form 

/,(x) dx 4* /tO) “ ®* 

and its solution integration it 

<0 

//. (x) dx + f ft O') dy “ r- 


Any equation of the form 

/, W (>) d* +/. (^) (>) dj- - ®- 

can be expressed in the form "Variable separable" by dividing 
throughout by /, (x) (^), vi*. 

4W * + dr = 0 

ftW 
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1 . ^ -V •*. 

dM 

Here we first separate out the variaWcf. ^ 

The giveii ‘'quation is -j- •• r'^. ^ 0 d't ’••0, 

da 

Integrating Jr*^ - which ii tU • :^-ueral %<d\\uo'\ M thf lUlfct'tnilU 

•quat^n. 

Evample 2. 3e» tan y dx •¥ {\ — H) secV <0 - 0, 

Separaliiig the varia'afes by dividing iluoughout by tan >"c?ha\# 

3 r» 



dx f 


sec*y 
tan y 


dy^O 


1 - r» 

Integrating, we have 

— 3 log (I — r') 4- log tan;r «• log r 

tun^ =• c (I ~ #*) * which is the solution of the equation 

( Note how ihe arbitrary constant is introduced here for the take of gi'iof 
a neat form to the solution). 


Exmmplqs t II—A 


/( 


2 . a 


Solve 


— l)-(-*x) 

( 4 -) 


df 


^ (« + 1 )-^ + I - 2 .-* 

V" * CO' < cosjp 4- (sin y ) — «=• 0. x sin x 4“ cos x —* log (cos y» r. 

dx 

5. a (1 - jt) 4“ ( 1 4* ,y* ) ( » — 1 ) dy — 0 

>« 

» 4- log (* ~ 1)-j-Jt — log (I -.y )• 4- f -■ 0. 

y dr _ _ _ „ ______ 

6. — -V r+*i + V i+.»*-I (>. + «*)•/* +f 

X sin X 

#*•' — 2^*^ •» sin X — X cos x 


Ant. 

( a 4- ») ( I - V ) - V- 
«*jr r#*r/* 

( e 4“ I ) #*' ■• 2* -r r. 


y^. 


dx 2*0 sinhjr 


2*3. Equationa homogeneons in y andjr t These equa¬ 
tions can be written in the form 

^ fi {x» y) 

^ ft 

where /| and /, are homogenous expresnons in x and y And 
of the same degree, say r. 
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OV THB FIBit 0 

Th«« f f ^ - iwE nun tEoi 

Then/. (..^, . ^ 

and lo the equation becomei *'^ ** ^ 

5^ ^ /i (^W 
^ /• OW 

If we lubstitute therefore ^ 
the above equation becomes 

a -j- ^ ^ (p) 

/«(«') 

**• ®* of this equation i« /s*%i, >• 

10 that y ® function of c;, aay.F (v) 

dv 

» + ^ - F (a) 

We can now separate the variables, leading to 
dv djt 

F (») — a 7 “ “ ® 

and so integrate the equation. The n>lution wiU be in tem.. 
of » and *. By substituting >/* for r we get the required solu^ 

I. x*jf dx — (j»« d^m,o. 

The equation is homogeneous, so we write it as 
4 > 3 tb 

<*r " ;»« + y«’ 

Putting^ so that ».+ .A, i, b«0Bi«i 


• • 




• + J» 

av 


• * 

dx * 

IT?" 

dv 

V 

do 

Ix^' 

i+p** 7 r" 


I + 

dx 

* 

• f 

tr« 

' dv "i- —0 

1 * 

f 


M. * 

or[ 

,7 + ‘ 

9 J a . 


T+ 7 » 


^ f 

Integrating — -7^ + iog a -f a ■■ Jog « 

Or 




/, Fa«<s 


1 

$§ft 
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ihf .rtlM*t.m »l tb» •I"**'"" 

«• 

«A f I 

BnmpUt » !!-■ 


Solvf ) 

>•) * « *M 4# ^ <>' 


» 


^+^ 1 -» 




AtMi 

il» >f* **• #•< 

#f -• # 

»• f ,• - if, 


M V«* ♦ / 

/• . 

o>-# 


(nit 


3. tiff *•+ (>'-•'>*'-'’• 

4. <»+/)-r+ (*-'>• ”■ 

y . 4 f 4 j> 

*■■''' ..-v ',*4 »*-»i<.«(V»'Hr- 


I » 


a ), 


be written In the form 

iff OM I* b f i 

“3J* n'M -f h*y 4” 

Using tHe trensrormetion cqueilons 

M X 4* b ftuti ** Y 4- 4i» 

W« h»ve a* 4 *J| + « - «X + *Y + (<•* + »* H O 

.nd •'» + *> + c' - "'X +■ *'Y + (-'A + »'* + «') 

a* + \ ^ be' -h‘c ea' ~ < j 

1. e. A - * -aT^» 

•nd a’* + *'* + «'- 0 

•nd provided ab' - a'b ,* 0. then dw dlfferentUI equation 1« 
termi of the new verleblcs X end Y become! 

rfY eX 4* ^Y 

Sk - JxT^i'Y 

which U homogeneous end cen be solved by the ebove erticl^* 
If the solution of this equetlon be 

/(Xp Y) P.S 
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then the solution of the original equaUon i, 

^ — i) = c. 

If ai - a i = 0 , then the values of *. * are infinite, and 
10 the above method fails. Here — = ± . 

I *■ “ 


to say 

m 


a' = ma, b' = mb 
and the differential equation in this case is 

^ <ix-\-by-\-c 

dx m[ax-\-by)-^c' 
Here we substitute v ax by which gives 

dx dx dx 

The differential equation becomes 




a] lb 


0 4 - g 
mo -\-c' 
dv 


F (») say 


= dx 


” a-f ^F(a) 

and so the equation can be integrated. 

7*+7) + —3jr+3)rf>-0. 

jr ■« X + A, and > =■ Y + A, the equaUon become* 

(3y — 7X) </X + (7Y — 3X) </Y = 0, 

where A, k are given by 

49— 9 

3A - 7A + .7 - O) * "ITTTg" ' 

f ® _21 + 21 

and 7k — 3A + 3«»0j ^ ^-r* ■ sa. o 

— 9 + 49 

The equation bang now homogeneou* we put Y » *X and the equation i.i 


.7 - 0\ 

3 s» oj 


tba is 


dv 7- 

“ tT 


or X - 


d^ 7(1—b») 
ix 7o — 3 


Scanned by CamScanner 




A MMMi ifp HAfHMATtQt 


iMi VAfUMsi, \ i! dv ^ 1 

l-^ «l 


•■■( 


\ ifii -^1 

I it tin 


] 


n 

T 


•» 0 


ho»i|r«(iMg ^ hg (I 5 Uin Hi i») — y log X «• — lu| 0 


M 


u lilt* lfi»Mi««*, IK — V)* (K t y)» «• * 
oh 4**««* X I I, oufl n-m V, ths rc<|4ir<i4 loluilon U 

(« I -It 1)1 M #, 

Ju 

Kvttpiplii 1. (n* ^'^in ^ I) ^ « «« - 2> I, 

MM 


'y 


ip 1* ip 1 I 

r *■ iw-hrri 

4, 4, 


M«l» IpI %I 0 »m'l 0 m 


4 u 


MM 4m 


</* tt \ \ 

'' 1 ■* 'iliTl 

" 4, a« t I 

du <•«'♦'! I- I 

5. -iTTI 

•'• I f' ^ ITTi}*'*'’'* 

.', I ' • + I lo» (4* + I) 1 — » + • 

.'. p I- 4 log 4 f 4 lug (ti f 4) - 2# -4 where (' - 2« 
or *» 4 4 ^og (* -f 4) » 2# -f <* where r^ I* • new conilent 
Hubltlluling 1 * 0 * in i*f in* of » end/, we lieve the tolution of the equation 
t» - 2/ t 4 iog (Se <«• 2/ i* 4) 5* 'f* 

ttr e — 2/ f I log (S»2/ + 4) * 

BMgnpUt I II—Cl 

ittiVi I All*. 

I, (# - J«) «+U>--s» I) 4r-f>' wy—«*—v-4»n»+i)./r 

r ')(«+ 1 ) 


a. ^ > -rr ““ 

M JP i * 


La/fid-fvs-Of^-f I) 
( 2 e+/- 4 )*- #(* 4 "/- I) 
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S. 4- 1) -f (2^ — *— l) <(y — 0. «• —-fji* 4- 

4^/(<r+9^ + 6) - 2*+3^1, (2*4-3/+ 

2 *5. Exact differential Equation i— (a) Definition An 
exact differential equation of the first order is that equation 
which is obtained from its general solution by mere differentiation 
and without any additional pr ocess of elimination or reduction. 
Thus =3 r on differentiation gives 
3x^ dx -j- 4x^* dy =s 0 

and in this form is called an exact differential equation. The 
other way in which we can understand an exact differential 
equation is that the differential expression is an exact differential 
of some function of x and y. Thus 3xy dx -f 4xV dy is an 

exact differential of The above differential equation can be 
simplified to 


3>‘ dx -f 4x dy = 0 
but now it is not exact. 

Thus the equation M <£, -f N = 0 will be an exact diffe- 
renbal equation if there be some function b of * and », such that 

Mdx + Ndr = du. 

(i) Condition of Exactness We next want m — i. 

know whether a given equation is exact or not- for whiclT^ T 
we investigate the condition of exactness. ’ 

If M dx + N « 0 be exact, then 

dtt = — dr-f- 7 ^ dy 
cx ' dy 

• M - j X, • 


But 




c xdy ) 


Elimination of u gives us 

dy eath •-= 

the condition ^exactness 

Thf* >n case of 3*V dx + W „ 

BM =■ " M - 3xy. 

« 12*y = !!1 
"" the equation is exact.* 
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But in cate of <6r -f 4a 0, M - .V, X - 4a. 


rpt u . . 

inui here -r— rfc —— and the equation is not exact. 

^ dy ^ Bx 

(t) Method of solution of an exact differential equation . 
The following rule can be given to solve an exact equation. 
Integrate M dx *as though y were constant, then integrate the 
terms in N d)* which do not contain x and equate the sum of these 
results to a constant. 

The rule will now be proved, but those readers who arc 
not interested in the proof can pass on to the examples 

Let the solution of the equation M -f* N = 0 be « = c, 


then 


Bu Bu 

M ~ and N « 

dx cy 


VM ♦ 

Since ^ = M, integrating as though y were ccnsiant 


it follows that 


« = f Mdx 


+ F0) 


where F {y) is a function of^ alone, to be determined. 
Differentiating (1) with respect to ji 


du dr 
^ j 


Udx + 


JF(y) 


But as N, —^■’L „ M - f w j 

and integrating with respect to j, 

Substituting this value of F(^) i„ (,) 
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but « = r, therefore 

where C = e — A, is the solution. 

^ ~ “* cannot have * in any of iu terms, 


Now 


for differentiating with respect to * givesi^L -iM which must 

dx dy 

be zero since s= , 

dx dy * 

Therefore ^ ^N — —^Mdx | is the same thing as 

^ (Terms in N which do not contains) dy. Therefore the 
rule is proved. 

&a^ple 1. (2x*+6^-jf*) (3*»- 2xy-\-y*) dy - 0. 

Comparing the equation with the general form M(fa4-N</y—0 it is 

seenthatM«2** + 6x^-j^andN-3ff»-2;w + y* 

'TU f 

Therefore— - 6x - 2^ and- => 6x - 2 y 

dx ^ 

. aM aN . 

1 nat u am which shows that the equation is exact. 

Apply the rule. Regarding^ as constant and integrating M 
dx ( 2x*+ 6xy — jr*) dx= 

then integrating the terms in N which do not contain x 

J ( Terms in N which do not cantain x) dy =* ^y^dy ma-L.^^ 

and finally equating the sum of these integrals to a constant 
2 1 

3 3 

or 2x* + 9x^ — 3xj>* -f jf* a. e' 
is the required solution. 

Differentiation will show that this solution is correct. 

« 

ExamplM t n—O 

S^Jve : 

«■- 2xy-y) dx - (x « 0. 

(2x*j + 4x* — 12xr* + 3 jf* — xtv + #8*) dy 

+ (I2xV 4- 2^* + 4x* — 4 jf* + 2y#**— #v) dx a* <). 

fV* 
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A TliHt §00« i)¥ MA'iHi'MA ridi 


K i*- «lv*) flM .'t' (,|.««M) ,iy W iu 


•i- 4‘ (#•==/*=/i**) .¥ «/> ih 


S, ..-(i 4 4 / I ~ tty » Ot 


Q. "I- 4%^) j- «* tly ^ (I 

I4.v«4M^ 



», .V *lr> ^ I '"i •<»»> I a)* ^ 

^1*6. Itil«)|rAlin|i IVi<i4«>r« i—If tlio rqtutUurt 
Ub not exiuM. It »»t ptwdibici to ihni « nniltlplying factor (i, 
whic!» is rt fiinclli.n of s mai y nucIi (Iml the iirw ccptaiion 
fornica U exact. Such 'a lUultlplyluK f«c<or h rallc<l art ito 

tegratiuK fact(»r. 

Thu» conttUlcr the cfpmtloii (.v ) dx 4 xdy 0. 

. .. 1 1 I 

Here M ^ ,v ^^yt N -Vi them ore ^ t auU 
therefore the etpiatlon i» not exact. 



and the cqimtloti In the new form is exnci and can he intc 
grateti by tiic method of article (2.3)« 

The multiplying factor i li tltcreforc the Jntcgraiiiti 
factor‘of Urn given ctination. 
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equationb or rm writ ordbr &, or tiik mtm DtonrK \y 
E»*a»P*«5- 0‘ven that the IntegriUing fudor of *hc equnilon 
y lec* *</•» + 3t»n * ^ ^ ii of the forui v", 

Find M and hence solve the cqunt’on. 

Multiplying by^* the equation becomes 

% 

I icc*jc d* -f 3 tan* - ^y j <(y * 0 . 

Here M ->"+1 sec^x, N - 3 ^ 

.% ■■ ("+1),^ iec*x, M 3j'*src*x. 

For the equation to be exact ■> ~ 

dy ax 

.*. («+l)ji‘«scc*x-3jr"*cc*x .*. (n+l) - 3 or/t-i 
Integrating factor is^^. 

The equation in the exact form Is 

/sec*x dx + [3j>* tan x - sec*j»] dy >m 0 
and the solution is 

y* tan x - tan •• e. 

Wc have next to see how to find the I F of thm «•: 

fquation of M<fc + Nrfy « 0. The following rula “l"^ 
found convenient to Bnd the I. F. “ “ 

(«) I. F. foand by inspection i 

In a number of problems, a little analysis heln« a * 1 . 
integrating factor, a. illu.tr.ted i„ the folding p^^bTem" 

>Ui. ..,g«,.a .hauhel F 

of lb. above , , _ '.J; “'"‘O'* 

^ * O '**0 "Winiegraiing factorU 

P-'bcaaampl. become, ** 

"aweoglngthett^ 


'•*-*- 41 ^ + 






Scanned by CamScanner 




TIM iMi 


knm 


id |V« <• 


t. / < ^ ^ 


iy4>i4mM 4Mii t»(r«l*« y ^ • 
iMi vf il«v« 


mtrf IM «* t 9 


__^ f-art' T^— — 

'flfci Uf I 


^ 4^ — - <» 




I 


_ ii thr I r. o# «•»* *•»<••«»«" *» **' 

TkM _ ii i. I ■ nin-- M • -* 

•■■'■' - srhr," 

I 

- ?5r 

U«|llg lllto, llM 

-*0 C^ IM •##• w *»• 

^ — t Uf » « l«f i 

• i«4. - ~ 

•t ^ » 

N oMf kt tfMt #Mt« hi ite tkmw^99 MMtl fmtimi* 


Scanned by CamScanner 


i<H?AriOm 09 TW» KMT OHDIIR & OF THE FtElT DlOEEE 19 

(«) I* F. flwr •qtiAtlon oi tli« typE f, (gy) . 

f, (my) wly - 0. If th« equation M<i» 4 - « 0 be of thii 

type then *• P'^vided Me ~ ^4 0. 

Btaaip^ + E - 0. 

Here •» it> ( v + •“ V + **J'* ) 

••• i;ir 

iTtiiig tltb t> F% we have 

* + -;i;^ (V ~ *V) dj>j ^ V 

« [-7^ + -7-] A +[^i - y ] *r - 0 which i. „„„ 

und to mtegrtlina, ihr lolution it ^ 

— —— + 2 lo| » ~ logjp «■ tog g 
V 

i t/ar* 
or *■ •• o* 

(d) For tb* M|«atloii Mdx + Ndy <» 0, if 

fM _ m 

^ be a function of e nlonc, say/( a) then the I. F, 

N 


of the equation is e 


r,, c . m 

J/M «'* - 

and if ~ 




M 


be a funcUon of 


y alonr» say F (^) then the I* F. of the equation is 

//•'(>)«• 

t 

It may be noted here, that the possibility of such an I. F. 
if it exists, can be; decided witen finding out the exoctness of 
the efiuation. 

Eaaaapla 1. (a* + .>• + 2x) * -b 2 jniy «• 

Her* M f >• +2* N 2^ 

*M _ ^ 

••• *• '. VL=2. .. 1 .nd 10 e.n be comid.r«l - • 

N 2y 

of a alone. 
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J [. lx 

Tlwl.F, U.f -#•. ^ ^ 

Uaing thu I. p*. th« equation U #• («• 4-^ 

^ which being exacts integrating, we get 

, c or r*(jc* V J**) 

BmuBii)^#2* •“ ^*) 'O' “■ 

- ■ - (O.V» - 2 X ) - (l2xV-H 2x) 

«-.6xy-4x - “ 2x (3.y -f*2) 


«x~~ 

ty 

aN 

aM 

ax 

Tk 


M 


~ 2x(3x y^ 4^2) ^ ^ which i* a fun ction m! 

yx (3xy* +2) y 


alone. 


^ i y ‘^*' — 2 logj^ J[_ 
.*. The I. F. i« # —^ “ y 

Using this, the equation it 
nnd so the solution is 


4 - — — c or x*y* + ** 

y 


fV. 


(•) 1. F. for the oqaotion of the typo 

FfTlI thr above four rule, fail, and ihe example .s or can 
\ttn thin form, then an I. F. can be found which is 

(or x*--"'—' 

» ^ \ f nr k') has the value obtained from the simuhaiic- 

yherc K{ot^, 

_ 1 - a = * m - 1 - cc 1 .j2) 

,US equation* ^ ^ *•„> _ i _ 3' J 

The explanation is that on multiplying the Tint term in 

he equation by .i‘“ “it becomes exact that » 
^ similarly on multiplying the second term in the 

quation by *»»■-““ ' ‘ “'*0 becomes exact, 

(diich is -!L d ( y '"')- * •’'''* * 

To nave a common t. F. for the whole equation^ 

“m -yr„;. 5 » = r. •: «r .r»'»' 
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IP tbr iioioiumMKM cqttacioiu (2) atme^ fixisf the vmlue of f 
1) Tl»«i — t -•»*«— I —^ U tbe L F. for the equadoa. 



H iob« 


fuV>7) ^ - 0. 

Ii aMif W (IM «|«Mt»<Mi k aoc csact, aad m rect 

M ik« I r. 

Xk# 0qmt t a n hmm§ mm fc o Mofww , or «f Um farm 
/|(V) ^ - 0,1. f. m (Wj or (c) c«mmm W uani; asd m 

^ ^ !!^ M« MA frnmtkm a(»m/ a ioo c, wc cmmm< vm I. f. gtrca ui 

5]_t. 

If «r M 

(d) • W*«* W# t l w t f —< «nr •*» tW e ttm p tt m iW tar* 

^ ) + •"> ^ (•■>* *♦• • V>^ - ® 

r. 

Bmd mm* I 

|| M Mtaral !• rommum faciort fir«M iW two i«t«m *m tW ftvro 

mi 4 wtiM U w 

# (uS -♦• I) - • (»V - ** fi» - •. 

•IlKfc - m.»« - - ■<!') ♦(>*♦»•<'»- »•••*--•<»• 

f P^ Mlt d fo*M 

r-o-* -i.. -i 

T¥« I. r. far iftt iMwt i« rfa • 

I -• afa *“ J ‘“f •• V *“f— ^ 

MmI for iW mcomI icrn M 

I ^ V - I • r*’-* *rW' - I- 

Ta kaat *km9 tHtwiM fcavr 


tA-f-i - II 
^^4-l-Si « 1/ 
iaiwag focM or* f^« f •* 


.*. I. f. far iM f»r«t aqaaMa* wfoek M 

Il/I - 

• f 


.1* - V - f - * 

. ^ . t. hMtor M MC Ifar I *• 

r» ikoMWaf ^ .rtMfc Hii ^ 

lam oftb« aqaaiioa. ili«* la fom (») 

mmkm ilkt miatiaa ^ * 0 

wfacli to aaw nart. aad m uN«^i«* 

= « 1/6 



^ X -w- ^ /■ ^ 
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ft 




iivflliiplt* 111-^ 


^ ■* IMfM) 4^i-$ ^ M 0. 

<1 («• M*i ^ -Iv 4t m 0, 

V#. (jl~- il w*) i (av^ - «•) <<y u 

av*-o. 

> I M4 f « (I f ^ f ♦•ji) m 0, 
fi •• (!• t a*!*) <<>. 


Am, 

M J l<>gc 4 u Q 
aiu4« — i«i> L a . 

*» M. 

•V ( /• «•) ». 

$• -jr* - I - «. 
lug g 2^~ I ••(fiyi 


-=•- -f- #» » I 

jr* 

t’f, M»#«# •^ll•llml Mid rtdadbU titbit 

*wlW ^ ( 4 ) /,iN# 4 f ii^uation n/ Iks jtfft ordsr /— Wtirri Ui« 

<lf*|ii*fli1p|il vairij4l4lp Aiifl iu di^crcriiia) roedicicnUi ®rf iii tlic ftfn 
lUnrM mily umi urn not rnuUiplied togcificr, Uien m diffrrcnii«| 
9<)Uiilimi ii Mid to t)<( liriDiir, 

Th# grnffal form of thii eiauAtion ii 

4r 


4m 


f fy - a, 


wh#f* P and urt fuucdoni of« or comtanti, It ifiould U 

Ihm Ih* «|u«aon -f “ 1, whrre R, B and T ue 

fiinindofii of a or romunu, only rrquirm to be divided thiough 
by M to bring to tba general linear form. 

yirit roniider the cam whan Q, - 0, then Kparaiing lU 
variablea 

' 49 

^ f Pda « 0, 

9 

Integratifif 


i J ^4ii 


log g (log # being more convenient 

fiun r ) 


from wlti< h log -i- 


J 


Pdi or 


, - ftd. 


or 






III itdial foikori it li neceiaary to differentiate # Ut 


/fdv » 

/ *» #, then a » 




fiu aii4< 


P. 
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d l?dx 
.— e 
dx 


dx 


€ “ 


du 

dx 


IV 


SPdx 

islow differential je ^ 


then 


or 


JPdx JPdxj^ ^ 
dx 

JVJX/^ ; - N 


l-P^ - 0. 

\dx 

Conversely the integral of the expresdon on the Iclt iide of 
this equation isy Therefore in the equation -A f ?y ^ 0 

if ^ is multiplied by the integral of t]>e resulting 

dx 

expression is j i and is an integrating laclor of the 

Returning to the general form and multipling each side 


of the equation by e 


IPdx 




/P<£r 


e^^^’^Qdx +c. 


Integrating, V‘~= \ 

Thus the solution of the linear differential equation 

given by_ 

j y (I.F. ) = r+Ja(I F-) i 


J Pdx 


where I. F. = f 
Example !• — 2^ »» «**• 


Comparing the given equation with the general form ^ + Pi - O. 

J — 2rf» — 2* 

an ba aeen that P - - 2 and thewfore the I. F. u • 

Hence, we have 
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A t%9 APPIM MATHiMATICil 

^ «»lMf 

U t, > « *1 # 4 4I| ^ ^ #•»(#> « ). 

ftMmpli t« i( I '«• f (!»•» I )^ •• #•, 


!'••«« IW« * ‘ "* "tMilon 10 


. i* >•*- • •' 

•• X^IFi 


« Nv • •*«• iImI I* — I .I.* * .~ a. _ JL > * _> * 

• jl-.*) M *(1-.) 7(1+7)' 


^ % 


» |0«4 . I log •. ||og (14*)- -,|oiJl(| -*)* 

* ~ lof * ( I 

, , . ^w> ~i«i.(!-»•)* 1 

»« It r. «• « mmi 


Ktnct, w# g«t 
I 


.(I -«•)*' 


I A 

«*•)-* 

»(I - »•)• 


Tt»# loluiioii iajr * m( 1 ~ «• 4 - ». 

(I) fNluti/d f 0 ikt timin f$m (i)EquAtioDi 

of the form -f ■■ where P And'Qtre functions of 

M w constAQts, can be made linear by changing the dcpenden 
variable in the following way. This equation it knoum at 
Bernoulli*! Equation. 

Dividing hf 

diflertmiating %rith retpecl to a, 

(I — «) jr» ^ ^ froB ndikhy^J^ . _J_ ** 

® ^ d» 1 <^0 iM 


thercBDee 


I 


1-a dk 


J +p«-o 
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^ ^ ^mrn 4 09 TMt 




dt 


f (I -^t) Pf ^ p ^ ^ 


iq 


^H,,h - . ••»» '' ».)«*e*.M, w,ih « „ „„ .l,p,M<«, ,i^.w,. 

til I -r*- *• ^ - .V -« 


‘f|k« «l|tl*lMMI M — • > tf • »•**. 

49 


Wf%t9i • f-*, / - - If-* J51 

4* 

A T1^ IfKOfnirf *> | ♦ «/ <» t^ 


A 

TKr I. r to 


-» J»f •• — If* •to«iCk « lrA#Sf *t| f ItiMl t. 

^ — 2«4t — •*, 


(to* Mfllllt)^ It 


It 



ft 


2^ #"**f*4*. 

( Tto« iiit^grtl «-2 ^ #••*»* 4t <4it» to**W *wh*tM4t»«f — 

«fid ito# ifitrt«*i to #’•* t ♦ HI 

A 4* («•♦- I). 

But 4 ito«r*f<irt til# r«^u*fr«( m 

-p- 4* («* ♦■ I) 

(to) Another f>'|>e of equition which can be reduced to the 
hnttr form U 

^+r/u} •d. 

'^hcre P and q ore fimcttoia of x alone or conttanit, end 

rh) - i/(^) 

HilMiiivtr « -/(/), ih«fi ~ 

dt ^ 

J 

i 
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equBtian becoinei 


which is linear. 


in 


•f* P-c *** Q,» 


Baampl*. tan y + Un a * coijf eoi*». 
Dividing by cot y, 

ax 

dt 

Writing «-icc>. to th«t-^«iccj». *»n.>'77 


the equation it 


— + a tan a- cot*a 
dx 


J tan a d* ^ *®I 

Which it linear, with the I. F. # “ 

/. The tolution of the equation i» * J cot a 

z tec * ^ r + sio * 

or ttcy tec * - f + «** * . 

or .*c^ - (« + »" ») -=“ * “ 

Ant. 

Solve : 


dy A^l* M 

•• + ^• 

2. .*/-*•• 

dx ^ 

-1 


ya*(t^ 4 ' 0 -* 
**/«(,S) - c. 


jr*# »• 2a* + •• 


-I 


-I 
-tan a. 


4. (l+a*)4r-(*“ a-.jr)i/a.;^-tan #-l-f w 

6. «*--[»+*/(!+ <»*»)7^ -j**(t'^"’** )^' 

dy 4 >-(c+tana)‘cot* 

dn 

e., "•'.kV *-*-*fr ‘ + , 

9. (,_^) 
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OP IMfc flAlT IMi tmif IVHOHiril 11 

^ (*«»>#)#* 

10. , (t-l ’?• *; ■ t J 

’ * * 

,, ft .»*• **|“‘ t- » ’ 

n. *• . 


2.® Mrtlioil of •wbiifltwUoii I— ft tfuiy Iw: c,f*nvfiurnt 
hrrt t<> how I Kivrii fc|u4nMn, M*/f 4* N4 p iflity be 

U<*klc<l, in nfurr^h 

Whffi *hr fquAiion ii lu ii U Tipm isrcriiary to 

eJAwify it properly, aiuI the foUr«wifji( order ruAy be fried 
(i) Sep.irAtion of v.uiablr* 

(H) Ex4Ct,here offr m*ty try d*r profibility of the I E iiivolsHng 


tS 

f'f f‘.f 

Si nf K 


(ill) Homognieout (y i r nr I, F. ), 

(iv) Xori-hninogenroup I.iue*ir 
( v) Linc.ir or reilucllde to linear form, 

(vi) and posiibility of the rfmainlng to F I*. 

If the example doei not come in any of the alyive fortni 
the equation rerpjirfiiotne %uloittution of variables, wKiih will 
bring It to one nf the alKive form%, 1 hough no htud anti fa%t 
rulei can l>e given alKiut the methrd of nibttttutirn, the following 
few hinti may be found generally uieful. 


(a) If the equation lie of the type 5L ^ j [ at ^ h e ) 

dx “ ' ^ 

a subititution a *« ax -f h *b r u-ill l>e uieful. 

(* «. )• jII 


Here 


ill 


xt 


h 


Jm 


T*bi« reducei to JU^ ^ j 
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trbich on integration giv< 


• I * * wm M ^ ^ 

■ + T "* • + * 


or M 




a -J' - « 


- a + r 


leading to required solution 

^ log 

(M If .he diffeeenVal equation involve, a. a facto, 

. x-* n = Z- or - — will be useful- 

(xif -jdx ) then the substitution ^ ^ 

J- t tt = X* 4-y tttay found a 

if it involves equation involves both the facton 

useful substituuon. ^ transformation 

..a )j;, „ ^ 

xdx+,d}^rdr 
and arfr “ = '*“* 

Ex«.pl.. “j ;f« , .in 6, the equation become 

ir 

rir « m f*</6 <W -—=-««»• 
and the integral i•Iogf-»«6 + « 
or log (*• + 7* ) “ 2« tan-^-^ + 

(f) Sometimes interchange of the dependent and indepen¬ 
dent variables, puts the equation in the standard form, partietT 
larly the Bernoulli’s form. 

Example. (a*y -{■ xy) dydx. 

We generally take y as dependent variable, then this equation can 

cot be classified into any of the standard forms. We, therefore, take jf a* *® 

iodependeot variable and write the equation as 

d* _ _ 

-j- =» xy -f ay 

dy 

which is a form reducible to linear equation. 


Dividing by x*, «■»*.' 

^y 


Put 


. -1 1- 

to that — « — »-*— 


dx 


dy 


d9 
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the equation becomei 




A I. F. i 




IS 




A The integral is r. « 




mac. C ^ 


f 9^^ y^dy. 


The last integral, which we Rave come across^ can be evaluated by tl e 
substitution and so we have 


or 


« - C - - 2 ) 

e — c# — ir ■¥ 2. 


Since z 


-1 


, so the required solution is 

+ 2 . 


(d) Sometimes a substituion is suggested by the fon.i of 
the equation. An example will make this point clear. 

* . i 

Eammple I. (2 + ) ydx -1- (**> -t- 2i xrf> -0 

Here the term J^y^ occurs prominently in the equatior . ard the juK 

stitution ■« a is fuggisted. 

Putting - » or ^ - i^fx* 

Jfi 

So that </» - A- “ -T reduced the equation 

X* X* 

J . y 2v 'f*'* . \ r» 

( 2 + <*s + * (t» + 2 * j • ® 


to 


or v($ + a) rfx — * (p + 2) “ 0 

rfx 2 </p 1 rfg ^ 

3 0 3 t; + 3 


0 


A 3 log # — 2 log V —> log (» + 3) *• log c 
A *• «« to* (» 4- 3) 


or X* cyx* [x*> + 3] 
or gr 4- 3) * c' , 


1 

where c* * 


Example (2x* 4 - 3^ - 7) xdx - (3x* + 2/ - B)ydy - 0. 
The suggested transformation here is x* ^ 
and this reduces the equation to 
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•quilion ,:i + 111 ,j, 

.h, * - ■» _ 0 . 

/• 2 r + S 

Separating the v.fiablc*. we have 2 , ^ ^ \ 

5 ' 


m 


it 1 - 4, 

or 2 — - r;-- 


^ - 0 
, t ,T\ ^- 

Th«.4losl-lof('+ •> + 


•• r-h I 
and to the •olution it 


Solve : 


i + t 


( 3 ^ - y - i)» - f - 3 )- 

£siuiaplM » n—G 


Ans- 


/* 4 . f ^ 

*■ U+,»+* f 


’LLLLI, (« 4 -;')* + 


»>/(•-♦-*) 


a - * 


2. ~ a tan (y-*) ■* 

da 

da 

if t . ^ ,n- JL 

da a * 


a*/g 

« aift (j> "•*)■“ •' 

(**+ 2 ) 41 . 

cot (Jt/2a) 4 »of a - r. 


3 . ( ..oh^ + 3 .co.h -Hi «- 0 . 

6 . «*(«*+^l+^«*-V*) - *• («*+/) (•+*> 


dv » 4 1 

da“ (/ 42 )ea-a‘ 

8 . a* 4 “ + *V - -•<« !*.»)• 

« 


( 7 + l)(a»~*)-‘ 
I ^ 

iia ( 5 ?) “ 2 ? ^ * 


9 . Jn(f—jiM^(j^-hj^) *•*' 

EsmmplM I D—H 


- 1 2 _i-(«*+j'’i 

a 2 


Solve : 

1. — y tan a ■■ aec a. 

da 

2 A. . (y) 

da aafjr 4 • cot (J9») 


Ant. 1 

[ jfV 4 fin (/o>) ■■ * 1 
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EftUATONi OF THE FIRST ORDER & Of 


I « '** [ y#»* ■■ # + 2*) 

K i/jr 

1 *. .o.x-1+> + »">- 1- I(.ec. + ..n*)/-« + ‘l 

^ 5. x'^ + sy-v*. [■»’-*"■§■^"■'1 

■ 7. (jt^+y) </*+ (2x»+4y*) ^ ^ 

H ^ 9. y(x*+2)^+(x3+y)(>i.-*^)-0.^^ og.-2,+ 2x»^-^^) 


Kit - . 

>>• 


10 . xj> — - 7 - - y#“**. 
ax 

— </x 4- (2Iog X— j») </y *» 0. 


i^' .12. secx ^ wmy+»inx.^ 

' ax 

rf^-" dy y 

^ • 13. ~ -1- 

dx +y 

14. ?^+ „»»(.-2.r) - 1- 

'fc: ■''' 

E4' . ‘ir , 

!d>A 15. coi> — X iin^ «= fec^x. 

',•,% dx 


[^-s - (2x + () <■•*] 
[4j> logx—y — <] 


•in X 

[ jp « M — tin X — 1 ] 


[/ - #s* ( c - 2Iog7) 1 
[ tan (X — 2j») — X 4- < 1 
[ X co*;> - « + tan X ] 


16 . (.y + 2 ;») </x + (xy + 2 y - 4 x) </f - 0 . [ xjr + ^ + y - c ) 


' 17. wn X •— + tan* (x/2). 

dx 


[y M tfcot* (x/2) + -j-tan*(x/2)} 




1. 1 + -L J +coij> ^</x4- ^x + logx - xiin^l dy - 0. 

[xj»+;rlogx+xcoij>-<l 
'• [Substitute X+j'-M,x;r-( 


Iogx;»-«-] 

*+.7 




i • 

*0. [(x+y"-»»-tf(x-y"»+»l 

i** s* ~+v+^l~yy*0 ( un*’(v) + 
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ih 

2?, f- 4* jf - t ^ *> Of 

4^ 


21, ■*>* // “• i fi*t 

2 (, f ,.|-2>> ) .‘!^ ^j, 

44 

2S* f '~ -^0, 

an 

'Iff, {t* 

(Ix 


f .(, 2^/ ^ 2//.^ i -p f I,. 


f jr^- / f <!/ / 

(loK a j 

*4* 

\ 0U^r* '>\ P(1 j 


27, 


nd^ ~}dk 


If 

VI ^’'»’ / 


di 




(,/ f* Vf/ 




20, f4<r f-/;*-r-'-*'// 
<// 


!?0, f tin ^ 


df 

Ifi 


r.rA 0 -- f*, 


r , 4 >f I 

j ^.p^Hr~fL J 

j* JLi.« <! 0-f »>n 


31, t / Pfj 

f (J** 

32. dx-’A^jd^^a, ' ) 

1.3, .?(! 4' 2«7) </a f *( I - »y)df (I *" /'*' i 

34, (M^2Am/h'hdxhf2x--i%in/--S) rox/djf^O, 

[ft $in/ 4- 4a 0 \of. (4if— 0 iln^+l) -"fj 

f' 2 j»/ 4-2) dx f (t*/#*' -At*/ - 3 a) - 0, 

['‘"'■T '' 

3^, a/a 4'7'<? f V* (’‘^ y/ )d^^fh j^T. YJ3'. (Jt*4*y) =* ' ] 

37, i»f./ ryA n {t 

4x 

‘"2iinx 

lin*A~| *inA f [4*^' i 

1^ y* #*VA4*fA#-** j 

to, tj f (*’ *; f ( • f «*) '</*- 

40, /</if y a i I 

4^» f-(f-(<>i|p>)C24lo)!f/«-(loj?/)^4-f) 


3^, M'A — 
dx 


(y» ••« J 
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4 *. 

♦S, (1+ "VJ-J -t»>«-^-. («., |,, (^, ^ 

44. 4*V-^“ *»<*»*+*> +<M+a)». (♦••-(.-Wxsyi,,,*} 

4^ 4^-f —(«off)* r»oi<---.ifL 1 

( Hint i Lof < ) 

if /ii f / — 2) «-J'+ 4) 0. 

( Am. +• 2 m / — 4* — y f 8;» •>! • 

Mf ^ 

^ comm) dM ^ 11$ 4>n»0. (Am. «'•' f lin * - <} 

llL — jf# ^ ^ (An*. * » e -f # ~ - I) /] 

f dn 

r;j .tj * ;//M<;“r *” ■■“' 

sTJ^v. w.. w. w -1 

If / {* an Jnicgraliog factor of the equiti 

y( 2aV ^ ‘ + y) 4^ • ® 

And • .tid !>«"« •!” 2^ ll _ i . . 1 

I An*, n — -2, ^ y ^ 2 J 

/_5.^ - V ) 

Y i ^ 7 ' (yun* ** “'.2*-^'® 




• ■ . rc<»4, 

*L + un*- ( * / .1 

i A-c**'"’-"'"' ' 

^4..,-^./-*' I"*"*-' 




r^4ii4 4«.S 
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chapter IV 

PIFFRENTI^ higher 

OKDm AND OF pj^gT 


FIRST 

THAN 


We .hall con..-<r in tU. copter 

*• 1. *«**'•**£ O'**" are of a degree 

til* (iilfcf«“W ^ equalion can 

U^lWthallnt Vinf-S 

.. (I) 

Where P,. P«.P- "« 

r It may be noted here thatp* i** ^ (jx / J 

\m - 

The methods for solving such an equation can be roa ; 
classified as 

(a) Solvable for ^ 

(b) Solvable for ji 
and (c) Solvable for X. 

After developing these methods, we shall then consi^^ 
the other methods available for solving such an equation. 

iwT ^ . *®*^**** p (or tlie metltod of factor#) i" ^ 

f' "'"“J* (*) h«*>g of Ac nA degree in p, 

r»cion«;d into n linear factors, say 

—.(F-r.)-»- '” 

f. ... .F» arc functions of x and r 

lA-F,) =.0, (*_p» . (3) 

«*eh of which it a dlffJL .(P — F,) = 0 . •• 

•"<» A« flni degree “}“»**<« ^ 

Integrated by Ae 






first ordbr and higher oborbi 
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II. If individual solutions of the equations (3) are 

f y* *** (^^y\ • • •. /* 0 **• 

h solution' of the original difiercntinl equation is given 
^ roduct of these soIutiDus and is 

^ y . {.^*yi 0 ** 

^^ple 1* P{^x^ - 2;'*) - 6x> - 0. 

Solving _ 

- (3* * - ^ ^ (3^ - 2/)S 4- 

P *• 2xy 

- (3x «-2/) ±(3x^-1-2/ ) 

2Afr 

- 3jc 


2;^ 


Now^ 


2v . 2</x 

« — B‘VC$ -- 

t ^ * 


y 

'J 


c ot y 




0 or log — 2 log X «■ log c 

0 .. ( 1 ) 


-3x 


- gives;-<()» + 3 xrfx-= 0 
y 3;«* 


• 4 - —• »» r or 

"22 


t 4. 3;»t _ f , 0 


( 11 ) 


From 0 and (ii), the required solution of the given differential equation is 
{y^c^) (y + 3if* - f) =*• 0. 


Eiample 2. solve P —' 


_ * y 

p y * 

The equation on simplification becomes 
p 


or 


xy 


xyp^-(x*-y*)p-*y^0. 


Taking xp-^jf^aO, we have 


-y ^y , 

— or "f" “• ** ^ 

X 


On factorizing (xp+y) (yp — x) =■ 0. 

dx X y 

which gives on integration, xy — c 
The other factor — x 0, gives *• ■*“ or xdx ydy *" 0 
which gives on integration, x* — y — c ■» 0 


« • • • 


• * « • 


(i) 


( 11 ) 


(i) and (ii) the solution of the given diffential equation is 

(V-tf) (x«-y-r)-0. 
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A TEXT EOOE Of AffLIEO MATMEItATlQi 

■MaHplal. •«•»*#*-(•• + v4-y)/* + (.V + «V+««)._,». 
TEr flv#« f^unilofi II 

f V t y)^ t V V +•/) .. 


0 

Tor ronv #n{fiK« of fftcioriMiiim, lei# — ^ t ^ 

that the e<|uiiion (i) li 

^ — #y 4- ii# - 0. 

and taklnf iht hnt and iht l*ii term together, we have 

(# *“^) (y -f ^ 0 

t-n 

*^ 6 Or 2 

Uilng ihe valuai of « end k, we have 

/I - or »® ory 

dr *• 

^ - j^r fivet — - edt or log.r * “J" + ***• ' 

I|3 * * * ^ 

or jr — r# T -• 0 

p im giver <fr "■ ** ® ^*** — r — 0 

•n<l^-/r»«-^ - A- 0I.». --j 

Of V I + V - ® 

From (ii), (UO. (iv) the tolution of the rquaiion ii 

(^ - wl) (^r ~ 0 (o + 


• • % ♦ 


(iii) 




IIV —A 


Am. 


I, V/- 2 V^ + V - «*-«• |S(**+/)*<*•+**-*■> 


f. #* + */*/ f<H » - /• 


l(;i - fa* -i- 0 ^ 


9 a /a 4- r) — e (a + J') - - 

4J. Sol—bU f*r y I— 

the equiiion for p, •« m«y convenient to solve it fo ., 
it » it expresiible es • function of * end Pt **y 

ji“F(*.A) . 

Differentinting ( 4 ) w. r. t. *, t»e have 

o iL + iLJL . 

^ " Jx 6 * . fp ' ** . Mid 

Equettm ( 5 ) is *<«««<'“'*• equetion of first order in / 

« and m«» be inte«««d, to tty ^ 

f (x,p^i) « 0, *•• •** ^ ^ 
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«MT 0,D„ 

The rllinlniitlon of^ from the i i 

imu.lion (6)glv«. the reUtlon beiwo^ fh" „ •?“**“" <♦> •»«» «h. 
of Uie derIvRtIve ena lo conitltutei the lolu7'"‘^^*i. 
oquetion (6), Son.c.I.ne, the elWnatStr: r““ 

(4) end (6) i. .tot ronveoient. then the «>lutlon U givw 
«nd (6)» ronddcnng ^ as a parameter. ^ ^ ^) 

BsampI* 1. Solve 16 j«I + 

Here It ii not convenient to .olve for p, .nil lo we k>1v« u re¬ 
solving the equation for y, we have, 

2^»-/ba--16 ^ 

p* . (I) 

Differentiating (i) w. r. t, *, 


2p •>* p X 


This simplifies to 


^ _^ dp 


p,{ p® 32.e ) - x ( p* + 32* ) ^ - 0 

• d» 

or (^ + 32*) _ 0 . . . . (ii) 

ITie cquarion is satisfied when />® + 32« — 0 . , (iU) " 

dp 

"*■ *37 " ® * * • * 

dp dx 

From equation (Iv), we have — — or p •» c* .... (v) 

P * 

Eliminating p from this equation and the original equation, we have 

!6x* 2c*x*^ — "■ 0 

or writing e »• 2r', we have 

2 + — r'®x* « 0.(vi) 

as the general solution of the equation. 

The factor />• + 32x of (ii) leading to equation (iii) will not be considered 

R '^ here. It may incidcntly be noted that elimination of p from (iii) and (i) wUl 
^ lead to the relation between x and y without an arbitrary constant satisfying 
the equation, and so is a singular solution of the equation. 

^1 In what follows wc shall only considar the general solutions. ^ 

M [ Hint : Sometimes after coming to the eqt. (v) that Up r* 

is tempted to write this as aud integrating it, to put the solution 

M dx 

^'S •• J -f r, which is incbrrect. ] 

it": I 4 

i' _ .# . . . w 


fev t«Mplt 2 I— Solve— ( 1 4* P ) * • * . 

Differentiatng w. r. t* x, p * ( 14*^) + (^ + ' ' dx 
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A Tsxr »oas or Arruso matubmatioi 

4m dm 

... - I - f • + #* )— or 

. — ^ - — r' 

•• 

ir a linear equatipa m » aod P* »****' *^* 

.*. Uiinf tbt« I. F; wr have, 


I P 




!*«> 


SttbMitwtinf ilur value o! m tn equation (») ue Have 

^ - (I + p)^ “ T ^ ' 

* , , ^ 

or.F-r (14^/) r~» + -j- 


(ui) 


(i) and (.«) to,ether. -th P • H.rameicr. couitituter tSe nf 

ibe equation. 

I Him : TN..bovr f!'''/*' 

> ,-/(/). + « W known «• !..«.“«'■• «.!«'«"• <■» t. <4 

IQ a dilfrrenlisi iquaiHW*.in^ wwl • wkwfc linn^f to -^1- 


IV—■ 


Solve ; 

I, 

/. ^ f - e (4 f <ot ). 


Ana 

I }/> -* .*•* f r I 


^ «t t r--y F* - * •o*lof 

«»till the glim rrlataoii ^ 


P ^ m) 


1 ^ 4 r u »ih given rfUrio«| 

4, 4* 8«l¥ttbl« f#r a li may tDcu^rnnct ht fmmd 
qenieat fo exprc*s t in icrm* of p and.n Let iKr given rquaftt* 
bearrmnfrd ai 

a « F { f.p ) ,. {') 

Difrcrciitiiliiif tlic eqiiauott (7) with respect to we 

iM I fF ^ if ip ^ 

a — =a —• Hh — — »—• •* 

if i fp 4} 
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,jl. ,, „.,w ,,r 

J (y*) *^ 0 ,, . 

Then ihc ellnilnmlon nl> from n^iri m\ i' . ’ ^ ^ 

lolutlon of ihr Riven c<m«i|,.n In riiii 

lohillon ot (lu cn"»'l<» e.„.l,wi„|, /J, “ *' 

iMUnpltl* Snivr t ^ 

v/l M* 


W« hive 




M ^ “ r - mrIX 

\/i i /i* 

Dlir<r«ntUllng w i. i. >, 


* ♦ • • • 




[ 


v/ 


I .|. y)0 ^ * 


''I +/>• J<(r 


I f/>* 

Jfi 


— _l_ 

■<fy " t 

Of .1 - - _ _ 

” T ” (I'l- r«/* .oi 

fi 

Of <(y 4» , i/a <•« () 

^ I 

On irii«|rition, > — ^Trrr •••-'« 

Toolimlntte ^ from (i) ii»ul (li), we write tbcte equation* 

* 


• * • • 


% * • • 


if 

fnd 


i f />■ 
1 


(> + «)•-,-^-r ■• 

Adding (i) and (b) p if dinlnt»ir<l U ml'iig to 
(e — a )• -f i r )• *' i. 

9. Solve I p* ►* li^p ./ •- 0.. 

Solving for », 2# - — 

®^®»ftnflatlng with rcipect to y, 

A* ^ , /i.^4 j!?\ 


(«) 

(•) 

(b) 

the required general iolution 

.. (i> 


• * • • 
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A rorr wtacm 




^ ^ ) •* O •• * 


»-*^**" f :> 

iwFMe . 

E{att«KU«»( ^ <««» i) . j. 

<j'.* ^5* - • 

at ^ - 2^, « « A <r 

^ 

.r ><9 - r' 2* ~ »» ^ rr^«ir«! mahitW. 

9dh« 

1. 4* = /^ '/^“i/- 


m N m'i»>«^ ^ 


mm ** 41 

f - ^r-T - * ■» V “ » 


2 . * «• UK 4 > 

V. 


-T^)- 


C*“ y-7::y^-“«i'-'('-^)-(*-^)*3 


l: ' 2x- h, p~y^% 


( Am- k-4 4* < (2* —*) — » 0-1 


4rS. Cfaumt'ft f«rm oC the «f^ri— After coos* 
<k3naf tike three mzynr methods abcKT, we consider here one 
ipecul form of the eqtsatSoD, which U kfkow'n as Oaimat's Fom. 
The type cf this cqmtioo is 

y^^^f[p) . m 

and >tt sohidofi is ohiaioed easily hv the method of “ soK-abk 

imjT, 

DifferendatiIlf ( 10 ) ir. r, L x, we get 

•■ I * + /" (/)) = 0 [ a* ^ ] 

dx ^ 

Tl»f»ttor(,-r/’(^)j = OI«*to asingular »hni<* 
imA hence o>nittir« it, we ha^e 

■^=0i.e.p^t .. .. .. (Ill 


and 


^ between (10) .ad (11), we get 

>““+/W 


.. a«: 
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««»« AND IIIOHU D«0«t« 

6 } 

, Thu» Ibe equalioQ |uu the 

Hlution >« ImmediAtely obuined •*“ «««»1 

Many problems of differenUel Luati™ 

^ Wsher desree, by substitution 

„ the Onirsiuts* form, and the soluiim.^.^^’^*!* '^“'“1 

•P« method of substituUoo is dealt within tb*""* 

__, , ‘ witiun the next artiele. 

^ - A* + V4 + >1, 

TW boo, « Uwa.ir.uf. fen..i,prioiU.. b 

w -UKX. Of rJ.; •■ t. 



ax 


P 


or 




4 + ^ 


± 

4x 


* + 


] 


V 4 + y>* 

ip 

Taking Ike &ctor ~ . 0, we have its solution as ^ « r. So substitu* 

dM vahse of # in original equation. %ve get for the solution 

"I* ^4 4- f*, the same as given above. 
loMfln 1. Solve ^ (a* - I) - + (/ - 1) « 0 

The given equation can be written as 

(Va» - 2AV + y) - 1 -f y 

or (j'-A*)*- I + y 


^ Mhlioo ii 


•, j mm ^ ^ Vl-f-y which is Qairaut's form and so the required 

■ 


(J-CM + V I + <•) (jr 

(j — ra)* «■ 1 + c*. 


or 



Soife:- 


- re - V 1 + r* ) 

»)*- 
tlV -D 



!• - A» + -y* 

kM ^ 

Ii. ^ . a -p - « 


[ 


Ans. 


j —ra+ 


t]- 

^ - ra + #• . 

|L -j-. t]‘ 

(.-!)+ p(2^-2jtF-s+2)+y+.y-®-■*■ Un*'”) 

g^,„atmtlmm .-In caN= the 

or *, then a substitution of the 


it ■ • 

4^' 


ec isMUwdtsr 

(foo caaoolfae sotvedfor/ orjr 


Site" •' • 
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54 A TEXT BOOK OF APPLIED MATHEMATICS 

variables is necessary. Generally, the substitubon will rcdy 
the equation to the Clairaut’s Form discussed above. ttZ 
which the solution can be immediately obtained. 

(a) Substitution suggested by the nature of the equation 

Bsamiila 1. (x*+J^) ( l+p)*-2(*+J') (*+^) + (* +yp)K^ 

Here the equation cannot be conveniently solved for ^.jror a.andioj 
substitution is necessary. 

The derivative of («>+/) i» 2 (x+ ftr) and that of *+ j. as (1 +/>) ^ 

the suggested substitution is » * 

X y =a u and x* 4* J'* =* ® 


du 

dx 


do 

and 2 (x + py^ =* ~ 


\ + p = 

Using these substitutions, the equation becomes 


or 




( do \ 

J_l 


w«/ 

4 ' 

ld»/ 


so it? solution is 


1 j 

0 ss CU — — 

4 


sin y cos* x - ® 
sin J', 0 “ * 


or (x* 4 /) =» c (x -f ji) - r*. 

Example 1. Solve ^ 'cos*^ + jb sin xcosx cosji — 

Here it is sted that we may try the substitution u =» 

^ dy dy du do cos x du 

dx du do dx cosji do' 

'lilt*, equation becomes 
du f du \* 

“ ■ + I ) • • Being ClairautS form, 

^ cv 4- c* or sin =» c sin x 4* 

(b) If the equation be of the type 

♦u u • y -nxp ^f{x,p) . 

fte sulMbtuiion X = x» is convenient ; similarly iftheequ*" 
be of the type ^ 


the solutioo •• 


be mlvlrhJrb No doubt these types of probl^;^ 
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UmmrU J. Sotrt j - 5^ + 6/^*. 

-n« li of the typejr -• + /l(^» P) 

lahititTiooii T* •“ \» VVe have then • 
df i/Y 

3 i* -f- =• —Uting P 
d* i* 

.*. The equitkm becoma : 

.,-J..^ + 6Agro,/ 


3; and to we vise the 


ix 


p.+ Tf*- 


r-, .• 




L-.- V.'a- 
h; ••;• 


.2 

Y «i Pf ^ p*. Being in Clairaut't form the soluuoo ii 

2 2 

Y — « -h f* or j»* »i «» 4 - —- c* 

^ 3 

*■— —r* * ^ Solve ^ 4- 

I Here example u of the type^ - ntp 4. /(r, p) with r « - I, and 
, the •ohMituuoo * ^ X it uaed. We have 

if 4w 

w» 

if iX 

rquation bfcotnri 

- X-' ( - PX^ + X-*. ( - PX*)* 

or , _ PX + r*, ,hi^h i, 


t> '» 

P Mt «—• 

iX 


“ PX* 


. V . r 


,? *■ <X 4- r* or 4 . jl 

» 


(0 P*Utr transfomatien .•- 

f ? byihc rorir'orthe°Mj,a * ** ••'l«> wgRcjird 

! f,v P»"!cular boidr, ihe factor 

.*.4 etc, if the diJTccmial equation 

‘- ■ J ^ Px 


;/ ' r ' 

i; 2’ '"~lv<3 the factor ,l, . 

I I 'rataformaUon is con 

fe: I I, ™ by noted here that - a 

f of the „„ a. '^nr* " ''"P** 

^ '~‘®‘ (*.^) .^e'eX*^^^ h« *°i *''' ** 


^ *"3mg«d aa 


f.. 
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A tot mm ov Arruao 


f «rcai»* 
r* 


• *• 


(^J 


4r 


Vi ~ 

•ill '• f - • “ « 


> it - 0 . 


1 


^ ii 

^ iX* i» 


«ad iMtfitiiic _ 

/, Th* r*qulf«d ioliiii®® i* 

(d)For problems involviiig # »n<i s , is th« H. C, F. ^ 

/, M the fttbrtiturion X - #** mxJ Y - . tranrfonm the 

don to the CUireut’s form. 

i, 8olv« /• (F — I) 4- ’• ®‘ 

UlX-Asad Y- •■» 

Th« equation be co m e* 

x.[|.p-.].r5e-. 

I, ,. Y - XP 4- F* 

Hmice the ■ottrtion !• 

Y — eX 4-^ + <• 

M Somedma a tubsdtudon forreduces the eqastMi| 

' ' MX ® 

of a second order to a dUferendal equadoo of the irtt order. | 
Hie foUowing example wUl make this point clear. ^ 


I 


1 


“"(t)’ ( 5 ) - ■■ [(-I") "^*^ 5)1 ^ 

A 

Wikh^F--^ and nod^ that we AoM form ndtliereadaleqmM* 
W 

la p md jt bs^ 

b ia lri f mi ef . i- ^ ntfi o fina : we have 
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■ which a CUiraot’* 


or »,^ + > ( I + *1*)*/* - 
wydl k the required tolution. 

(I) Here we add tome more probfems tneolvinf change of variable. 

mmmpt9$. Solve(A»--J») (/tr + *) - 2#* 
tbe traadbnaalioQ -• Y« a* » X givei 


XM 

^ “ yi/t ' 

,Ybe equation then becomes 

r XM l(i 

■^P XM - Y 


nil timfdifics to 


being Caairauft Ibra, iti aohitaoiiis 


wetiibMitme 
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A •<»«>» 

• ii*-^-•<'+>“’*’'”*”*^ «j.i_ ji4.li 

••'♦■' ^.p vt - I.(. + »W + •“-•’+*’(>• + , 

•»^r ^ J-j-f on >ubtiitttUonp 


^rr? .v>-i 


- 0 


-» , -1 * 

0 rin — • c 

M 


iBMfndof *>• •“»• "" 

w« ttM *• 


fli w 

gBounis to » 


Y« - XtlY 

W.th«rf.r.b.».. -Y» 


<1 VWY 

•ndi® 37 “ 


vip iY 

Y -XPp rfX 


^ YrfX-XiY 
.% The fivcii equetioii become! 

f ^ JL+ yV-—— ^ 

t-Y'-lCPT+ J Y-XP- 


Tliii timpliflet to 
•od w hai the iatcfrml Y ■■ fX -I- 

€ 


1 


Y - PX+ — 


1 


or ^ . 

€ 


t nr-i 


Solve:— 

1 . 

2. Jf-ifii m tin ( *1^). 


Aoi* 

[ft 

I/-«(*-*)*! 

I 
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a \ 

5. (< + "^ > '3? 


6 . 2 (*A+J’)’” 


HMT ORDER and HIGHER Dl 

"®- [ J--un-», 


as -- 




V'>> 

, ^li^no 

[Hint : use x me X *» «• Y. 

Ans. x^ RM „ ^ 1 ^' 

]^2s«mplM t IV — p 

Solve :— 

1 . + [^=- 2 cx + ^. 

2 . .V#* + (*• -'■'’^ A - V - 0 . [(*• + <!,«-.c) 01 

2px . 

4. ” 1 4 . [>* = 4c (x - c)]. 

3. /►(/>+;')-*(* +>)• c) (jr + X - 1 - 0] 

6 . + 1 [x « c> + e*]. 

7. x*i>* - 2xj^/> + (2y - x* ) « 0. sin-1 ( - ± log x + c]. 

8 . X* (^ — ^^) = yP^- [ Hint; use x* = X,j^ = Y,/ =cx> 4 . c>] 

9. ^ - 2M =• (*^)* = 2cV X + tan-i (c*)]. 

10. 4 {xf^+yp)=‘>*• [> = 4c (cJO’- .J)]- 

11. / logj' =» xyp + [ logjr - cx + c* ]. 

12. =■ ^ — 1 . [^(/>+1)“« iP 1) «* with given relation]. 

^ 13. 9 O' 4 * x^ logp) ==« (2+31og/>)i&*. [/>x = c + i/>* with given relation]- 
® 14. y=»P tan p 4- log cos p. [x = tan ^ 4- e with given relation]- 

mi 5 , y^ (2+p)x+ [ x=2 (2-/>) 4- erPf^y^ 8->*+(24*P)ce"*‘/*l' 

S 16. 34 - (X 4- 2v 4- 1) />’+(* 4- 2;; 4- 2xy) /^-2xyp = 0. 

* [ Ans. r>~c) (;i-x-c) (2j>-x*-c) (j>-c«**)«0]- 

** •• o • .a 1 



17. y^2px-^/p^» 

18. 16/^-4x^4-J'=-0- 


[y = 2 cx 4- C® ]• 


[y* = c (x ~ c)]. 


I— 

p __ 1 ±^~—1 

(/>/ + nxi* = (/ + n**Hl + [> + V>+»K* =« J 

^ ^ A OT 


20 . (y-px) = p. (x 4 - /;>) 

'21. xj»^* — y^p 4. tf*x =» 0. 

■22. ,(px--y) (py + x)=: h^p 

23. .I6x*-f 2/>^—^*x — 0. 

24. y^2px-~ py . 4 - / 7 e-*pv 


> w 2px + p* 


rj^ = 2 cx 4 * «*]• 

“ ”]• 

[ 8 /=. 8 «+ «■'-')• . 

7^ ^ I4'» J 


[ ' - 












.. iiK *«w m A, • 

1^ W arAM «# ft 

iIm" liraftift^ «ir« e^ 


r « « - r* - 



. ^ ^ r arm !*>• »«*• oC ■ a T ftftd FT , 

_-‘ ‘- «” «rwt-. •• *♦ f«. ..i 

». nirf ,k..lu^ - u- -A « »'-• ‘W 

MMvr# ift rr4lftvtrd in rarsHH rufft^ 

a^tift rr«rf ^ _ a - ns^ rifftlM a rft»« « 

[TW attffft •• tfthai a ■ w r 

2# - / 
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CHAPER V 


linear differential equations with 

CONSTANT COEFFICIENTS 

5 L tatrpfcetl^ h-A differential equation which contains 
dtc diflerential coeflkients and the dependent variable in the 
(itt degree, and does not involve the products df the derivatives 
Wd the dependent variable is called a linear differential equation. 
Such EH ccjuEtion of the Ht\i order cea be represented by 


^ + P 4- P .i. 

+ *■! + P, ^ + .... + PO 


ds* ' * ii"~* ■ d*«' 

where P„P„..P, and X are functions of x only, or constants. 

If I*i> I*i> • • •te independent of x, that is constant, say 
then the equation is called a linear differenUal equation 
widt constant coefficients and we represent this equation by 


X.. .. (1) 


dV , d»~'« 

Si* + . • + - X. 12 } 

or using the differential operator D to stand for S. (so that 

ix 

^ " "Zt ’ ™ "JJir ^ equation (2) is 

or rtrv!*,®*'* + • +-)^ - X . . . . (2a) 

^ ^ws**** P®*!^®*** operator (D«+a, D»-‘ +_ 

+•») we smte (2) or (2«) lymboUcaliy ai 

J* * X ••• .. ,,, (26) 


lAF y ^ 

<“*««»«?*!!. fttneWet in fftit chapter to the linear 

**teh is m*.!*?****”* '****' «»«ant coeflBdenti, the study of 
important for die soludon of Engineering Problems. 

•a defc.i_^^ Opeeneer a— Since we are going 


method, 
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MRiun^D** ‘****''*'^ "“"wry •oUcUm 




iynibcil U, II rifefiipd |q nbove itondi for th« op 

<^«flW*niJ.«on,»h«tao--1.. ' 

Jim 


«i ^ 




^ iwi (D 4-«) J» « 4- 4)^. 

Th# oparator P can be treated much the 

•• hlftbralc quantity, eaoept that it muit be repiembered thij 
It rtpreianti dlflbrentlatlon. Some of the propertlei of 
opirnlor are given below without proof, 

Pa^a m fp^ ^ M .conitant. 

D ( y f P^ 4^ P< PUtrlbutive law. 

(P-ini)(P-ini)j»-*(P'-"«i) Ccmmutativc Uw, 

mml P«-(i»ii4-ei|)D4-»»i»»i ]y Factor Uw 
pai (pa) ^ •• pia+ajj Index Law. 


Wt particulaarly note over here the factor law and the 
oommutatlve law. It meani that the polynomial expreision 
In P Involving oonitant coefRcienti can be factoriicd by ordinary 
rule! of algebra before differentiation, and the factors may be 
taken In any order we please. Thus, 


.. ' ^ ^ 

(D»+3D-4)»-(D+4)(D-1)J'-(I>->)(D+^)J’-2?+*|--^ 


8 S- Unmt dlfllMrMttel iiqmtiM f (D) y- • > - B«f« 
we ccnilder the method of mlving the equation (2) or W 
that lt/(D) ^ - X, let ui first consider the simpler equstws, 

«dth X - 0, or 

/(D)j — 0 . 


Since / (O) Is a polynomial in D of ath degree and D o^ 
the laws of algebra as stat^ ab^. we art in 
/(D) 111 a linear factors, and so the equation (3) can be 

(D—ini)(D—Ml) ■. (D—Mr) ••• (D—«^) y * ? '"1 
srlMieMiMi.. M,..M. are the roots of the a^braic eq 

/(D)-0.. .•••' 


• a 


Qr*Qnn^=hrl V\\t f^QmQr*Qnn^=hr 





n 


i’>) M k*t^*^h 1*4 4N 4*tfli^<4lp 0^H4Um0f 
^i>tW( >M (ij wtff fifjf^i*-i( H#./ Of# 

( 0 * **#«)> f* ify f *>9 ^m***n*> 

^9 4# 

( i) *i*tt I 9 * ***«/ ii h 9 ■‘‘- ■ 00m0* 0^ 9*r ^*i* 


I 


•9m* 


f m *#*•# 

ilOllU^ly «iM* « ffl** M# »#r»4 Id (Ij f 4d i**< Uliff*! if$ iifiy 

)|^< M|M4f(MM vWH 4 Um M i*y th 0 $f,h$ihtt f4 

(n ^ *ftf) ^(1, (h m, }y -^0 . 

(Hit U hj> 9 ^ I *<> - ^#***4^1 • i.’ I 11 f $, t it tntt ihfft *>M9iiY 

pm$4i M*4( fh* *um oi iht^m holMuftt i^ldM/rfi*, L 4 , 

jiU*i 00 0 t*mii*ht* ft M9hit9»fy ttm* 

•I4UI4, iiMl Mu* *»i|,|4|ldM (I) ii M Ml** uMi MfUf, iji) ,r,nntiu,t^ 

lH4|(ft|i^.M| UiliMiilM Ilf ll|*« f/|)|fiMiiM ( I), 


0 II 


/An# fhs nmfnl mlttHftfi 1/ M# 4 ^«ii*«i / (||) ^ , 

>-^^**l* I #|4%* I',,,.,... I 

fiti, fftf, 11 4 1 1 ars fh t—fi «/ ih utmitimf* 
ifMl/nn f Wi) ^f), ■ 

•^imm liiifiHiw!■ Ill I LiL nipB-gi II I mMmmm _ 

^^4441 pp4^ •r Mv« ('0»< I M) *’ i J ) t «• 0, 
tM |»MN •*|I|4 M«h U 

M,U I < 1)(1» t 4).r-.o, 

li.|M 4 l<l*ftU ( III « 1 ) ( IJ J, I . ^ 

I ^ ^ >*»• iKn itpoft 

***“ '*1" M 1 ,^ ^ 


li 


*A*#N» iim * j. 

" *»f IH* |« 


I ^ 

' > V** 


rs£S-: ,t ^ .K.,™. „, ^ 


.i'- 
I , ’ 
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Let tbe m rtM -of the 

Ul real aad dntuKt. T)m t^ loliicion of 
n^^bf 


^ c^tuttoa f ^s 


y ss 4- </*t* 4*-4“ <|^«* 

(i) Car ^ Mtibpit rmts c — 


Let «! be a Miciple real coot, %Xf repeated 

cq«IMD/(D}-O^thatistosTai »ar 

Has tke correspondiaf pert of tbe Kdodon (7) 
aici into 


^ 1 ^ 1 * 4* ri«*i* or { r, 4- «i ) =» 

Thai the nlotiai (7) in this case win iiirotre oahr ( t^L 
o fh i ti M y cnmraBta» aad will not be the geaeral iolotioo of ^ 
cqoifinn We shall therefore inrestifma this case froca 
foodomcntal priadple. 


yfbm » Oil then the corrapoadtng pan of the 

m ^ “* n **• •*• *•■* ? 

or (I>—■!) 0E>—*1) t .^ 

Let ^ *** *** 

_ • 

The eqaatMn (8a) b e co mes 

(D — Wj) f « 0 ... ^ 

of which the soliktsott is 9 *•* *** *** ^ 

Bat as (D~Wi)^ — r .’. (D—*1)^ =■ V"i* *•* H'' 

This is a linear equatioo of first order with I. F. 
and ao oang it, the sohicioci of equation (11) is 


X',* =*, + »,/ «•,%--,» Jx 

that is X^i* *■ ^1 4- r,* or / =* {r, 4 - r,r) r«|* . 

Thos in this case instead of r|r*|* 4 - CfT*/, we ffrt ch 
soi g tioo * as (<3 + rts) and the feneral stdiitkai will th* 

contain a artntrary conatanta 

It am be dmwn amUarly dbat if «| b a threefold 
then the correipoaduiB part in the soKidoo is 

(^1 + V 4* V* ) 
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gf^i^pl« U Solve (D-HI)* (D-4 )j>-.0. 

Here the euxlUtry equation ii (D+ I )• ( D-4 ) - 0 and the roou ate 4 
^ the latter loot being repeated thrice, 

Qi^fretponding to the repeated root 1, the part in the lolutlon will be 

(t| 4* *•** ^ **** ^ 

Theretbre the general lolution of the given equation it 
- ( <i 4“ <t« 4- ri** ) 4* 


(f) Cts$ ^ Imaginary Roots: 

Since the coefficients of the auxiliary equation / (D) » 0 are 
all reali if nt all the roots be imaginary, they will occur in conj¬ 
ugate pairs. Suppose iii| and 114 are two such imaginary roots 

then 

lUj *= « 4- i P and w* =3 oc — i p 
The corresponding part of the solution of the equation 
/(D)^ — 0, then takes the form 


J 


,, («+*‘W* 

Cy$ 


+ 


( «-ip)x 


as 


[ 'P- + c -‘P* i 


«=*#**[( ) cos px+i (rj—r,) sin px] 

We can write c\ = Ci -f Cj and c^f = i ( ri—r, ) as two new 
arbitrary constants and so the corresponding part of the solution 
can be %mtten as 


y s ^ [ c\ cos p X 4- sin px ] 
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(d) Cast of RtptoUd Imaginary Roots 

It may happen that the imaginary roou occur*; 
jugate pairs are repeated. Let m, « a + p be rS?® 
and ffii ~ oc » t’p also repeated twice. ^ 

Then corresponding to mj and we have in the 

J' - (^1 + CjJf) + (tf, + e^x) #"•,» 

- [(^1 + V)# + » ^) + (r, + V) # " *«*]. 

a* r iQx , ^ — i^'l 

-« { («i +)» + (‘. + v)» ) 

Pudng < ±if* = (cos P* ± < sin p* ), this can be written^ 
|j»»« “ {(Ai + A^) cos p* + (A, + A«*) sin p* } 


where Ai^ = Cj + <».A. = r« + ^4> A, — Ci— w„A ,=(, 
EmampI* 3. Solve (D* -- 2D + 2)*^^ ■■ 0. 




Here, referr.ng to the Ex. (2) above it ii easy to see that we have tiie 
imaginary roots (1 + ») and (1 - i) repeated twice ; and since a-1, ^nd p ,, 
we shall have for the solution of the equation 

^ { (Aj + A,*) cos X + (A, + A4X) sin * }. 

We shall solve few more problems here of the typc/(D}ji,D 

£mople 4. Obtain the general solution of ( D-3) (D-2)*^,(l, 

The auxiliary equation is (D-3) (D-2)* - 0- The root D - 3 appetn 
oncck while D =■ 2 appears three times, hence the general solution is 

» jp ■■ tfjS** + {s% 't'^s* "1" ^4**) 

5. Solve (D» + 7D» + 16 D + 10) - 0. 

Factorisation gives (D + 1) (D* + 6D + 10)^ - 0. 

With the au xili ary equation (D 1) (D* + 6D + 10) *« 0, theroouin 
D 8- -T 1, — 3 + i. and — 3 — i, 

and the general solution may be expressed in cither of the following fon» 

( — 3 4. i)x , ^ ( — 3 — i)* 

j =. t^^r• + ^ ^ ^ ' 

am (A cos X + B sin x). 

BnnuapU ^ Solve -jy + ^ IV 

0, which on factorisation 


Here the auxiliary equation is D* + 4 
)• +2D + 2)(D*-2P + 2)-0 

/. The roots of the D*equation are — 1 + if“"l”"*i ^ + * *® 
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Solve 


1. 




SI ^ ^ 

2- (D* + 2D* + 1) j, ^ ^ t ,,,jj 

3. <“• + r 




*• 0 , 


Am. 


[jt 


•»''+■3)^-0. 


^•Im) I 


4. (2D* 


-i>-io),.o.r 




. .•>-V *+v'**l 

5 (D*+6D« + 9D*),,o. 

+ +<'. + V).IVT.+ (, . > -1 

6. (D* + 23),-0. +<'.-h 

55. 

Wc arc now in a position to consider the methr.^ r ’ "1 . 
the equation/(D) y^X, ^ 

put^nas”^^** *®*«tion of the cquaUon/(D)> ^ X can be 

** Yf 4- Ytf . 

Y« is the solution of the given equation with X - 0, that 
is of equation / (D) « 0, ( which is known as the assodeted 

equation ) and is called tkt eompHmtntmy furntm. It involves 
n arbitray constants and is denoted by C. F. We have by 
definition of Y*, / (D) Y« « 0. 

Yp is any function of which satisfies the equation 
/ (D) jis«X, so that/ (D) Yy=»X. Yp is ealled tfu partcuUr int$gr§l 
and is denoted by P. I. It does not contain any arbitrary constants. 
Thus, on 8ubstituting> =* Y^ + Y* in / (D);t, we have 

/ (D) [ Y, + Y. ] =/(D) Y, +/(D) Y. 

s=a X 4- 0 by definitions of Yji and Y« 


X 4- 0 by definitions 

»X 

y «Yp 4- Ye satisfies the cquatiwi / ( D );» « X and 
•• it contains n arbitrary consUnts, is the general (or comp tc 
solution of the equation 
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It renuiiu, then to invctticMe the ^ ^ 

the compUmenury functioi., «„j a,, 

6^ The Gea^UmeMerr ^^ede* i_ w-k 

the ebove article that the C. F. V. of theeqnaiioo f m. '**"•• 
M ^ (olution of the equation f (D)y - 0 and article, 7^/ ' ^ 
(5.4) provide us with the rasthodi of Bndinc the r«l **< 
ary function. ' 

KsMMpI# 1* Find fhe cornplioieoCAry raoction of *heeqiut^ 


(D* h ID 3; / - 6*. 


The complimentary function of the fiiren equation it the loiatiAn 
equation (D* + 4D + 3), - 0 . - T ,?); 

The auxiliary equation is D* ^ 40 -f- 3 »• 0 or (O + 3) (O + ]) 
to Che roots are — 3 and — I. 

Therefore the ioluUon ot toe equation (17; and the C. F. ofthetoyuw 
equation (16) is 

5*7. TIm im¥w§m momnimr ^L. mad tiM hyimlNrfic 

f(D) 

6S]prM«ios tor the pmrdemUr imtegrml t ~ Before we take the 
general methods of hiding the Particular Integral, it is neccsiiary 

to define the inverse operator —!—, We define ^L_ y 

/m j{i>} 

( where X fi a function of x only ) as that functioii of x, whkk 
when acted upon by the diIfcrcntial operator /(D) givaX 
Thus by this definition. 

/•m> f——\ m. X . (18j 


/(D) 


l./(D) 


j.x 


... ( 18 ) 


and so f L—.X > satisfies the equation/(D) f =* X and » 

I /(!» J 

u the P. L of the equation / (D) > = X* 

Thus the P. I. of the equation / (D) = X is lymboticsSl 


^venby 


i 

r(D) 


• •• mam 


itn 

a*. •** V 
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Before going into more detail in the 
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I u II . Kcntr^l expression 

*_ y 'VC shall first take ud som*. • • 

f{D) ^ ^ simpler expressions 

involving the inverse operators. 

(rf) Consider first the inverse operator-L, since D 

obeys simple laws of algebra( and also from the above dehniUon) 
^ have , 

( d.^W j => ^w=d|^ J j 


^ ^ (x) means J ^ (x) dx. 


Similarly as D» 


^ (x), we have 


= f j* - f (*)•• 

For instance, = J J J (*’) (*)’ = ^ • 


(^) Next if a be a constant, then- 


[a W ] = «—-~r 

/(D) ^ ^ ^ ^ / (D) 


for/(D)f 


I 


I /(D) 


^ (x)j = af (D). ^(*) = a#(*.) 


^(*) 
1 


/(D) 


and operating-!_on the two sides of this, the above result 

'ollows. 

1 

[c) VVe then consider the inverse operator By 

:efinirioii of the P. 1. — _X will be the P.I. of the equation 

(D-m) 

t)-m)y = X; i. e. the part in the solution of tlm 
'hich does not contain the arbitrary constant. Now s *<1“® 
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y« :- :V 

-y \ \A] 


• ir %\% 


S- ' »•*->% 

:j. 


■ :*{ ^ • ; 


w’t ^ •,- * ! 

i...' : ‘’.. \ 

^ ':V: 




■ -i‘i 


^ L 4 



%r-. / i 
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• 4y 

IS _ 

dx 


A TEXT BOOK OF APPLIED MATf|Eli4'f|Q]^ 

my =. X, which is a liiicai equation of tin; firjt 


order with the I. F. «"*«*» and so has for its solution 

ye-mx ^ t q. dx 

or y ^ -f- <?"»» jx g-mx . 


(20) 


In (20) w"** is the G. F. and «"•* / Xe“""** is Uic p j 
Thus the P. I. is given symbolically by 


* X - «** 

f e-'»^XJx 

D—m , 

) 


•• ( 21 ) 


For instance, 
1 


D~2 


=- ^%x j ^-ax ^3* by (21) above 


= I e* dx = 


5.8. Particular integral 


f (D) 


X; the general methods} 


We shall now consider how to evaluate the P. I. of the equation 

1 


/(D)^ = Xor 


/(D) 


X. 


(a) Method of factors : 


In this method / (D) is factorised into n linear factors 
so that 


I 


1 


I 


I 
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jjy using the formula (21), we can first evaaluate 


1 




P — Hti* 


/ ^ dx = Xj say, and the result so 

I 


obtained is then operated upon by 


and so on in 




succession, undl finally the value of — 


ID) 


X is obtained. 


Consider for example 


I 


1 


(D-2) * ( D-1 ) 


* Here xvc first evaluate j* dx ^ f dx^ J. 

■■■ 5;r{pir -j - ob {^} - 

1 1 ' 


V 


T 


— ^_ t*x 

D - 2 
1 . 


Thus 


(D-2) (D-1) 


(b) Method of partial fractions 


It is also possible to express 


/(D) 


into n partial fractions. 


Thus 


. 1 


Ni 


•+ 


N, 


+ • • • • + 


N. 


D—m* 


/ (D) D—OTi D—m, 

where Nj, .. Nn are certain constants. 

Hence the P. I. is, 

^Y—/ - 4- -L- t lx 

f^) “ D—mn J 


(23) 




rrf'f., vi 

■ * 

m ■■ 


N. N. 


D— 


D—m, 


X+.. + 


N. 


D— 


X 








= N, <",* j*i-iBj* X (/.r + N, <"•,* f X (i* 

N.- f 


+ • • + 


e -»,* X </* 
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Am an example, contider the previoua problem that 


( 


_!_ at., fj_t_] 

D~2j(D-l) 1 D~2 D~1 J 


r** - 


0-2 


0^ ^ * 






. r** #•» 

gU __ __a» — ■■ —. 

2 S 6 




Solve -^-7 - 2 + 
dr 

Wt thall ftnt Sod out the C. F. The oujtiliery equation it D* ^ 
<l>erefore the roots are I and — I , »»>d so the C. F. it given by ^ 

yg - r,r» + 

The P. I. of the equatioo it given by 


- #• J a-*(2 + 5a) d*-r-* J ••(245»)^| 

.^[_4-10.]--2-5. 


Thus the P. I. /e - - 2 - 5x. 

And the complete solution of the equation is 


7 -7« -^yp ^ 7 * ^1** + V**“2—5*. 

5. 9. PmrHealmr latcgnU t Short moth od t i Altho^ 
the general method given in the above article Mfill always woh 
in the theory, it many a times leads to labourious and difficdi 
integration. Thus in our example in the above article if h 
right-hand side had been (24*^) instead of (2 + 5jt), h 
integration svould have been much tedious. To avoid di, 
short methods of getting the P. I. without actual integration iR 
developed depending upon the particular form of the functiooX 
We shall, in what follows, develop these methods. 


(.) X - • I- 

Since DV** =» and D*e**«<i*f*^ 

/(D) t^=./[a)tn 
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I4NEA* ^ZVAnom 


Operating ‘’Vy^gy on both udei thit 

7W {^'■» '•■) - tW { 

<“ =/(a) f. 


equation, wc get 


/(a)e»* 


/(D) 


) 


) 



/(D) f{a) 0 


If/ (<*) “ (D — tf) i, a factor of / TD), ihui 

this rule fails. Suppose/(D) = (D--a) ^ (D) and that ^ (D) does 
not contain the factor (D -V). Then 

I 


/(D) 


max 




(D-o)'^ (D) ■ ^ (a)' D_fl 

~ ^ (o) J* equation (21)} 


•1 


(«) 


/.(D) 




1 


gUX X 


1 


(D - a) • ^ (D) 


= 




(25a) 


Similarly, if (D — a)“ occurs as a factor in / (D), lay 
/ (D) = (D - o)* ^(D), then 

1 1 




(D-o)* • HD) 
I 1 


1 az ■ ' 
gaz = 


4> {a) • (D - a) * P ~ (Z) 




(a) (D—<z) 


ATO 


ax 


= . f 
^ (<j) J 


g-ax dx = 


2 ! ^(a) 

—id in general it can be proved that if (D ^ a) occurs 
|actor in /P), so that /(D) = (D-aY ^ (D), then 





1 


1 


max Z=r 


/(D^ (D -aY ' 4> (D) 


i!! 

r! ^(a) 


...;25b) 
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#1 


4 




f ** *^*’ '“’' * '-N, ’ 

0> - ^>* *‘\ ,tt, * (if - 

/lii 4 n^ flf^ <W 

i * #•' 

^ W^' ^P> 


I 


I 


t^. 


/** 


^) (»-»)' 

< __L_ 

*7(^) i(»-t *)-*)' 

^ ^ _?— I 

" 77i) »' 

^(•) '• 

,f <«» 


/*• 

(iiiiA« f«t«it 


(21^1 




--- on #", it M nmpis 

p tf)' 4<P) 

urid <Mk«n*ij|w«t« lo operit^ th« fnctor 4 (I>) ^ ^ 

ttp$tiil0 tfti ih* f«itiN thtii ohitined bf * 

fifimyff I| P l.offiM cquatiofi (D* - 2D^ - 5D + 6); 


Thf r. I - 


C!l-.20i-5D4-6' 
I 

(0-l)(D-S)(iH2) 


» 


1 r r ' r 

by «((titiioft (Jf4), ■}«€« hwe i «» 4, this b 

--!- ^ 

(4- l)(4^3)(4*f 2) 

#<• 

* 18' 


-,^1. Mn (D* - 6D> 4SD - 4)^ •• #•• 4 2i«4Ji**4*l^ 

F®f fbt C. P. w§ biv« ihfl ftuxlliiry equttion D*-8D* 4 80-^^ 

•f (1 - 0 (D-2)* » 0 with rcNrtf 1,2 and 2. 1 

- Tbi a P, li i,|t 4 4 
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Let ui«vitluat« mcK of theie leperatoly 


byequAilon (2!^b) 


.% Tbe P. I-j— + 2 »#*- -j. 

Thecomj^te solution « G. F. + P> !• therefore 

^ -j— + 2«* - ^-y. 

(b) X == •lii( as 4* b) or oo* ( M+b) i- 
Now D sin (tfx -f A ) *■ « cos ( ax-^b ) 

D* sin ( flx 4- « ( - fl*) sin (fl*-4* b) 

Mid in general ( D* )** sin ( «jr+i) =» ( —fl* )•' lin (ax^b). 

Since / (D*) is a polynomial expression in D* so we have 
/(D*) sin (<1x4*^) =/ ( — tf*) »in (flx4^) • • (26) 

Operating by ..on both sides of equation ( 26 ) and 

^ ^ /(D*) 

muitmg the terms, we have 


^ dmilarly be proved that 
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A TIXT lOOS OF AFFUBO MATHEMATICS 


d6 


/(D*) 


cos {«+^) * 


It may be noted here that we can replace D* by ( - a*) at 
any stage of the evaluation of the P. I* 

If ( D* 4- a* y occurs as a factor in/ (!>*)» then Ae above 
method fails as/(-a*) - 0, and we investigate this case a. 

follows 

Smce.‘““^‘ = CO. ( «+*) + *•»" («+[)• . 

_sin(ax 4 ^)"=I»naginary part ^ 


= Imaginary part of s 

ib 


99 


99 


1 

(D-fa)*' (D+ia)'' 
^ _^_# «•* 


»iax 


^9 


99 


99 


99 


99 


99 


of 


(D-ia)*’’ K^iay 

[ By Eqt. (24) ] 

^ _ Aax 


{2iay {D-iay 


Ab 


tixs 


* (2m) ' .1 

of i' 

(2a)'’ f / 

[ By Eqt. (25b) ] 


99 


99 


of 


Ef . 

^ 


(2a)»' r / 


I 7^-1 


[ as < 2 


Hence 


- 1 -sin (ax-ri) = — LL^^sin fax+i+ ^ ) 

(D‘+a*r (2a)''’' V 2 / 

Similarly 

* / J_A^ ( -• )'*' ' . WV 

-COS (aj(+a) — 

(D*+a*)' ' ' 


cos (<w+5+ 4* 
(2a)f 11 \ 2 




(27c) 


1 
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3* the P. I. of *k- » 

p.i- _> 



— _ _ * 

'■d^TT+DI + D +1 *« 2» (Note this step) 

1 

"" (-♦) D-44-D+I ~ •*" 2*, putting D*- - ( 2 t) . _ ^ 

" -3D-3 

- - -L 

* 3 (D - 1) (D -f. 1)^ **" ( Note this step) 

-T 

* /.N .. 1 

— - 3 ^*^“*^* •«» 2*, putting D* » _ 4 

(D-1) *10 2* -2 coi 2* - sin 2* j 

P. I. - ^ 2 cos 2jr-sin 2* j 

d^f 

9 Eaanpl* 4. Solve + eV - «>• «• 

The C. F. is given by D* + -■ - 0or D - + tssnd - is 
/. C. F. is Sj cos « + s, sin s». 

TheP. I. - orVi* “•"* 

I- * rna sc « —s: COS SJt fails sod SO treating cos a 

Here the rule cos as - 

, the red pert (R.P.) of'*^' '"*«** , , 

v“ 

* R. P. of • p **“ 


Thus the 




- R. P. of-^* ^ equatkm (25b) 

- R. r. oij^ 


2ia 

-R. P of 


-R.P..ri.[«.« + '“"] 


xlio as 
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HMHIf ^ f** 

1 (-»)* 


d*T«* 


CM M ■■ 


(U)l I 




Ma«» 


AMtm I-* P. Ii — 


i?T7 


CM M 


cociur 


01 ^ 

Um CM MM 


. —gin«» 

2« 

.\ The oompleie •oIucmui of ih« equotioa i* 

« nn M 

jr — <j0««*+Ci«ii«« + —^ -. 

iMUMpIo S. Solve > 2 ^ 4* / * nn 
The C. F. obtained from D* + 1 • 0 ii 

Cj CM « + Cg no « 

For P. I. we have 

i . . n 

^ 2m 

^ rvft • 


- r - ilfl. 

D» + 1 

I 

• 

1 

2 

D* + I 

1 

1 

2 

D* + I 

1 

» . 

. — sin * 


• ' _ 

008 JT 0mmmm 008 ^8 

2 DP + I 


Hence the solution is 

X . 1 4 

^■■<jCMx + rfiinx+~ sin* + -jj* cm m 

(c) X » Siali (a^ <f b) or CSoab (ax + b) p— 

ft can be proved very easily that 

i 

—j—iinh («* + 4) SB —!— linh («* + 4) 
/(D*) /(«•) 

“**«=<»»»(«« + ») - -^^codi(« + *) 
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blNMM Biri^aKINTUL HtUATIOm 

a»i»* (0* + «B)^ « ^ j, 

r»f th»«. r, f>* + »» • 0 ,•, D - 0 
ThM»hir» (t. r. Im, + ,, TO, ^T, + 

I ■ 

*’■ '• " ftlTTB **'" *• - DTcnTiB “> 


jgyfrpm 7 IT * T J *• I 4 

^5 Th# letiKlonif 

S - ^1 4 ««• \/ 8 » 4 #1 lin v/T # 4 rinh 2x. 

(AlWflttUvily In ihf P. I. ort«rmi Introlving hyptrbolie funo 

M their exponential eqiiiviilenli may be uied), 

(d) X •»* *® I— 

If X conttiru pmveri of x, »uch ni x”* etc. then the 
Itttthod of procedure to evaluate —!—. x^ ii to write it ai 

/P) 

expand [/(D) ]-* in ofcending poweri of D upto 
thi mth power, and evaluate the expreiiion through differentia* 
tion of •v’*. The derivative! of order higher thari m need not be 
eomidered. Thli if llluitrated in the following problem 

Baoflqdf 7* Find the P. I, of the equation (D* '-2D4'4) jf Se*»5x<f 2 


The P. 1. - 


I 

ux ■ ■ - •vr nr i ’ l 

0*-20 + 4 




" T f 1-^+-^} (3e*-5x+2; 

T- ?)}■'--- 


Expanding by the Binomial tSeorem, upto the term in D* a* the highett 
dlgrea term ii 

I I (S;,*-5. + 2) 

I “ ~ ^ 3»* - 5* + 2 + 3» - —j- +“ ] 

f ‘‘t[ ] 

ThtM the P. I, if —Sa* - 2a -f I 
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« «• •^v, where V is a function of * 

*'v - s-*DV+«"V - .*• (D + «)V 

s"D*V + 2"“®'' + ” *" (D+,).v 

juid in general, 

/(D) s«V = r"/(D+‘')V 


Now let/(D+*)'^ / (D+a) 

Substituting for V in (28b), we get 

I 


(*8,) 

•(28b) 


/(D) «'*• 


^ V, = 


/ (D+n) 

Operating both aides by obtain 

1 v,= —^ 




7^^+iy * / (D) 


Now since V. in any funedon of sr, we have the rule 
1 ^ns V =* ^ V • 

Tisr ‘ /<»+■■» 

Solve (D*-4)^-**•*•■ 

The C. F. is given by *,***-f‘f» 

1 


The P. I- “ fD+2) (D-2) 




*. - a* by (28). 

' ((D+3) + 2)((D+3)-2) 

, ^ -i-- a* 

D*+6D+5 

-r[ ■ •■]■■ 


(28) 


I 
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VC diSercatUtioo, 

» iDV-t- V 
_ id>^4-2DV 

- dW + SIW 

- UW + J)^V 


fcrti^/P) V - V, 


r 

1 

• 

f.- j 

_r (D) 

4 1 V ^ 


-L 

L /a 

9 ) 

}7^) i 




!^^wr*j^ssEi 


1 

1 « 

^ -. £ f 

TTTJSjjHi^l^pAj 

iT^ 



7%Xm 
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A TEXT BOOX OV AFPUXO 


>*ATKtn^TiQ| 

If X - Jif* V or in general x»V, we can uie the for 



luccessivcly to evaluate the P. I. [^r^VJ. u mn. l 

/ (D) Jf be 


09 ir htrt, howsotr, that is ail cas$s *»V it U m*-. 

j " 

fa us* tht formula {28), that is on* for #®»V or », n, j 




Mow, and avoid th* n*€*ssi^ of rttMtnbtring th* rather 


cumber, 


'**% 


formula (29). 

ftif 9, Solve (D* + 3D + 2)y x lin 2x. 

For the C. F. we have (D + 2 ) (D + 1) « 0 or D • « 2 or ^ 

/, The C. F. ii c^e’^ + " ‘ 

1 .... I 


The P. I. - 


(x un 2x) 


D* + 3D + 2 

Here/(D) - D* + 3D + 2aad/'(D)-2D +3 and V- lin 2xTh«re^>,^ 
the formula (29)} we get 

, r 2D+3 1 

_ (*»i« 2 *) - [* - D. + 3DT2J' D*+3D+2 "" 

1 . „ 2D+3 

'• dI + 3P TT"° ** ■ (D*+SD+2). 

1 2D+3 


D3-I-3D+2 


w X. 


__ - * - ain 2x — ———* im2x (putting D* » 4 \ 

-*•30^2"“" ( 3 D- 2 )* ^ 

3D+2 . 2D+3 


■■ X 


* 9D*-4 
SD + 2 . 


« X. 


-40 


tin 2x — 
•in2x- 


9D* - 12D+4 
2D+ 3 


tm2x 


- 12D - 32 


tin 2x 


__ I (2D + S) (SD - «) ^ . 

“ io" “* **‘^*"“ T (3D + 8) (SD - ») ** 


. 1 (6D» - 7D - 24) ^ , 

“ nS^* *“ ** ■*■'*“ **^''’T’ 9D*-64 * j 


, (7D + 48) . , 

“" 20 “ [*««• + i»a 2 »] +- 55 “*• 

, 14 eo«2j( + 48iiB2» 

. - JL [S<iM2« + iia2«] + 

20 '■ 


400 

, 7cot2» + 24iia2« 

. _ [Scoi2* + »iii2*]+ -J 55 • 


20 


The feoeeal soitttioa of the emielioo It 


) - + »}*■■ - (■ 


200 
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99 

, , To find d>« P I- in the .hove «,ap,. ^ 

2* + ' ""J*’” "" “ ** P«. (<l„oted h„. 

p. ) Thus 

- p i + m — 2 *“°^* 

-'• ^■‘^ bi+lb + 2 ”*• 

_ I. P. of ««•. (D + 20« +^0 + 20 + 2 * 

»I.P.of<<^ 5l +D (3 + «)+(« - 2)* 

r 3 + 4i _ D* Y-l 

• ^' ^*^*^61-1 I* 6i - 2 61-2) * 

«<•» f 3 + 4 i* 1 

6rril*’’6»-2^* J* 

i^(6i+2) r 3 + 4n 


cot 2jf + win 2x 

1 

K,.. 

-20 

1 4P(S| + 1 ;- _ 40 




7 ii 

**"To *” * 

. - _^ — «=e»7» + "tUT *‘“^ 

sa,-7 **-'* •- 


>c<tx2M -* 


fin 2jr 


- 200 

if the wneainbore* ^ 

inetliodifipeciiUycoowiient^^ of tkeform**^ ( 
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/ («) 


•#«. lf/(«) 1*0 


1 .in 

— («+») 

j (D*) CO. ii 


/•(D*) coth 

._...{/,D,}-.-.{/®,]- _ 

Aicendifig po%v«n of h 

1 

• mw 


/ (D) 




1 


.•X V -= #•* 


/(D) 


/(D) 


/(D+«) 


I 



Solve 

. A- . gin S* + ^ 4-«* 


1.-^ + ^ 


^ coe (2« + fg) 


#* — tin Se 


T-il 


, ^ , lit 

2 .-_+ 2-rr +/ 


M «* cot ». 


«*dA« 


[,-(. + *.) •!««+ (‘ + *> 


2. 


_7 — - (!+»)• 




,*./ I7\1 

+'.*•• - ^1*+ i2)J 

■4. 0 + / - *+ «'» + S^- 

r /- »t *») ■*■ * ■'‘T**’ ^ ”5^ 

. ^ 


^ MQ x« 


6 . 


r* A tin X 2 ^ 

^ ^.#1 cot (2x+ti) + —5 T" * J 


(Hint :utetin8«****^®^^ 
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+ >-Z+W 


». ] 


5.!». p^«a« -- - • " ..-/i 

^1 when X is of the form given in arSlsT*^^ 

gan be used, but if X be of any other fo,™ ,u ***"'methods 
j,e use of the general method, i. e. the ’ **“ 1 °“* 
partial fractions. But this method involve'l^- “ 

in such cases the two additional 
^conveniently. These meS “e ^-rSbe 
IJ^ems solved below. *^°'>Kb the 

[d\ Method oi Variation of Parameter : 

Wc obtain the G. F. of the given equation/ [D] y=X which 
iuvoivcs arbitrary constants. The P. I. i, then formed out of this 
C. F. by considering the arbitrary constants as some unknown 
imetions of x, which are determined so that the P. I. satiahes 
c differential equation/ (D) = X. Additional* conditional 

uadons are formed in the process of differentiation, for the 
venience of applying the method. This method is called the 
thod of variation of parameters and will be better understood 
ith the problem solved below. 


gaanqplo 1* Solve 


2 ? + *^ 


sec ax. 


Here the C. F. is cos ax c^unax and the P. I.is ^ sec ax. We 

short -method to evaluate it, and so the recourse is to be made to the 
eral method. But as can be seen, this will lead to cumbersome integration 
to we shall use the method of variation of parameters. 

We consider the arbitray constants cj and in the C. F. as unknown 
nctions of a, say a(a) and a (a) and put down the P. I. as 

^•Bacos<x + 9*hiaa . •• 

Todetennine two unknown fimetiom* and awe 
whichihould be that (31) muM wtiifirthe pvenequet»n(30).TbeoUi 
Udonal equation ia at our diipoeal, and we thall chooie it a» 
enient to solve the proUesh» 

Differendating (31), we have 
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A rtllT 00 A00i4mf UATHttUttm 


n9 

$ln iM 4 (tt0» 9» 

Thu» «h* P. M« “ " || ind th« m/tpUn, 

_ A 4* * tj§ y« ^ 

Bwimiilti I V<->0 

f^lvt by ik» mtiM of vofiotloM of fsr•«»•«•#• | 

I. (|)*f 4)j» - 4i«>*2*. 

^#|«oia* 4* •ln2*lrnj(Mr2f4iti,2,^ J 

a, (DIDji-C *•* •)■*■ 

( oni.j* •• •! •• 4* •§*** •• * Jof ( 14^ )| 

S. ( D* 4 ) J' - •* . , / 

r MM.J -• f 1 4 *■ •©• 0 4 #1 •!« 0 - ittf ( ««•« » 4 <:<rt » ) 

‘ * -coiiloiiln*-* lb. ] 

4* (D*-1) > ) ♦ *"• ^ 

' [ till.>-#!#• 4 •In (r» ) j 

loloo by Ibo «olbo4 of —4o t gr mi o >4 aioltlpliw* i 

S. ( D*-2D •»»•* J'* 4 ff#** ~'Y 

a. (0«-2D48)/-j 
[Ani.> •• <• V'2»4-«i»lnv'2«)4Y^ (»**4 1«** 4 6* - 8j 

4 (tin *4 CO*») 1 

S»ll, DlArttttlftl Eq®4tio®* ■••diwIWo to tho Umio 
nHI V.^i-1 SqMlIoM with eiHMUat eoaffldwHf i- ^ 

Mn twi tVPW of dlfferentUI equttiont which c»n be reded 
to the linear dlflhrentlal equation* with c(w^t coe^enBh 
l!!en,ent .utatltutlon*. which w. dtall .tudy rn thi. arucle, 

(a) Thi Cm!^ Lintat Equation (Homogmm ) • " 

An equation of thli type it given by 

,»JV +P.,.-.iliL + 45L+..+i'ar-x. ...(* 

' lb!» ^ *•■* ** 

where P„P„ . P, are conitantt. ^ 

Thli can be reduced to the linear difFerendal equation 
oonitani coefflcient* by the lubetitution 

x»log«or« 

_ 4f 4f it 1 4 - - 4«$L-»; 

it it it » it « « 
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where D = — 

4z 

hcsc substitutions the equation (41) is reduced 
An example will make this clear. 

* 9 - ^ + 2 log Jt. 


Thus making 
*e Unear form 

ITa****P^ 12. S 


the cquatioo 


Subitituting ^ 


. 4] J- - -It 2* 
.* + 2* 
with COBltBflt C€ 
- 4) (D + 1) - 


rD(D-I)-2D- 

„ [D*-SD- 41 J-- 

„hicb i. . linear equaoon 

For the C. F. we!»« (» 

‘ The C. F. it ^ 1 * + 
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\» 


* T«t liATlIMATHl, ^ 


♦ ' 


TTw •J**"^ /« • *, JL 

" T “ * • 

^ • . j j_ 


' Nl 


''•J' 


(») .f-m* 

Tto «>••**** “ ^ i^y , . 

, + W^ ■*■ ' ^ 

« O C«ftt***'** 

^ LL ti^ I - « 4- 

Hcrt the • furiher •ubioiinn 

»the Oocby*» Slkrtn^Ml fjqaaiioo with chuh^ 

- ** '*^"***^ .ulS"- 

Dfflkkfitf- • ^ 

W b*.-n •--'" 

^ 1. * .V* -51 - ♦<• + •' X ♦ *’ ”' 

III <• ^ • 

^ ^ I i*< *• ,» •< 

W# Irti »*♦•••*• •• * # 


- 4» ^ ' -.*• 

? Jr 


wlikli to «fc« 0»u*ky » fa»« toi* 

riir«to4r wkitowtio* • — ^ •^•1 to 1 *» >•• ^ 

ID(0-1)- * 7i 


to't 


wtoidi tot ItetM 
fif ii» MhutoMi ft"** pftttowi 


I cOtAciClHi Ufcjf 

• • 


,-i^ + •/• + Y - T . 

«« M I M « <f «, 


St -f 2t 

^ » *1 (t -f •}* 4> «t <• 4 •)• + ^ 
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1 



t - ^1** + c,co8(iog^. 

. tfly , ^ _ d*„ «in fi«„ . V 


2. «*0 + 3^0 + , _* 


‘ ‘‘n (loB 


«- '-"-i.-, - ^1 

s. (^ - .D+4,^ „ ^ H-f > 0 , .)r 

L '”*')+«.•» (vr, 

IS “ ”**>-2*m(log.)] + i . T 

"•(**+'>* 5?-2(** + l)*_., J “”0^.)] 


[An.j.-(,+ 2)[c, + ,, , 3 

*' +^>+T'°*^<*+2)1-2.1 

uamples t V—E ^ 


Solve :• 


Ans. 

1. (D* - D - 6)^ - ^ cod. 2x.[ ^ _ -n 

dh dy y r ® J 

' P’ ■*■ ~ 7 ■ "*• [ •>’ “ ‘i'- V'* - -^l- 

3. (“• D* + 3D + 5 ) a» «* cos 3x 

[/-fl*'* + ** («, cos 2* + c, ,in 2* ) -^(Ssinax + acotS,)] 

4. ( D^—m* ) jr » sin mx, 

* c^tiM + fge""** +C8 COB mx + C| sin mx + cos mx.^* 

5. (D*4-5D+6)j>a» #"•» sin 2x + 4x*#» 

J^- -f— (COB2x + 2iin2x) + y^x» -yx + -^^ 

d^9 1 dio 

6. — + —. — « A + B log f. 

di^ r dr ^ 

[o= (4, + s,logr) +-^ + ^(l«»'-‘) j 

* r • «» 4h tjT^ + •”** tin*] 
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i. 


^ Jf - #1 4- <f i 4 





^ {II* ^ 2P* 4 * •* ^ 

V ♦ t** ♦'.•»*• + -jf ■► ■!! 

It. ^ 

^ ^ ^ ^(A 4 •») «« V * * * ♦ I^Jii* (V t *1 

« v»» 

II. (0^4 

5rrr?{"*"^--'*"-''-‘)l 

11. rO* 4 • • ■^*** I . > c<t !■ 

^ T\* *” 4 • ~J II 

If. 

f ^ • 1*1 4 v ^ ^ “*l~ ] 

14. (D^4l104M/4-r-**4**^« ^ 

^ *«./-.,***■ ♦'***’* T 

|». (0*-0*-D + I)/- 


!!«*• - l>M 


llto 


•1 


f AM / «* *,*•♦ ^ «-• ♦ M) ^ ♦ -y- ♦ y- ♦ 4 ] 

^ r *•*•! 

It. (P*40)^««*»‘ ^^•*1 Ti 

IT. <0*4 !)/-•*•»■ -«^ -J- 

[.-^-.v-*-! !^r ■•••)♦ -s ■»■*♦”'*' 

.i.J.,_ -.1 

t 4 ' J 
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PP^-SD+2)J»- *V. 

f Am.^ - ( «i + V)**+*»* 
(D*— I)/" *wn* + 
j^ill. ^ + r,#“*-2‘( *•“*- 

If. (0*+2D+I)jr« *coi*. 


h 1) 7 ^ tin*. Hint: use method of variation of pari 
LM. ^1 COS X + #2 a — eos X log ( lec x + tan x )] 
!D+2) j -i linb x + x*. 

s-•(AcosxH'Biinx)-L ( 2 cosh x — 3 linh x^xl•- 
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m 


H. ( I>« - D» - 7D» + SD) - 0. 

Ans. 7 *■ + V** + '"* ^ *+ V ~ \'2 


SS. »*0 -»* X +5-'“ 


']• 


Am. / - *• {^i CO* (log *) + f* »in (log x) } + *» lo^ , j 


S 6 . 4 ** ^ -'I' 


X 4- log «. 


-1/4 , xlog* 


]■ 


^ tim.y - «,» + v ' ‘ + — f— + * - loji 

S7. (rt)‘ + S«W + *D)/-24»» . 

[ Ansi j» 3x* -r Cj (log x)* + c, log * + f j ]. 

fin (log *•) 

SB. (x»D* - 3xD + l)j^ - - - -• 

j^Am.^ - «• ( 

.o_ 

rf«* 


(5 sin log X + 6 cos log«) j 
»• + * 3 - «*[ AM.jr - t, + t,logx+.,x + S /.y 


A> 

A 


40. x* ^ - 27 + -^ [ Ant.y - ‘l «* + -7 “ 


41. (D* +6D+ 9)/-j^Ans.^-( ~ + fi + V)r*»| 

42. (D*- 2D + 2) un X + 3x. 

r Amj «■ (C| sin * + { lo.g ( see x + tan ») ) eosx)#* 

« f, X* + ft** + ^ 1 * ■!* ‘4 V ] 

1 and if jr es 0 when * *■ 0 and when s • i *• 

( linh X X \ 

"rinhl T/' 

5? ^ ** w'ithj» SB O,-^ Ml 1 at X *0* 

^ t Ant. jr SB 5 x — 3 4 . ^-Ix ^ 3 x4-5tinx)]» 4 

I*" ** J?~ “ »> 0 f x-^Anx .7 ” *(‘ 1 + »|lo*x)+ 


44. U± - ± 

rfx* rfx 


prove that y ^ x 


-■^i 
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%usmAM 


.QLATlOi* 


^ — 0 At » — 

^ I k . - #• + ••' dM 1 

*’ r il,.-.-.*T"---’-‘‘l- 

S [**'-" 


Sotv« 


i!? + 10 


. . 8 aiMl 


0 -—1 • —2, ^ •» — 0 1 
mill lAittaJ cofcirfoo** * • ^ ^ 

r *, ■ (CO^ S» “" J t®* *) 


.A._„ [ 


CHImi »fc® ftft«r«l loitttio* of «fc« tbMiroatiof eqamtnr 

^ 2 — (1 )7 - 

6 #^ ^ ^ 0 

i« a co«»<a»». »h»i iO 

I ami / « rH>i «iea..c*llT »*«» dl.« * 

At equation tm 4 4- * to* . '*’0 

itlvt Ar 'qua<>9n 

^ M — — » *r ■' ""Jl 

waiaf At method ni variaomn nl 

M^-M, - 1 ^,. - 
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XIV 

‘■AW-ACE niANspoRj, 

IS.I. falrwluctloa, ^ 

Whenever a mathematical 

At function is changed or tran^”‘°'’ on a r 

'ransformcd into a i. *^“"c'ioii 

For example when the differential „„ /""'a*' 

mial operator D ( _ 

on/(*) =■ tan .r. it produce, a n«v function ^ ^ 

• W 3 D/ (a) « ^ 

The Laplace transform onerator 
variible ( usually called t) to a fnni.. *"*”, “ of on 

(usually called s or p). The Lanlace "r variabl 

equation to an algebraic equation. * “merenu, 

If is proposed to give here only an h.trodurtion to th 
Laplace transform method. 

13 . 2 . Doflnltioii of the Lophice Tranaform j 

If /(/) is a function of t, then the dehiiite integral 

00 

0 

cxins, will be a function of the pirtmctor f, and is dcnotec 

l^crc is one to one correspondence bcisvccn/(0 ‘'**'*1 / (^ )> 
the relation transforms f (f), a function ol t into a nn\ unc 

/ (i), which is a function of another v.iri.iblc s. 

^ '/^(O is called the object function^ whieh is defined for > • 

^ or imsge futietioH, $ is the Inie. 

- which should be sufficiently ^ 


K 


i 



f 
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^ N(Ni» Of ArrM»« 

r«Ull<»i ItoW*"' / •»»^/^)* **’•* *• 


/ 0) 


•“J # 


li wrlM^ii 9fytiiMfm\iy »• 

A { / ^0 ) - / 

•ml /(#) !• (4 / 

tl i nn hf i>nrvr4 vt^ry f%4\y Umn 4m 40 ^ 

lion (I) •b^ivii, llml iHf !• tka k 

L ( Mt 0 ) » (h ) “ A/' ( »'> (0 ) i w- ( I', H) j, 

IS f* TaM« of ll#m#Mry IJipUM Trmmtimtm^ ; 

With ilm h«lf) of tlw; </f 

irmwffrrtn, w#! f^tri fwm • inStUi ftf irmtydffrrm ft/f wmm um0t 

0) e(t) -•" 

By (1) •iKtve, 

CO 






with the rMtrielion on #, (lut # > «, wc here 
7W--. (7~(o-i)--^ 

I -j k 

TlMr«/«rc lb* U^Ucc irWorm oT/* i» T^'i ** 


«iwi#4^M ibii 
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Therefore the Laplace transform of sin at is 


iswntten as 


result viewed from the fundamental definition (I) is 


j i ^ 

Ifwe differcfiate both lidcj ofthe equation (5) w. r. t 
the parameter a, we have ^ ^ 
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4'iO 


* liRt »»M» <r|) Arirttii) 


“■♦TNi 


(ill) tH) ^ «•• at 

.Ul 



M MU 4/ ~ J (V" i , ->*11 ^ ^ 

,.l..r - "'S 

L' "• i h4 J ,r^, 

Illi^rrfriff th# |,ii|i|i( f f 

vyrittfii 



,1 


'riir r#-^iill (0) riir4ifii 

If) 

I .-'■ 


( 10 ) 


0 


( f o% at ) $it 

*** f 

t*ia» 

U \vr (iiflrreiiii^ir / 10 ) w. r I, ihr |).ir 4 iuf(rr a, nrhut 
ofir morn (r.ui^lorm remli 'Dnu 


•o 




// ( t \|?i at ) dt ^ 

0 (>•♦#*)• 

'I’hrrrforr 



.. (II) 


(iv) f (I) * alnli «i mui (v) f (i) eo«li uU 

•«Hnau#M-4<M>r- V . v^- 

2 


At filth at mm 
41 nil cmh at *» 






*e linvi; by tiling (2)» in .’i similar manner .%% alKwe, 



( 17 ) 
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and 






*o«»n 




0 


put St ^ X 


00 


i ' ’ j 

r ' l ) < 

V^" 


.•. L (<») = f j'-A.llii 
0 ^ ' 


00 




/ 


v;i 


(13) 


r (n-f 1 ) 

If n is a positive integer V ( n + l)«al 

nl 


.-. L<"= 


ifn ii +VC integer 


Thus 



.. (f) 


«f the h»p>»e* 
„ ,J,. .KW " 
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work, thif tmall table wW beeo flo^ 

Thtortuis OB ImportBBt Ph opt rHt 


P^kwlng ebeorcmi are aeful to obtain the Upi»* T**^ 
loma oTfunctiom from ihow ofelementarr fnnctlooi iiiniw»“ 
in art 3 above. 
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(-A) First 


^irr^ 


If/. , . "^*^1 

Proof: 

,-at ^ 


»*i 


V '"*- 


m 




/CO) 


0 

00 

y' 

0 




QO 


Therefore 


/ ^ ^ / (Q di I %riKT^ p ^ s f 

0 

r=/ (, 4. aj 


I 


/. {^■'"/W) =/'»4 «) 


- (IS) 


We note ♦hat if the c473cct farKtS^ro ii tsiJfipii^ by 
then in the l>aplace tmiforni of the eij^i {waf.tjy^^ t h 
replaced by (r -4- «) name theorern oa 

Europt* ; find tbe Updace uiJB&ei'xw ( i > r 0 

(I) From 0)? rirwiU L { coi «0 =■ 

w< ^ 4 * 

r -i/ 1 _ 

I- t' ‘'^ " ] "'TmTT .•' 

21 


2 V 2i 

(U)L(/»}-rA 

(B) iMOfid SUlti^ TbMTTB : 




t / W ) •=/(*) TfO’^i ,0 


r > « 
/ < • 



I, (?(())=- •'*’f 
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/(»' '/}-/ r u) k »/ #**»' r If, ^ 1 7 

^ ft 

^ tf 

^ V/ 

♦/«-"/(/ -y/l 
0 , 

'// 




0 


*• # 


Iffffir^ 


/ ^ f (•) dtl 

0 

7 ro 


/^r(/)).,-«/{,) f/n- 0 ).i>, 

------- I ft $%j, " 


I #^i: (f^ /f) ) ibH 


9Ui 


* f 


i ^ I 


6 Oo" i 


h€mf0 / ^ 

/, Bf •V#«« ms I 

(C) \t $4 (/(/)} ^ /(#), iImmi 
A(»*/(i) ) - 


Scanned by CamScanner 




/,/ • "nut. /.V-« 

<1 ’ hk\’ 


) 'H it\ 


“ /' ' fUi 4! 

(I 


/»”*'{/y 
0 

A { // j / ($} 

ff$ti6§ hy u^lntf M*44 tioftf w$ 4jii thst 

I f** / Ol ) 




Om^t TM fiiiili 


i.[tf(ii] 


/(•) ^ /'(<) 


«an N InMfpraMd »»i»» •<« 4ifif>iilitli*n tj lit 

funclim tmmpiindt /» Un mUipUiaU'm i^filu fimim hji, 

fi MUftil In Mmiinvttf irtnUorm « I* <» aiMmiilt 

(H0»f«ri. (Ul). 

tMmfh I I'M i I /‘0 ) >*' 

(,f±,l0kti m^toiti 


tiithtt 


I t 


0) /in-'IT' /'V 

- (- 'J' f 
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/, L { ^ tm si ) ^ ^ utffl f s 

4^ }TT 


(D) iri/(0-/W, then 


(JT?) 


00 ^ 
1 “ ('> *• provided Lim-^^ 


00 00 


». ^ 0 J 


- //(0[/- d.],, 

0 0 

^ • (l>y changing the order of intrg,a.i„„) 

- f /(>) -r> 

X r * * 


Hence 


- ' {■■?’-} 


* ' «»d <l>« Upl^T „ 

JO ^ 

/ -//--I. 
y ' i 


•*•.»/ Mel r **:« 


Hm l•lMr/(f) TT tin «/ 
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t 

-T —f 
—'(i) 


0 

0 ’ 
(S) Wi(/(<))-/(0.«fc« 

«0 

« 


0 

ao 

. JL/ ,-(»/•)•/(.)* 

tf ^ 






i {/(-)}-Mi 


.. («•) 


Scanned by CamScanner 



m 




A Ttrr BOOK Of Af»i».^ 

I Iftt/dll. 

■»'««iU(|9), <'•+<)• •““*^f/(^)). 

M/(.o,-,ft:’(TH(i)’i 

W Cwivolwion TfcwMB 

'»■" f ”(') "uT, T'^”' “ '■ '’™- 

_ F (f) =/, (,) (,) 

(*) and 7, (,) are Ir.ntform. of known funcdoni 
/i (0 and /, (0 
The theorem italei that 

^ [/ /. ('-»)/, (a) A j^/,(,) /, {,) 

Proof 

fly deflnition of Laplace transform, we have 

00 QJJ 

/i (») 7i (») "/, (e) A J f / "/• (a) aJ 

00 00 

"/ / *~’^“'^'’V.(a)/.(.)AA 

0 0 

00 00 

- //. (a) A [/ ,-» (a + a) y ^ *1 

0 ‘*0 J 


0 

CO 


0 

00 


-//.(a) A [_/ »-*</, (, J 


[ where «f 4 
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Changing the order of double integration, 
oo / ’ 

= /[/ 1 * 

0 0 J 




Hence 



definitioiia 


% 



Thu theorem is useful to find invera 
; Verify the coavolution theorem 
/l (0-1,/,(!)-/' 
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Now 


I 2 ) 


C+f+l,.- 


Now byretuh 


■) 


v.+i J~unT$ 


/ (i+I)l 

L/A \ 2 


^ \I+I / 

From ^i), wt hove 


lr+1)* 




. 2 2 
(i+l)*‘*‘i+l 


2 I 

J (#+!)• J ^ ' 

(H) LaplftC# Traniform of DorlvmtlTti 

Wc can cxprcM the transform of any derivative of the 
function /(O in terms of the transform of the function itself tnd 
in terms of the values of the lower order derivatives of the 
function at < - 0 (i. e. values approached by the denvatives as 

I 0 from positive values), ^ 

If I [/(O 1 -/ (r) and/(0 ,scontinuous«rfi. ofeaponen- 

W onler s. *• ^ins -“’"VC-) " <»> J • 

i {/' (0} -^/w 

!?»*/( 0 ) ii the ' 




m 
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A APPiMu 

^ I ♦»<**#♦ ••MHU by pf^rht we 
&) 

(7’(0)“ / /'in* 

0 

m 

tJm / " /' (») rfr 

'W f) 

m m 

l-im (f "/(0]+// 

Aii is 




i 

% 
t . 


ft' 

H. 


m */ ) 


Vilni I 

Ifl m4 i.c V 


0 0 


m 


tm 


'rim)-an 


l+f/ <“*' 
' 0 


/!<)*} 


/(») * 


»• 


(H) 


ff <“ ''/«) -Z' t/(0) 
0 


Henre 



( •*/(!) 1« of exponential order). | 


122) 


C^^rollary 

Y'■{{('}} ^ rh ‘I'ci A {/• (,)) ^ iV(f)-,/(0)-noj 
^- (/' (0 ) “ /. (I’’ (/) 

,«« 1 A I r (/) J _ p f 0 ) J |jy ^22J J 

(O )-/'(O) 

■' * f y (t) -/(0 )]-/-( 0 ) [by ,«uli(22)] 

. ”- «/(0)-/'(0) 

^u^ng mathematical intlucion. wc can Utow that 



,0) ‘.oj 



.. ( 23 ) 
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Km»|.I« I Ohuln II.. ^ 

^|»» .1 III*! ^ (<•) ~ '•! — •ml y ((() ~ _ 4. 

Now l.y r..iill (ill) .nd u.l.,|, J, 

'• {Sr-4 •'■ v} -/. ("^)-!i,, 

- (i* ^ (i) - J.|»(0) -»y (0)] 

-s I V (I) (0) ] .},n f 


- ( J» (J) -2i.f4J ^ )|4. 5 /* 

[Mj'(0)*.2.y (0)- ~4) 

- (i» - 34-h fl) J (j)~2/.f.l0 


5olv«€l ProbUm* i— 

BmmmpU I. Find tht LmpUc€ iraniform of iar.h of the follow'm* 
funcliont 

(i) cos /. cos 2f 
(III) (• tin at 
(v) /#'/(/). 


(H) <*-3/ +.*5 

(Iv) t coih 5f 


(i) L (col I. cot 2/ } {I (cot 3| -f cot I) ) 

-*{i (cos 3() + /, (cos I) } 


“ * {«^^* t .■5^} 

J (<’ + 5) 


"(J*+I) [j*+9) 
(ii) From itblc of Iranifornu 

r (,-'). 

Hence, we have 


(ii-l)l 


.21 2 , 
L (1*1 «» -rf •= > "“2 


I (t) mm ^ , «e.2 

I 


L ( 1 ) 


_ ,«-I 

1 

M t ((*-314.5) - L ((*) -3 L (0 -h 5 4 (U 

2 3 5 5i* 3i4^2 

” *jr ““ 7 *7* ^ #• ^ 


S, 

. :m’- ■ 


Wf*- 

: . 
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A VW31V {)r maiiimmatmw 




{Hi) U»(un (t 1) or M U 1, Wi* l»rtvt* 

'■f'•*'■'■ {...-,V} 

'4r* ^ ^ *1^) 

T> !*>)'♦ 


(»v) Uiiug U\C thipoi'ciw (A) Ol'iu’t. -I, rtiol i«4iili (I;)), wr (jiti ,a 

/* { vV) ~ ^ 

^ ^ /,/0 


V «!• 4 ^ 

••iT~~iT- 'Tim Ml 

Of—?♦ 

\«l. 

(v) Let L {/(/) } '-^/ (.«)» U»e« u«li»« (Itcoroiu (A), Wfi hm 

I- f''/(O ) - / (>-i) 

Naw «lng thcvireiD (Q), we hi^ve 

t{»l''/(')I) "(-D-^- 7(»-l) 


- / (^-J) 


Enmple 2* Kind/, {/(() ),il7(0 - [ 


By deiiuition 


CO* (/-a) , / >« 

V 

^ I / <a 


00 


t{/(')} - /*“"/(()* 

0 

A 00 

- J (0) ^14-J 


0 

00 


J coi M du [ where a ] 

0 


00 

— «i r sM 


f 

0 


coi u du 


—are 


-•tf £. { CO* « } ■■ e 


—xtf ; r 

i^I 


Aft 4, 


Alitor I Since L [cot t) ■■ ^ , we get, by tiling theorem (B) of 


i { / (0 j - ^ [ here e-a] 
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ii) (U) t--»/,^l/2 ^ 

By ftmdt (14) '***’ ^/ V*7" 

(U) A f «•*/«}- ?(*/ t>-. /T ^ 

^ VT 

” ^ ^ »“**<*/*)« /~ 

vTfi **^'•“** (IS). 

(ift) By deBnitlon of error fttociion 
•_ 2 VT 

■-'‘■ 


Vn , 


H*r/ V f ) - —zr^f f] 

V« V 

* I -1/ 

• — •^L{u byrault(2l) 

e 1 

-- 4 r± P(’/,) _-J— 

^ * / " (/—I) */l 


Esompie 4 i—CIvcii I j VT-f “ 


—^ I 


ibow ibet 


{»/«r } v' ' 


L«/(J 


'*yf 


2 I —»/. -i— 

/. • L-rST -/ / 

v'fl 


(by ^ 
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4 'J<» 



fi) 


Bufumpf^i .1 I F>VfilMn(^ J tJf 


0 


«) 


(/) 


y / / f/<-• y 0 *"*^ (l%\n i) fit (whcr^j 

0 0 


I, { I »lii /} I)/ 

'h 

« 3 


100 r,o 


( r€pt»cin({ #«*3 ) 


EjcumplcA Xni-A 

1. Obiiiin llic Lapl.icc (ratuform of/j.ich orifK Tolhwififi funcdorn ; 


(1) 

(iii) (("i-i)* 




(«) 

(Iv) (sill 2/ —rof 2/)* 
/(V) 0 ^* { 2 co« - 3 »in /!/ } (vi) /" 


(vii) (/ + I)» / 
(i)c) co«h* 4/ 

(xi) CO* kt 


(viii; n ciffl 2 bt 
( x) t (2 sin 3/-3 cot 3/) 

(xii) 2t 


(xili) C 0 . 111 / sinh at (xW) jin'* / . (xv) sin (w/ foi) 


(xvi) 


^// 


Cr) 


(xvii) 0 iln* / 


(xviii) 2f/ain 4/(:oi 2/ (xix) 0^^ /*/a 


(i ) 

3.^*^ •f* 2i^ -f* 21 4 

04**2) 0'^ 

(ii) 

(iii 

j< 4'4.<*4*24 

(iv) 

(v) 

2 j- 2<»-36 

(j"^-fl)*'b A* 

(Vi) 


I 


«■ (a*+l) 0*4*4) 
4 

n\ 


04 . o)"***! 
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t** 




(vii) 






(vUi) -L + _ 

2* 2<*-f-32^ 


I r I 2#»+3 

- '* (4*+9^* 


(*») 

h 


(k[ ) 
(«»•) 


(t^-ds^ 13;'* 
6 


(«vi) <cof*i~| 


(*Vii) 


(»+l) (j*+2i + l)-^‘^**''> 


(xvHi) --—_?_. 2 3 / It 

i*-254.37 ^i*~23~+5 X / * 

/(jwhfr""*upU'Lfo,™ 


0 <(< A 


am. 




1 \ 


(I) /(/) -f" ' 

lo , r>*<. 

.‘ xr, * 0 < / < 4 , 

(■■) /(o -{ in.. J. . / I I \ 

fo , 0 < / < 1 

'UI) /III - fl. I < /< I «. /' • \ -» / I 2 \ 

lo . 02 l.+7r -i?*r) 

/ . r r»in 2/, 0 < / < 

(»v) / (/) «, J 

i 0 , t > r 


-2j 


in-7^) 

•n»-_ 




= f 

I 0 . 


. I > 1 
0 < I <1 


«nt. 


2 # 


i*f4 

— f 


t. If/. (/(^ fintJ/.{* V(30 ) 


An«. 


,~3/(j41) 


< H A 1 «/ / ) 


—. I 


*U^ h 


o</<2 
• 3 #> 2 


54-1 

A ( < rr/ (2 V 7") ) 

^ Ant. 


3«-48 


J»(i4'4)*/* 


] 

] 
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[ 1 1 —2# I 

)»-70 j 


f. Olvw L J. (<) - —ZZr“,ihow that 

(o ^ (u* (")} - 


(«)£ { ) - 




W / h (I) -1 

0 

00 

(h-) /«♦■*' 


7« Fifui ibc Laplace trafitft>riiM of 

I 1 «l M 

(j) ^(l-cotai) (li) —. (« ) 

1 linb f 

(JH) (cca #1 - eo. ^l) (iv)- (») r»#-• iln / 

f a 


(iri) y if (vii) ^ acoibx/e 

0 u 

I ^ 

(vHI) coilil ^ /toehadb (la) " 

[vk (I) ylot(i^) 

1 , /*•+<* V 


(v) cer'*.(f'4-l). 

<• + I 


(*o oi {JEf) 

(vi) ■ -j-«il''(*-I) 


If'-* • 


«») -ilo, (^J?) 
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9 . Eraittic 


Am. (1)0 jJ- (•v>Ylog3 (r) 

a Tilt ft»ciioiiJ,(/)faU.fi«f the diffewpUaleQttatioii 

0/'(0+V(0+iJ,(0-.o 

and ifj, (0) "• t ft< d Jg' (0)"»0, th>w that 

i{J,( 0 )-' 7 == 
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• hn^Jy^l * {f ii\ 


(|j t'fufti fit 




IhV) 




/(/) 


ii 


0 


OT) ! ?-v i!. oiM*i)i«iui.j 


r« ( 4 


M ’ M 


♦’hif/l NM*< 

♦ '/ 

/> (fnt y/) -, , // '/o — I 

■'. ' (,.;,)■■''f:-v.) 

.-. y «»«‘Ji I -i 'Ji 

f''f>)l<fWlMK of IlM'i jiirllKiOi 10 hftfi IriVffftA 

l>y l)»^ kjiowil lAiplurr If^uhforfo*! of flroifnoir/. 

CotHOioiM. 

^/) fifilfllii^ 'l’lifor#m i 

11'/-“'(/ (') 1-/(').'Iw -/ 





// 


(23) 


/ 


..)■ 7 


I Him! /( 0. If / ( ') - ,i 
Wfi (lOhilfU'tff >» •fHi<»r« wllli llifl fir»l iw'o lurffU In lli#f /lr.»inMtlni»0»r, ihn* 

4* ft* H )• l‘( 2 )• 

I ‘|< 7 (< f- I ) . « 2 

- ;,,i'?ri,s “ (TFiTV 2‘ ■' rMT?r:,:(Z)» 

In •iiIOUmm/(<)« Nbi !»••» of r.ii)itiic« {runirorfni of tin m tjf 
I if iiid llie ih/niiDf lliforfm, 


From ilifl 


A ( CM 2() ** "A+fi)!'' ^ ^ "■ i*n2)* 


I. 


/if 


ff * 
^ r 

,/ ' •s . 

* 


j 

“1 






‘~*i'Uce t*ahikj*k, 

f—iiL^l -/ 

U'+l;* + (2;»/ ««2» 


«1 


f. 


.1 _ 


l('»+1)> -f (2j»y =■ ' »a 2< 


" L<*+2r+5 / 

-i-. /•—:ti 


-/ 




cca 2/ -f- 3 / ^ ' 


■¥3L'^ 

iin 2 t.. 

(H) Partial fractioat Metiiods ; 

Generally in many problems / (,) i, a radonal fracaon 

p ( f ) - _ 

-- with degrecof F(f) less than ihatafG(/} and (hjsfrac 

G (^) 

tjnn C210 expressed ai sum of partiai fractions of the t)'pe 

A ^ 'h ^ 

jjjg Laplace transform of each of the partiai fractions, we can 
find L*"^ (/ (^) } 

EsMtaph :—Fiod the invene LapUce uanaforni of etcb of the (oUowint 
fanclioni' , 




• 2,i^6s-r^ _ 

(f-l) (s-2} if-3) 


1/2 ^ 

^ /-3 


“ ,-2 ' /-3 ^ 

n inc laoic, am , , > t/ 

(^)-.'. - teJ-{5i - * 


From the t»btc, we fia»* 


Thnekte 


r 1 <r^ 


'■ .Z< V'S 


5 ^ 


2^^ 
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T^- C-^s) 


1 / 2f . 5 Sf 

T ' 2 


3.+ 1 _ __L_ _ 

< “ 1 (-,_i)[,*+ir ”' - ‘ ' 


r -f 1 1 

-I-- 

= fe) - {^) 


2 — 2 co» / -f 'in * 


6.*-2Ii*+20j- 7 2 , i_ 4. -i_ !-t, 

'-2 ■ f'-«* 

Froco the taWc and rjaing ihifling theorem 

^ t •\ r ***! at 


X> 




,c): 





Hence 

r6x*-21x*+20/-7 1 

/(0-L'>| (,-f-|)(i-2)> J 

{r;r} fel.trfiTiJ 


—t 2f „ 2t /• 2 / 

- 2e +4r +3/e - —# 

-2/"‘+ (4+3/-l(*) «*' 

(IV ) The quadratic factor* cannot be reiolved into real factor* with 
real number*, hence 

i*42r ~ 4 3 ^ 2 

(,t^2j+5) {i*+yi+2) " i*+2r+5 <*42r+2 

(3/2).2 2 

“ (^+|)t4.(2)i (j+i)i+(|)» 

U$iag sbiftiag theorem, we have 

i-/ . I _ T-i f i*+2r~4 *1^ 

/( O - L" [(,,+24+5) (,«+2,+2)J 
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'■''•‘'■'‘•"t •IIIAN.roMMI 


' {(7hPY/i()i] -! 1 

ir', » '('"J'+fipj 


«3 


“T* 

(Ill) rr £-• {/(,,) j (, J / ( 0 , ^ 

'~'{’f(0}»f'{i) 
i e. if known «andar,n„.n,(V,rm/ (,, i, 
inverse transform i.i the (llircre min linn off (I). ^ 

This can be generalised as 



z- , 


1 (/" 
///" 1 


with conditions/(0) == 

,/' (0)» 


(0) t) 




(24) 


suit (17 ) i. e. 


= (-!)*/ (') 


which can be expressed as 


••• ••• 


(25) 


ExAtnpl* 


—- 7 ™ Laplace 

find the.a*e«' .,,.A + 4) 




(iv) lan'* ( ^ ) 
1 

i ) / ( j) =* T L ^ 


/. L 


-1 


- 

- 2 / 

wr/ (f) =* jpTir?? 


I 


1 

I 


,, 1 

» 

i , 


i' 

L> 4 
J 
^ st;i 
‘.fj 


' m'l 


i ! 

|ia 

ill! 

i 

j 



m 
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fin «l 
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Now tHing r«ull {i h»vtf 
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' r > \ 

</< I 2« ) 

am -i- f 0 i CO$ at + tin «f i 

24 ^ 

f li) VV« have, if 

r I • -«i 

/(/)«, , /( I) wm 0 


I f-a 


2 




>4l 


Now/ ( / ) "* — .-/ ( <) "■ 

(i -f-a j" 

rncr by rctufi (2ii) 

(to-) 

•■• ^''' f~“^T I ” 

I U’ha)* j 2 

Uting rriuit (24) 

l(.f4)>j Jl*l2' j 
« -L j^a»/*-~iarf2 j 


iii) ’ /*(0 ^ log ^1 + -^ J 


log — 2 log s 

2f 2 

»»+I« 7 - 


/” W 

r fCJuIt (25), 

(i) “ 2 (C05 d/-l) ^ - // (0 

/ (0 ■*“ (1 —COI df) 
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(I V) Un« of Convolution Theorem i 

If ihf. I’unclUm/ (i), whose inverse transform is required, 
(mil lie expre««e(l a» a proiliicl/ (s) G ( j ). where inverse tr.-ms- 
foriim of F(l) ami O ( i) are known, we can use eonvolution 
theorem vl*» 

lf/,-iF(r)=F(0./-'G(>)=G(')»«<l 
/(j) ==F(<). G(r) 



Scanned by CamScanner 






UtF - y wid 0(/)-/ (i), hence bf rcMli()6), 

it-[-^^j-/!•/(•)* (27) 


A'#i# P (0 O (0 ^ iniercheiigeehle. 


I :->Obtaio ibc invent Inpiacr tr 




0# the ibaowiac 
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/[l-(•+!) s—1 A 

d J 

[»+(«+1) j 


(H) 


— <r +2# -f / — 2 


1 



/•+•• • 


L-i 


cos at a 

L-l 

f1 - 

sin at 



€ 


(0 


Hence by mult (26) 

^ ‘ {(«*+-»)•} " {(7»+^) • (»»+«•)} 


^ -V 

, r O--' 


U' 


/ . ^ tin M ^ 

cofu ( / ~ « ) - dm 

a 

0 


-ir/[ 


•in d + tin ( 2mm 


0 

1 


-«<)]* 


■■ ~r■ tin mt — ^ col ( 2mm—mt) 1 

**l *' J 


t iinat [ Thii proUem cun be solved by using 

mult (25) 1 

i—Ftod the in verve treniform of the follovring. 


I 


(fii) -L|,1±1 

s #4-2 


H) 


I 


xv'^4“^ 
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(J) 


(4-2)* (1+8) *“ ^ (4-2)« (4-2+5) 




<*(4+3) 




- 4 - 5 * 


By convolution theorem s 

L-l ' ** ,-l ' 

^ TT-ii • ‘■ nr 

I 

" i<(.+S) J 6 ' * 

0 

-5/ / 

-T 

0 

6 L\ 3 23 123 623/ J 

-±r.L,.-± 

6 1 5 25 ^ 125 625j T 625 

ii) ^ - I, I-* -=r - L-i f V4“*< j: 

V 4 / V'4+^ nV*/ 


cm. 

r(*) 


Hence by convolution theorem 

I I 4-«» 

I-I—=r-r — 

4\/4-f*4 J y/lt* 


4 « 

V *** 


1 2\/< 

J 4-i^</^, (4*-/) 




I 


»Y4r/(2 ) 


I 


•inoc #(/(/)•• 4 “** * 

— * 4+3 

(ill) Let / (4)-log — 

-- 1 I 

/' (4) - ,^ 3 “ 1+2 
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flrrentlal filiations it is nf*‘<;ssary to Imvr 
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(>*) oi^^'nir [ -f' ] 
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) Lf«e convoludon theorem to obimn inv^m l.•JiU*r irgruform wf wb 
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i'-T.) 
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(»v) 
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lai. t(j) -L r'»') (•»' -L (tfti-II - <cw H 
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§. Sbopw iImk 



fi) t-' l-L ,„_L) _, _ _»•__ (• 

V** ^ * (2!>» (4ni m* 

f-iT 1 ^ 

' 4^ j " ^ •*" «/+*mh «r coi tf) 

(Mii t •{-Llc(,+ ^)) 

* 0 

(h) ir /, { 7^ ( * ) } • ■ "" . , then 

Vi*4-I 

t 

J .h (*) 7* (»—») dM — tin t 

13.§» ioiacloa of Ordlaary Llsoar DifllBirMitfal Eq«a- 
iImo wMb CoBocaat Coofficiciito t 

We are iKnr in a position to develop a method for solving 
Moear differential erpiations with constant coefficients, when 
the ifillial (or the boundary) conditions are given. 

tjti ua first take a simple problem, which will bring out 
the pecofiariliea of the I^iplace transform method 
E*#l. Solve the differential equation 

d 

/> 0 , 

i 4 

whh^ « I, Djr -= 2 when I « 0. 

If we multiply the equation through by e and integrate 
from 0 (o », we get the Laplace tranfform of the whole 

eiiifadoflo That is we have 

- ■■ ■ 

Now t {2} " W - tf.fbyeetult 23)] 

L {y) ^yO) ^ „ 

and l» T'l * ** 

1*0 t-0. 
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- > - 2 1 


] ■ 

. (il) 


Therefore 

and L {y) mxy 

U.inK (ii) in (i), 

y '■) f>' I- 1 ].. I -1.2 

Thi. i. w„„ „ . ■; ^ j« 

br.ic equ.Cion; from wl.ich; (,) i, „b.aincd a. 

y w ■" •“ —- 4 2 — 

J*+-I j* f- 1 ' ,a I j ••• .. .. (iv) 

^ (0 of -ran,forms, we obuin 

y (0 ■= cos / f 2 sin t 

which IS the solution of the given diircrcmial equation. 


Ihus the Lnplace transform method changes a differential 
equation with iiiitiai values to in algebraic equation (the sub¬ 
sidiary equation) from whirhj(f)is known and its inverse 
Laplace transform )» (t) is the s«>lu(ion of the given differential 
equation. Another peculiarity of tigs method is that the initial 
conditions arc included in the method from the very begin- 
ntng, mid they arc not imposed at the end of the solution as is 
done in other methods of solving differential equations. 


Let us now develop a routine process for transforming a 
given linear differential equation into a subsidiary equation. 

Consider the differential equation 

H- ai ... -f nn-i Dy f n^y « /(/), / > 0 .. (28) 

'v»th mifial values oi y, Dy ,.. 

J'oi yu • .Ja-i respectively, when / 0. 

Taking the Laplace transform of the equation (28), we get 

-f a, -f .. -fii*., Dy + any] L {f{t) ] 

A (DV) -f I (Dn-\y) -f- . . . +an^i L (Dj) -f tfa L iy) 

[/(/)] . . .. (29) 




t 
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With usual notation and result for Laplace transform of tht 
derivatives, we have as 

sny _ (sn-iy[ 4- ^ 

+ aj - a, 

+ .. + Hn-i^y — a»_,_)i„ + any = f (s) ... (30) 

wherej---=/(^) = i [j> ] and f{s) = L [f (t) ]. 

We shall group the terms in (30) which is the subsidiary 
equation and rewrite (30) as 

+ ai + ••• + an)y 

= /W + + ^n~2 (y'o + J'l) + • • 

.. + Jfi "h •* 4‘Jn-i) ••• (31) 

This now helps us to form a rule to write the subsidiary 
equation immedi.'aclv. 

(a) The L. H. S. of (31) is obtained by replacing O’)! by 

sry^ (f =s 0, 1, ... n) in the L. H. S. of the differential equa¬ 
tion (28). 

(b) The R. ft. S. is obtained by writing/ (^), [ the L. T. 
of/ (0» tJ'C ^ui^ction on r. h. s. of diff*crenlial equation (28) ] 
and adding the terms to it as follows : 

For Dy on L. H. S. of (28) add^o on R-. H. S. of subsidi¬ 
ary equation, 

„ D^y „ add yo > J'l 

„ ^*yo + syi 4- yt 

•#•••• to 

• * • • • • 

—j 2 

ForD*'j> », ^ “ + yr^i 

and 80 the subsidiary equation (25) is formed. From the sub¬ 
sidiary equation (j) is found and hence y (/), is the solution of 
the differential equation. 

Let us sec this routine technique applied to one or two 
problems. 
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»ry equation if obtained by writting s for D 


tn 


LAPI^CE TRANIPORUS 

1 •'** Solve the equation 

(D*+5D4-6)j>-i 1. / > 0 

^ilh initial conditioiu> - Ojr - at / 0 . 

The L 'Ht S< of thesubsidia 
L,. H. S. of the equation U 

(J*+ 5i+ 6) "7 (j) 

To forna the R. H. S. of the subsidiary equation^ we ice that 

/ (0 - 1, and 7" (f) - — . 

s 

The R. H. S. of lubsidiary equation 

“ / (^) + terms added as follows. 

Corresponding to preient in L. H. S. of dift. equation we have to add 
corresponding to Dr in L. H. S. of dift. equation, we bavej> 0 . 
• The R. H. S. of subsidiary equation is 

— -f ^ (V- 

The subsidiary equation of the given differential equation is 
(s*-h 5 j + 6) T W -+ tro 
From which 

\_ _ 

y • s(t + 2j (i+S) (/+2) (J+S) 

111 1 I 

-6 • / "^3 * sT 3"2 • i+2'^(i+2)(i+S) 

*1 I 1 I 1 

“ 6' 


i 3 ' r+3 " 2 


1 jri+_5> 

,4,2 r + 2 


I so using the Table of transforms, we get the solution 
I I —3/ 1 —21 

^(/)-g- + 3^ - 2 " 


yt ^ ^y* 
t + s 

—3f. 


•f iyi + 3 .^t) *” (^1+2jt,) s 

^aiUBpIo 2. Solve 

^ + 9, - 181, If / (0) - 0 «<*■<’ ( t)"®' 

Noie la tbii eaimpley (0) it im» ** 
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Ititiifiif fhp huplttf^ of llif *f# )i«v#i 

/. f ‘^<'1 A n0/; 

* I'I 

(♦• I tf) ^ (♦;**• -“f f •> 4- (♦ ^0; 4 A ) 

/ • 

Ifi” ^ A 

{r{j-j-U)) *■ .TT1 

2 A 

-■3 ♦ 

.'. > (« - 2 / ( 4 - M. 2 ; «)n 1 / 

1 


( (Ufnt TfiMU ^^11) j 


To dfi^fmlfi^ A, wi nn^ >' 


I 


(t)-" 


/. 0^n--rA-2) 

A Iff f 2 
A *Th« ooltiiloo j« 

^(()-2/4 A((.i,+ 2, _2),ln1< 

Mi 2/ f- n lift 3f, 

I3i7i Solotloo of MmiiltAiiooiio Ordinary DifforontUI 
Eqtfotloiif f 

The Laplace transform method is very useful to solve two 
or more simultaneous ordinary di/Terential equations. The pro¬ 
cedure if the name a* diat used in art. 7.5. Here the method 
trandormf the equations into solution of simultaneous algebraic 
iquatlons. 

Eeempte f Solve the equations 


da 


(i) 


•J- + 2— + 2« + 2^-0 

to the eondition a (0) ^ 1. ^ ( 0 ) m ], 
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ttliM ^ uwitr«nn (i), 

[ UftAf nOlfttiOQ M (•)-•, »(0-/j 

llf + l]+-l*^*“ll+* •* — —i—^ 

‘ «+l \ 

i,i+-II+2r+i}-o ) 


W« fit 


i. <• 


ll+l)« m - ~ 


I .. .. •* 


m 


lH-21 M -♦• 2li4-n/- * 

Sotnnc ib« iimaltaneoa* rifebr.ic (H) <or ««kM^ » ^ 




j.+J_ 


f ' + * • 


(Hi) 


•ttd 


* i. - ^ — 

- ,-?T !'»'■•♦’ 


of (un ** 


(w 

of tll^ 


Taking invert* 
equations are ."V cot < *♦* 

•bit) 


bat) 




_ *111-0 

S^. *.«•-•"•*'' 

(D+i)»i-'‘»'--*"■'" ■* , -'i.-'-T*"'] 

r - — —I r + J 
I A«» - ^ * 




d) 




- 5 .',: 

■M- 
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(J) (Df I) jr -• I* §>▼««,? -• 3 when # «• 0 


[ 


Aru. y (() ' (— + j 


(♦) — 6jr =» 2. with > ' 0 ) =■ 1, y’ ( 0 ) «■ 0, 



_[a». 


I 8 3 i 4 - 2 / 

■ 3 * ^ - -I. - ^ 

3 15 


A 


4 - 2/1 

T' j 


1 


~ -f ?-«n/with/( 0) - 1, y (0 ) 


Ans. ^-^l_-_^co«/j 


TT + ^ -T“ -t- IS* «■ J « , where jr =» 0 , *» —1 

«* 


when / *■ 0, 


[ 


1 -it - 

An. » = ~ V -^2 tin Sr I 


^ ^ ^ ' - '•) -i'h • - 0. -^-S.forl-O. 


{ Aos. jf » f® — f 4" ^ 

(8) (O* — 2D* 5D) r =• 0 with j ( 0 ) a. 0,^' ;(J) = 0,/* ( 0 ) =■ I. 


[ 


Ans..F =» —-coi2l4‘ — 

3 o 10 


/«a3i j 


<v. dx 

(^) TT 4 “ • * 6 co» 2 /. with * » 8 , » 1 At f a 0 

rff" 


f An*. * » 5 OM f 4 - an f — 2 cat 2 t ) 


(10) (D® 4- 2D4-I) A — 3/#“^,jr (0 ) — 4,y ( 0 ) » 2. 


^Aar. ^ - ^4 4 - 6 / 4 - Y ] 


(II) (D®-h 2D 4-3 «• e *m/, / ( 0 ) a. o«y f 0 ) ■■ I 


r* > 

j^Am, (umt-^nmli) 

I 

(It) Jydt^mt,yi0)^l 


] 


Fa -# 3 -/ 1 1 

I^Am. 7-A- j,tf ^ j 
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“ »»»•' l»w 


V,. _ ,„ 

..., 

pirwt. , , 




yof)2 




(14) A ('.imirtin voltrtuf j, , 

' WiH ,,,^0 . . ‘'"'‘J 

•rrlon with <«ro InliUi . ~ R c. 

f'irr«ni «,„i in 

Rl 

I.G “ 4T*^®' 




[w - 

*' nl. 


iin nt 


]. 


''*> ‘'''''’ "f mi.„ti„,„i,, 

■ li«ll mid mudii, will, "' ’ ""'"■'iH b» M,,,„ 

A.omimii .<•wrdi„|,r■,u,.lrl,i, .J,”", Au.„. 

ihA lliflilr.. oCI., ,h.,„, H,„| , 1 ,^ '" "'' f'"' "l'«l- 1< C. .. 

iilllcr whrcl. I'«qu»hl .n,„|„ „loc,iv of ,h. 


• • 

(ir.) A pnrdrir mov« along a Unr »o that iti dupl.ufmnnt r from a f.^ed 
point O at uny time t it given by 


<flx dx 

"X "f ^"T" + ^* 2 81) sin r>/. 
(//• dt 


If at / «« 0. the particle ii at re*l at t-O, find the dtiplarement at 
any lime/>0, 

( Am. *-2 ' + I '> - - ’' ' ’ ■ 


(17) Solve the .-*iraultann»u't ^•(^ll.>^ions 

dx 


■i 




'* •^ ’ , j 

dt ’ 


t t‘V* 


g » O' •• ’)• 
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A fMT mm m uMntHiArim 


(U) 




4t it 


i/"> Mt§ Vi 



tin it 


) 


f (d)«. » 


mm 

m m I, 


m 


i^» 

4 -» 



0 


» (0 
✓ Joi 

y (« 




U,f(0) 


^ t 



(i) ^ 

(U) gm^0* (gmt^ttnt) •• 


^ / (mi t ^ t) tin it 

(tf/) gm2§cm A i^Y ^ “ir'T. 

y i 2 J 


(IS) For liM•QuaiioM 

^ (V - ^ (iA—^ 

wiih cofl^llioM «(0) «* «,/ (0) • 0« (0) «■ / (0) «v 0 , 

tknwtkat 

CM «l, IM 2«l> 

« 


LAPLACE TRANSFORMS Of SPECIAL FUNCTIONS i 

In discuifion of cortain lypci of pliyiioAl und cnfinoerinf 
probiomi, it if roquircd to Sod die folation of a diffrreiitial 
oqnoikm of tiM fyftem whicii it if oetod on by 

(n) a ^eriadi^ fmtu or orlliii# 

(b) o iiaH^ /ow or oaS^ eotifif instatUmmufy at a car' 
tain time, or a oonoeatrated load aodof at a point, 

(c) a force acdnf on a part of the lyitem or volufe acting 
for Snita interval of time. 

tUmet to Om faUowtag tnlekt, taeh fvaetknu $ai Ouit UptoM 

... have been dieenfwrf wkl prebieme ittvohipc mm" 

fonedeoa are aolved at the end. 
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13.8 P«Hodl« Faneaont i- The periodic function/ (/) of 

nod T is defined as 

/(< 4* T) = 3 /(<), T > 0 . 

For example, periodic function of period 

T s=s 2n, as 

. / (t 4* T) =*s sin ((-f" 2 Tc) 

«= sin / ==/(<) 


Another example of periodic function is a “Square Wave func¬ 
tion for which, 



/( /) = I, 0 < / < a 

= - 1, fl < / < 2a 
with a period 2a, 


Fig. 57 

The LapUce transform af a periodic function/(/) dehntd 

by (33) is given by 

7w=i-(/w) 

00 


1 ,-'•</■(/)/// 


J 

0 

2T 

T 


r-«'/(/)rft-f -r 

J 

0 

T 

' + 1)T 

i‘,'’*/(0‘" - - 



! 


1 
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A TEXT aOOE OF APPUED MATHEMATIQi 


Now in the general term on R* H. S. put / ‘^ it -h rT, i. e. 
Jl 1 = Ju 

(r+l)T 


% 


J- 

rT 


[as/(w + rT) =/(«) ] 
for r —^ Oj 1^2 «« ** 


Hence from (i), we have 


00 


/ (^) 


r=0 0 

T 

l-i-=0 -Jo 


= [l+.- 


-f-e . 


0 


0 


e-”‘/{u) du 


Heace for a periodic function/(<) of period T, we get 


/(s) 




«-■“/(«) A 


(34) 


ExMiiple :^The **Square Wave" function of pwiod 2a is defined by 

/ (/) - 1, 0 </<e 

«-I, a<t<2a, 
find the Laplace treniform off (t). 

8y reiult (34), iince T«2e 

2e 


L {/(0 


>"Tr.^ f.->/(.)* 
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13.9. HeaWsid, Unit St^. Fnncdon :-One of the mo.. 


‘ I and also simplest 

descondnuous f unedon is a 
unit slfp/unclion H(t)i which 

j __ is didned as 

H(0 = 0,< < 0 •] 

= 1, i>0 j 

and is shown in the Fig. 58. 

. ———- *' ^ Thus unit step function 

pjg^ 58 is a curve which has the 

'alue zaro at all points to the left of the origin and is umtj> at all 
)oints on the right of the origin* 

A 


The displaced unit step fnnctiou H 
f'(t) 



Fig. 59 


(t— a) represents the curve 
H (/), which is displaced to 
the right through a distance 
a to the right along the 
direction of /-axis, as shown 
in the Fig. 59. This function 
is defined as 

li{t-a) t= 0, ( < ‘''l...(36) 

= !,<<« J 
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A YliXT lliH>K Of MATIIIUIA i'lQl 



» UlUl Step fum tions H (f a) *inU H (<) ure exie^, * 
i|y#lv riprvient a portion of the curve of the function 

/ (I) 4* fxpUincfi In the following cesct. 

CnM I t^When the function/(/) is multiplcd by uni/ sttp 
Amtm H (0» rctuliAiit function 7 (0 H (/) will represent 
the p<irt of the function / (0 on the right of the origin^ the part of 
f (I) iw the left l)eing cut cdTi. e. 


/(OH (/) .^0,/ <0 ) 

. / ••• ••• ••• 

«»/ (0i j 

This rrsiiltant function is illustrated in the figure 60. 




Fig. 60 

^ t—When the function f ( t ) is multiplied bv the 
d.spUo<rf unit Step f..„c,ion H ( . - . ,he resultant l.mction 
;y) Hy^a) wiW represent tlie part of the function f{t) on the 
right of / =a a and p.irt of the left of / ^ a is cut offi. c. 

/(r) H (/ — If ) := 0, < < a 'j 

.. 

The result.int function is shown in the Fig. 61. 
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frifi 


“*■ , ?*^!* ’*'**»*»»>>r/-ft!fp^ ^.*>****»*»^by*»«. 

'‘^•^'^^ctcvistic of the «*»■€»< the 



^’****** * dapfaced (/ (t - mj k midUfM bf 
U *c rewIlM* fowM /(/-«' H(^-# vtH re|»re. 
P**^ dK fo MCt i on f(t--^) booms cfct rigl? rf t ^ i 
part CDE of the carve thtch p«r: «« (52 *, e 

/(!-•) H (1-4)-0. f<l 

— f i-sh * > * 



Gaao 4 »—>The portiai of the ewe / I !na« 



^ pMt in^ 
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/(/) fH (/-«) - H =0,t<a I • 


The representation 
of a part of the func¬ 
tion f{t)in the interval 
a t ^ bf is parti¬ 
cularly useful to re¬ 
present the periodic 
function J {I ) [ i, e. 

fin =/^/ + T)] in 
terms of # single 
function.. 

The characteristic of 
the periodic function 


= 0, t > b 



Fig. 61 


/( 0 IS that, the shape of curve in 0 < T^s repeated in th^ 

mterva , T ^ ^ 2T, 2T < , , 3T an.I so ThTcu^ve Z III 

'fur^\h'- ’ ■’ displacing lUc curve 

f t) m the mtcrval 0 « < T, through a distance rT ,o the ^h 

along the t-axis and hence the funclion/,^., (t) in rT < / < ,> |- MT 
IS given by the displaced function f (/— r'F) and hrnrr' ih 

T < / < (r + I) I IS given by [ result (40) ] 

/,+, (0 =/(,_,T){Ji(,_,T)_H [/-(r+ |)T]) 

Ihui the complete representation of the nerioHi/-r ■ 

svdl be represented as sum of the functions in i42ai 

in 0 < t < 05 i e >"n-iions m (42a) for all mtcrval 


/(') 


00 

E/('- 

r^O 


) (H (/ rTJ - H[/—(r-t I) -p] ] 


Tranaformatning H««vlgld* unit f . . 

(•) U«l. .»v H”r:l ” ’■ 

m ma 


(41) 


H(0 


0 , / < 0 

1. I>0 
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m 

tfit, ##KW f rnm iim f i ^ •> 

yk^ ^ ^ ^4 t {i^*) f >4 

I# |W^#» 

Pi ff 4) (p, t < « 

— / (P ^ 4ff f ^0 4 



Hf {— in tsfA,. thA h^pUtiU tfMn^orm of /(t)H It 
if fA/pdf^p lifH €Hptnm / (t) at i fanrAum of $ a i. t, 

/ (I) - ^ 

A (/(/)M(/ -«; )-A {^(/ ~ a) Hit-a)) 

(i). 


Scanned by CamScanner 



Thii ii illustrated j„ , *^1 

(»V) Tlw Pwlodic 

part F (0 of the periotiic - f fi 4 . -r . 

l'!f- l«) 1 » #™, » .W 'I* 

, /(')-/(OH 

F,„ . 

^ (') “/(O, o<t^f 

=» 0, / ^ T 

Taking the Laplace trarMform nf r) j 
(46) *nd (48). we get ^ *"•* '•>« ,muIu 

F (^) = L[/(i) H (<)—/(< -T)H((_T)] 

= /(j)-e~’'^/(s) 

Hence the Laplace traniform of the periodic function / (') 
is given by 


/w 


F(/) 

1-c-^T 


where F (/) 


f —itf 

J# 




g^^pL, 1 :-Find the UpUce traoifom of thr funciinn 

(i) [l-f 2l-3<*.+4<*l H (f-2) 

(ii) sin / H (f-^) 

1 In order to find the Uploce rr»n$hrm 

! ^ funenoo of/ -2.« 

l) must bec*ppc*»c<* " ■/'*'f7i*24 

Now/(2)-»./''»>-”-^ ''' 

By Taylor*. TBeor.® ^ ^ , 

/(O-25 + 38 <»-2)+ iT ^ 3i 

••• By .-»■«(«)• rr, 

i {/(o * *'''*^ J ^ IL -1 1 

„ s8 
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A TEXT BOOK OF APPLIED MATHEMATICS 


(ii) Expresi sin / as a funciion of thus 
sin t — sin (t—Tt+7r) 

■» sin (/—’') cos TT 
=3 —sin (t—re) 

Lsin<H(/-Tt) = -i{sm Jt) } 

* " 

"s* + 1 

Example 2 Express the following function in terms of Heaviside’s unit 
step functions and hence find its Laplace transform 
/(/) cos t. 0<t<n 
=« sin t, t>n 

For interval 0<t<TT 

cos t => (cos t) H (/) - (cos 0 H (/-rr) 

= cos t [H (0 ~ H (/—tt) ] .. •• •• ♦. (i) 

and for t>7r 

sin / *B sin / H ft— n) .. .. •• •« •• (ii) 

Hence from (i) and (ii) 

/(O - cos / [ H (/) - H (/-n) ] + sin / [H (/-r) ] 

= cos (H (/) + (sin <-co8 t) H (/—Jt) 

Using the results (48) and (46) 

L f cos/.H (t)} “ (iii) 

f*+l 

and 

L { (sin /—cos /) H (/—«) } 

=» £ { [ sin (/—n+n) — «os (/ —7t4-«) 1 H (/—Jr) } 
at £ { [ — sin (/— Tt)+ cos (/— rr) ] H (/—k) } 

•ml _ [X-I] . (iv) 

^•+1 

Hence from (iv) and (iii), we have 

Example S Express the full wave rectification of A sin pt [Fig. 63] in 
terms of unit step function and hence find the Laplace transform of this function 

7t 

The part of the curve between 0< / < — is 

P , 

/,(/)-Asinp/ J^H(/)-H^/--~jJ .. .. (i) 
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INANmrhNMd 


4/^ 





A 





Hi. ni 

,„.*.v»i 7 '" 


4 |MH Kf jfit f(H¥* 
I . ^ 'V'* 

(I 

y^fif ^ ^ 

Y* <»fff«lf(H| liy (ll•)«lllfIfld >h# 

,(•►»*♦* 0(*» \tnti 

A 

nt U)l« (ilU|fU< tnf¥f 

A «ln /> ^ I j In ♦I*'- 


..(' ;)["(■ ;-)"(' ';)i » 

n »» 

TIimi l»i («•••♦'»'«• ••'** ♦ "I v** Id •li'* I) ‘ 

,.„,.,.|M.,I ... .... . 

„ ..-‘['"I' "tJ-".... 

.. 

......... 

r —r (r I l| ” 11 ., ('»/ 

-"[' 'T'J^ 


r^O 


.. ('*f 


Now by the rrHuH *'* 

VI A/* 

r / f))** 


/T 




. f 1] 
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A nXT mX>K OP APHUPO MATllElC.\nni 


I adjiuiei lo u*c iSc rr»u'i (» 7 ) j 

1) r$ 

jV —;— 

" ji ^ ^ ^ •• •(»'« 

H«ikc (akinf ihe l^pia^'f iramfuim of eqi (i>), K*f ^et from (v) »nd v» . 

r (t) - it/iD) 


^ ( 

-• »• \ 


5 D ffTi 


)E' 


AUter — V>r can «ltrrclly ih^ n*«iili | > Ifrrr F fhr fuiK*i<'ii m 


the inirrv.il U<(< — ia 


I' (l/ A tm f*i 


"It 

.'. F (<) - I < A >111 ^a. 


(■-r) 


*f/p /, ^ \ 

r #-'• i I / 

• AI-- coi ^«4-» •‘n/•) ' 


By fetuh l4f)). hc 


/ if) 


>• + F* ^ J ■•••+F* 1 2 F A 


13.t0> Dlnic*d4ilta WmmKBdom (Ihdit ImpvlM 
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ihf ^m{\m V (i) M\\n\ by 


> •.'1 • 

Thii fuurtiou ii rtprtitnitd 

{\\ \\\t Ki«, 66. 

Thru intr«rrtH«g the func- 

tUm V (0i «<** 


Jl I lor »U veKiri i»f • 


n.oauc* ol infinite 
iiuH***! Hfi»ce 

pxprct'fa .»» “ ^ "** 

tf<i by 8 


rt^pirsnu 

force At\ii it 
hmitin^ lornt 


where F »» 

When « • 
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A TWIT POOK Off AI*PU«D IIATHEMATICI 


whera F (0 - 0. / < 0 

I 

T“ * 0. < /I 




(55) 


« 0 . / > • 

l 44 Uii€« trABtform of DirAo^dolto ftiBcdoo From 
the definition of P(0 giv*n in (30), the Laplace transform of F (/) 
ii given by 

GO 

’■i{F (0 J - f 

e-f f 




-as 


—ts 


T L'-r ] 


L [ 8 (^—<i) ) » Lim F (j) 

s -♦O 


—as 


—ts 


Lim p 1 ^ # j 


t=a i 


^ *-^oL 

—<zs 


[ by L' Hopital rule ] 


Cor : — when e wi 0 


L ^ 8 (^*“<1) « 

— as 

.0 


^ { 5 (0 ] 1 

i 


.. (55) 


(56) 


- th* definition of Dirac-dclta function, we can now re- 

prei«l the follow.ng phyrical problem, in mrm. of this function. 

(.) Concentrated load W. applied to the beam at * - c. 
If represented as 

W « (*-a) 




• • • • 


(57) 
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(b) The unit couple C appU^j 

couple form^ ^ * - «i. a UmiUng f<«, 

«w» * = « + 8* in oppcite T at *=, 

1 . e. the pouple C acting at x ^ *» -► 9 

^‘‘"^^aisgivcnby 

c (*-«) = 

8,^ il——^ 


.-. L{C(*^4)) = 


[by result (56) 




= S€ ^ 


(c) A force of impulic J applied at time / = a is given by 

J > (<-«) 


HolAtftos iMfwcca Bfesviftkie sail step fnactleii •■mI 

iMfUO^bilta IvMtiM :—^From the dehnition of F (/) as given 
by the re^t (51 )*and from the Fig. 66, the function F(/} in temu 
of Heayiade function is 

F(f) = — (H(t-<i)—H (/-«-«)] . 

c 

Lim 

••• »(«—) = .^F(') 

Lim H «-») - H (»-a-«)_ 

“t-*0 • 


(58) 


= ~H (t-«) = H' (<-') 
«» 


1 . e. 



(59) 


(i) 


- —^By definition of 

(A) A 

Hi* I* evident from 


wc have 


Scanned by CamScanner 




478 


L H' («-•) -< H (») - H (P) 

[ by »wuh W «»d (i) 1 

• m Lt (!-•) Iby iwJi (55) 

(B) L H* (/-•) -£*'(!-«)- 

•nee 

I i*/(») -*/(<>) -/• (0) 

we get 

L H' (t--e) - i* H (f) - iH (0) - W (0\ 

— ^[from(i)J 

(i-e). 

(C) SliUlW 

Since, 

L !((-«) - 

we have 


4 -*^ a (l~a) A 

i. e. the value of the integVaUoo of# ^ • (f *^) “ ^ 
Uroiu 0 to 00 U given by replacing t rt#^ «be coeft- 

dent of a (l-e), by e i. e. #~" 

Xhii lifting property can be genef^Uiaed at, 

(60) 


For 

I (j-^) «»lim F (0 

• U.0 
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•'AMiABII tRANtfiiHW 
whw* ¥ (I) It givn, ,,y ^ 

•'(0- Y "> III/ „ , 


1 /(O 


•itiiu r ^ 

• 0^ * 


M<) I itH rf) M(^ M 


11 


^ \M\\ 1 r r 

•-♦o . L3 




1«(m 1 

• -• 0 I 


I • / |« wl»«M H ^ C <» j • 


I Hy MiKrtii v»*lu»* l'l» of I 

- I.lm !/(►») 1 

• -♦ i) 

—« f'(ti) ( m > -4 *1 Ml • <M 

itlvffl fr«blMiiM \ 

iBtmfIt 1 l-OUlfllll III# iliv#l«« immiImihii Ml 


(li 1) 


^ I i 


. : f ^ J, Iiv immIi I^Ult 1*^ K** 

(,) I. -y,,, .„■ * 


'■ lirTT)*/ »' 

.. w* 


(I I) 1»» •• 


(U) tin** 


i.f.no 

M 0 IMI 0 ^ I *• > 

, - •_^ * liii 10» I’V 

T?4 

1 ..... 1(1 nil! (' »' <*••*"' 


-if .'M-J.lnll' 

• nil 41.' > ■ 
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2 Solve the differential equation (a ^ I). 

^4- + II*/-/(O. (^) */ ® 

d<* 

where 

/(I) « 0, 0 < t <K 

■■ lin I, a < / < 2 k 
« 0 , />. 2 k 

£xpresiin^y‘(t) in temu of unit step functioni wc get 
/ (0 - tin / IH (I-k) - H {t-2n) ] 

Thus the differential equation is 

= .in I [H - H (/-2*) ] 

= sin (/— K-f It) H (t—n) 

— tin {t—2n-^2n) H (<—2k) 

= -sin (/-K) H (/-K)-iin (r-2K) H (<-2k) 


Taking the Laplace tram form, we get 

[i* y -sy {0)-y (0) ] + n> f 

— 1 P —KJ —2k5 ^ 

^ ~ (j>+i) ((•+«») L' + ‘ J 




] 


[ by result (46)1 


For inverse transform, we have 


(•) 


[stj'(0)-/(e)=oi 


1 « * ^ * * 1 
1-1) (ja+r»*) “ 1 ~n* L J* + n* 1 J 

^ ' {(.*+1) c.*+>i*r} ” (t '} 

Henoe taking inverse transform by using the re«ilt (47)* we have from (i) 

+ Sinn (/—2i.) - >in ((-2it)J H «-2b) j 

“nTTi {( T ')»((-).) 

+ (-^•inBl-,in()H (< - 2n) j 
when 0</<«, H (<-n) _ H (l-2«) . 0 

"<r<2n, H ((-n)«l,H (|_ 2 i,).o 

I > 2i», H (/-b) « H (<- 2»).. I 
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if 


m 


<t<U 


J 

“,7>-1, i***" •*•'♦• •»<),. 

K<w pf<»W«w Ml kx^m-dcfWji,*., wt^ a 

^ tt tpplM W » (Ktm M wt,«n i« it i^^H, 

llli; 4|^ftrr«flUAl «|IIA|i//ll 


r»Q«c«i» traced 
we uM 


FI , 

K» ^ - ® < *; 


... ( 61 ) 


where w (rjl U traravene load intenttty at a diacaace a 
from the r>rigia and the end o mditioiu are ven h)r, 

( m ) Clamped end* ; —7 — ^ « 0 'ilopet are zero) 

dM 

(h) Jlupp</fted end : —7 " 2 ^ (Beodnf moracot zero) 

p 

(c) Ff« «»rf :- 9'“ 5 " “ “* 

icieann^ itrcw are zero) 

J,-Okta*aika4dU«tem oT ^ 

9 I wr««»- Mi^porusd ** e«l*, wte- 

^ • oMMtrstMi load W •€« •< 

•••♦ . ^ 

g tv didcrt*u^ « 

“IT V 






(i) 


Wg* i7. 


fl ^ • W •(*-«) 

tVoKlcoVttM 

.(“> 

« « ♦ • 

. ., .. («•) 






(3i)l 


Y>A,1I., .91 
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Arruco MAimiuiKa 


4B2 


, r.*T •<><»» 


,, sr' 

a + 4+S^ • 7 

A»+®-Jf ■*■ eT *' 

,b« condition* (W). <»* «*' 

/• 

^ A I ^ R .1 


,econdUion. (Ui), ••« 

^ 1 ^ f /-«- 

A/ + El ‘ 6 ’ 

w 

/ (/) - 0 - B/+^ * 


•M 


w * 
• *• ® ' El < 

1 r 

Mid A — -j" I 


[ ai H (*-•) - l,fori> 


/• W 6* 


El 6 


-] 


I ^ 0 r*i o j 

. _J^!. [-»/•+*•] <'*-**> 

6EII 

y, W «» ( 1 +*) 

" «Ei/' 

the 4 olution it 

w 

6 1 / 


.JL if + (»-«)* H (»-*) I 

, H(n-n)-0 

W f «*(<+*) * 

>f ihe beam at the load W li [ from ^ 
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403 




W 


* 6 El i "*** - 4^ . ^ 



«g-/w 


-■-••-VTT per uiyi icftM* 

»nd lenjUi t U fiMd „ rti« eod ..O 
•od bM unifcrmjy d«(rib«t«d lo«d 
y pCT ujiit leoftb m 

"Y” ^ ^iod ihe deflection 

curve of the beam and the deflectiou 
at the free end. 

The dt/ferential equatiro of 

•• «• «• (l) 


where/(a) repreienti load intemiiy per unit lenyth at‘arbitrary point a. 
fig) for the problem is tfiven by 

/(a)»W, 0<a< -L 

2 

-W + P, y<a</. 

Thus in terms of Heaviside unit step function, 

/(,)_W+ PH (»-y) 

Hence the diflTerentlal equation (i) becomes, 

(-t) 

with end conditions, / * 

a-0,/(0) -7(0) .. \i^) 

a./,y(/)-/'(O-0 . 

Ttkinf Laplace Iraneforni of ( H )»4^* 


El 0 - W + PH 


( ii) 


cetmiwformof ^ 

_,.y, 0 )- v'(0)-/"l®>” uLT^ < -I 


'*7-i*7(0> - #•/ (0) 
^tice from ndillons ( iii )* 


n ndillons ( ni )* v 

. , . , (w.JL-'’ )." 

/ 7 r+-?' + ir •' jy( 0 )-A./-( 0 )->) 


Scanned by CamScanner 




484 


A TIKT look (»t Al>PUtO MAYMMATKk 


/ (m) m At h » — + 


Z «RI 


TcUiqt «f ( » )< <** •<»*» 

Ay *■" T 

^ 24Tn-[''*‘'''(*"TH*“T)ls 

/ (*) - A + B. 4 F (»- i.)‘ H (.- 1)] 

/'(.) -B+~[w,+ r(.--i-)H(.-l)] 

Prom eondltlofii (iv), wf hovt if H ( ^ “ 4*) > J- 

Mr I’/* 1 

0-A+B/>~[w/-^ Tj 

|i] 


Hof M > ^ 
2 


0 A -h Bi h 


M I’/* 1 
W/.+ _] 


1. e, B - - ^ ( 2W + P ) Md A - J~ MW ^ IP ). 


Hence from ( vl) the deflection curve li 

> A f . 

*.iW(-Tr“(-f) 

Thui deflection et free end e - / U given by 

iMMfiM xni-D 

1 . BxpreM the following functioni in term* of HtavuiiU mi$ ttep faoeiio® ^ 
hence And their LeplMe trentfornii 

(I) /(<)-(<-*)'. '>« 


- 0 . 


0 < f < e 


(ii ) /it) - #««o«t, 0 < < < n 

* t* fint, t > n 

(iU) /(t) - 0< t< 3 

- 0, t >3 

(iv ) /( O - 0 < / < I 

- 4/, < > I 

( V ) /(I) r cof/, 0 > < < « 


«■ eof 2<, n < t < 2n 
«• cof S/« t > 2n 
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Upi«c« timorfarat of 

ifro 



Fig, 69 



<‘) <8(,_4) 

-'• » «-4) 

t«« nnih («)) 

(“) 1*8 (1-1) 

(") 

3‘ Fiod the 

formofthefuBctiooimm 

by tbegnph of Fig. 69. 


Fmd the Laplace transfonm of the followag periodic fuMdoos. 



(ii) Halfwave rectified *ioe wave (Fig. 71) 

1C 

j (/) a sin 0<« " 



(i) Saw toothed wave fiMc> 
lion vFif. 76) 

/(<)-“.«<*< T 
% 

aad/(i)-/(<+T^ 
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A TEXT 


book or afplud matkimatiqi 


(Ui) R^etiM tritnguUr wave function (Fig. 72) 
/(/) - —,0 <l<a 

Q 

- -i- v2.-(). . <»<** 

« 

»ncl/(0 —/(^ + 2«)* 



(Iv) Suir*Case wave function (Fig. 73) 



J'-r- l,(f- l)T</<rl 

(v) /(r)-/*, 0<i<2 
an'i/(0 — / (i-f 2> 

(vi) /(0 -^0</< I't 

- 6, I < / < 2/ 
and/(r) 


3. Bvaluatc 

90 


(i) 


W QQ 

J .'‘h ((-.)* (ii) f (c«2,)l 


« •ohf. ihe Mlowiaf dilfereati.l eqoaiioni ; - 
**' 7.(0)-y(0) - 0 

wh«./(,) .1. 0<t< 


••-I 1 -/C**** 
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(ii) ^'H(»- ->«).7(0).y(0) «o 

(iii) 2?+ » * + *->'*^/(»).^(0)-y(0)_0 

whcrc/( *)«-!, 0 < « < 1 
• 0. « > 1. 

, A »'■ "*“* " ““«• « » «• line, under . restoring ro«e «»V At 

(» 0 , <o«e P nett for » time Tfrom I '-0 

Show that 

P P 

* •» -1* [ 1 ^ “ -T* t CO* «f - H (< - T) CO* « (I - T)] 

A mass is suspended from a spring of stiffness X*fii and is set in motion 
from equilibrium position at t •;o» by a blow of impulse J. Show that the 
displacement, at time /, is given by 

X ■» — svn X/. 

Xm 

Q Find the steady current in the circuit containing L, R in series, when the 
applied e. m. f. is given by E (/) - t, 0 < t < I. 
and 

10. An e. m. f. Eo »» applied to LCR circuit in scries with icro initial condi- 
tions, between < = 0 and < « 1. Show that 

... 

R , 1 _ 1^ 

where P “ JT’ " ” LC 4L* ' 

,„.heprobIem.0..how.h...hecurr.n,.whenin,p«.«v.voU.gcB. b 

£ippHcd to the circuit at I * ^ 

. --,.o»iid«-T wtheCR 


12. A constant voltage E. Show that 

circuit in terie,. with zero.mual con<'-o''_; t);RC ) 

. /E. \ f ,-'/RCh(0-. ' 'J 

* — I cr I 1 _ I 1 


Ct){ 


n, fixed at two end. and 


11 . Alight beam of length/!, fixer. 

act. at. - Show that ^ ^ ^ ^ ^ ^ ^ 

El,- + twhere.-/- 

•"d the dcAeriton at * •■ *» I’ 

I Pi*. 
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14. A liflii b«J<n of Irngih I If Hi- 

fr»t«d lw<* P 

lil>» !!f- ( Ja - * ). 0 < X < a 

P^t 

„ — ( 3, - a ), a < X < i. 
h 

15. A light bfam of length / hinged .»t x ^ 0 and x ^ / and coju-rnfrai^^j 

/ 2 / . 

load* P| and Pj act at x and x =» Fi«d the deflrcdou. 

16. A light beam of length / has its end* x =» 0 and * -■ / fi\;-d and c^rrin 3 
load P ( X ) per unit length given by 

1 

• P ( X ) « 0, 0 < X < 

2 

« Xx, ~ < X < / ( X — const) 

2 

and a concentrated load P- acts at x = . Find the deflection 

3 

17. .A light beam of length / has its ends x a> 0 and x «> / hinged. If conern* 
trated load W<, acts at the point * “ “j" » show that the deflection it 
gvett^bv 

Aimsvera 

( 1 ) (i) (/- fl)« H (t - a). — e~" 

I* 

(ii) e'eot / . H (0 + «* (sin /-cos 0 H (t-n). 


i*-2s+2 


(iii).e“' iH(0-H(/-3) ll±l 


—St 


j+1 


(iv) /*H (/) + (4 /- /■} H (/-1), 2 4- (3 j*4-2j~2) » * 

t* 

-cos t) H (i-Tt) + (cos 3/) H (/^2?:) 
-c* I r ^ I * 1 -w s -2rs 

|.s*-|-4 4*4-ll t*4-9* 


0 0 ) 


. # 


(I6i*+4sfl) (ii) 




(iv) 


(s-4) Vs-S 
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*^•‘‘-^0* transforms 

,3) 

—xT ^ 

m <‘'*[T^*~,(,_s-T'r,] (K) ^ 


(iii) i .anh 


(I_ 


t { 


1 J. . -2sT 

1 + ♦ + * 4- 


, '>-2(1+2j+2j‘),-2' ^ ,, 

(>’) -:- ZT, -(”) !— 


(5) (•) ^ (”) 

' 00 

(6) (i) 0^ [ 1 -/(<-rTr) ] H (/—«), 

r-0 

/(/) =■ e~* [ CO* 3<+4 sin 3t] 
(ii) v« (l+cos 0 H (f-7c) - (I-r;*/) H (/-2rr) 
or 

j I -f COS i, ?r < / <2 TT 
[ 2 cos t t > 2n 


(iii) y 


r 1 _/ 1 -2/1 

■=[t-' +t* J 

^ « V 


» 


H(/-l) 


H (/ - m) + 


r/ 1 \ J_1 H[<- (^+*)’‘3)- 

Lr+T/' 

(*-f s') ^ ’ 


~ {ar ‘'-'J'+eT <* 


1 

_/)»jH(*-0 J- 


Scanned by CamScanner 



CHAPTER 13 


CURVE TRACING 

and standard curves 


I for evoluation of areas, volumes of revolution and many 
properties, it is essential to know the general form of the 
ptfvc represented by an equation. Hence in this chapter, the 
jencral problem of curve tracing is discussed. Moreover the 
pcoperties of some of the important curves which frequently 
occur in engineering applications, are dealt here. 

13*1 Cartesian curves 

following are some of the main rules which will help 
the general form of curves from their equations. ^ 

If the powers of^ in the equation are even, the curve 
has a symmetry about r-axis. 

If the powers of .V in the equation are even, the curve 
has a symmetry about >axis. ’ 

ilat'rid’"ttn"‘^,h «'’«= equation 

I.;;ator^d, then the curve is symmetrical about the 

terms. ® ^ equating to zero the lowest degree 

»IU. .1.. .o..rdi„.,. 
l^*cse points. ^ directions of the tangents 

possible #»rn 

‘’’f’llei'’'" •hem* To of the curve 

'nt or h'4-axis equation of asymptote' 

^ '^'P'e terms in^forV"'” 

‘‘"are-',.''"'iVa,v '' S' 

" ®’ = 0 or ;r -- ^y'"Potcs parallel to 

i: a. 


The 

loobtdn 

(A) 

(B) 

(C) 

(») 

(E) 


(f) 


(C) 



i, 
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(H) 


TtKi Book of Applied Mathematics-I 

To get oblique asympotes : Let + c be tl 

asymptote. The point of intersection with the 
f{,xy) = 0 are given by/ (x m.v+r) = o, EquatMo 

zero.the coefficients of two highest powers of giving 
equations to determine m and c for example equation 
of aympote for the curve .v* -f-y* = 3axy is .v 4 . ^ '= 0 . 

If necessary transform the equation to the polar co¬ 
ordinates. 


Examples : — 

Type y* = f (x) : 

(1) Tract thi curvt ay* 


X* {a — x). 



Fig. 107 

The form of the curve is given in the Fig. 107 
(2) Tract tht curvt y* (*+<*) •“ ** — *)• 

' (i) 


VVe note 

(i) There is symmetry about 

(K) Origin is a point on the curve 
\and the tangents at the orijtm 
are given by 

a — X*) =» 0. i.e. jr - ^ x, 

(iii) The chrve meets the a-axis at 
the points (0, 0) .-ind (a, 0). 

(iv) When x > a,y*ia negative and 
thus curve does not exist beyond 
X •a a. For x < 0, y is positive 
and increases as x increases in 
the negative direction. 



Curve is symmetrical about 
X axis. 

(ii) Origin is a point on the 
curve and the tangents at 
the origin sre given by 

y r=n i ^ ^ 

(iii) The curve ni«l> 
point. (0,0) 


at 


and 


ix 


00 AtX 


3tf. 


infi” 


Fig. 108 


(iv) Where * "*0 i»‘J’* 
nitc, hence, X 

asympto*®’ 
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^ tod jj 

(o» the rtjion wh«t« , > "«1 Iwaet 

** ** *''°*'' t® the Fig. iQ5_ *" 

^ Ti*« <**»»•••»* = T* (2. _ yy 

yi lu, » , 

< 0 ^ 2 .^ _ 


turn doc, 


^ --- 

y 1 ^ ‘) The curve he » 

<O.ZCO_ 

I'T 

( ) ... ““‘^“^'•'th.cngb, 

“i> at<l„p„i,B 

---= <®*<^)'uid(0,2f)»ndM -1 = 0 

0 \ ^ d* 

Fie 109 ‘“S«‘ 

point b parallel to *-tm, 

(iv) For values of > 2(. and j, < 0, the curve do« not exiat e ** i. 
negative for these points. 

Fig. 109 gives the form of the curve. 

( 4 ) Tr«« tht i yrit /(o* -f a*) = ** (a* — »•). 

# • V » _ • « 


-— IV x-aul. 

the curve docs not exiit as ** ii 


_x_ 

7 a^ 




(i) Cur%'e is symmetrical 

Ij about both the axes. 

^ (ii) It passes through the 

\ A/ origin and jr * ± * are 

\ — the tangents at the 

I oripn. 

I — - ] /a M (Hi) Cu^'^' “***• **** * 

V I and since at s - ± «. 

/ ^ is infinite, the 

/ . dx 

tangents at these points 

are parallel to 

inFig.llO. 

m.<KT (W 
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o\W 


ClW / .'< < p < Y !• 



Fig. in 

(v) For valuer ol’.v > \,y 
of the curve. 

II ^ y ond « < p (=» y) * — 


M Of AlflU,, 


X axiH. 

(H) >nceJ» die xaxiifl* . 
(«^0) (P.0) 

(Hi) For values oF * < . 

P < V < Y. .v> being ncRa.ivf^ 
curve docs not He in 
regions for whicli *< i juj 

P < « < Y- 

. . 

is infinite at * 

Y i. c. the tangents at these 
points are parallel to j»..nii. 

increases as x Increases. Fig. Ill gives the form 


(iv) 


Cast 



The curve is given by 
y =1 (* - a) (,v - p)3. 

With the .simil.ar analysis as 
above, the esirve is as sketched 
in the Fig. 112 


Fig. 112 

Case ;//a => P =» Y 'r*'® equation of the curve is 

y =, (x - a)*. 



The sketch of the curve is af shown ■« 
the adjoining figure. 
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fttmt Cm,, 

^(jr* 4- M 


% 


Book of Applied Mathetnalics--I 


Text 


6'5f 


,<)) .vM-,> 




(20) X* 



X 




/ 


.✓ 





‘•1 


> 


Fig. 134 

13*2. Polar equation :— 

The hints given below should enable the students to sketch 
a curve given by polar equation in simple cases. 

(A) Find the symmetry if any 

H) If the substitution of—. 0forO in the equation 
leaves the equation unaltered, the curve is symmetrical 
about the initial line. 

(ii) If the powers of r are even the curve is symmetri¬ 
cal about the pole (origin). 

(B) Form the table of values of r for both positive and 
negative values of 0 and thence note how rvaties 
with 0, Find in particular the values of 0 which gtve 

~ 0 and r = 00 

(G) Find tan 4 . This will indicate the direction of ih« 

tangent. 
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Curve Tracing and Standard Curves 
(^>) 


G55 


Sometimes from the nature of the equations it is poss- 

ible to ascertam the value of r or 0, that are conLed 
between certain limits. For example for the curve 
r a sin nO, r must he between the limits 0 and a 
and the curve must lie within the circle of radius a’ 

Transform into cartesian if necessary and adopt the 
methods given before. ^ 

Type r = a sin nO 

( 1 ) Trace the curve r = <7 sin 50 
(i) Table ot values : — 


(E) 

(I) 


6 

0 

to 

21^/10 

Sir/io 


57 t /10 

67:/10 

7^/10 

Brr/lO 

r 

0 

a 

0 

— a 

0 



— a 

0 


57r 



1 bus we see that r is never greater than 
a and the curve lies wholly within a 
circle of radin.s a. 

(11) tan 0 = ~ tan 50, which is zero 

when r x 0 and is infinite when r = n 
I. e. the tangents at the points where 
r - 0, arc coincident with radius vet tors 
and at points r == i a. ihe lanKct, arr 
perpendicular to radius vectors. 

Hence the curve consists of a series ol 
^ Similar loops as shown in the figure 135. 

il nisodd. 

,;";v'»boddan. 

^4? vC -y:-Wdi,rerc,i. wihiesot n.-i, 

< 'Oil, d her, I,,., i, i, 
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(ii) 


7>x/ of Afflkd ^ 

Archivwlfs • 

'riic f»li;»pc of'Ihc cijrv<t in 
ill ifin a(ljf»inifif< fif/urc. 



iC 



- 






- 


Fig. 145 

(iv) Lituus or socoll r \/ ^ 



The irialn profierty of thu npiral it 
that if a circle of radiui a be drav/n 
with the centre at the pole, the radiuj 
vector of the curve i» crpjal to the 
arc of tliii circle rrieaiured from the 
initial line to the [)oint in which the 
radius vector cuts the circle. 


The property of the curve is 
that for a circle of any ra¬ 
dius with centre at the pole, 

the arc intercepted on it by 
the points where it is cut by 

the initial line and the curve 
is of constant length. 


The curve is as shown 
in the fig. 146. The property 
is that the area of circular 
sector OLM bounded 
by the initial line and 
the radius vector OL 
with the radius of circle 
as OL is constant. For, 

L 0 [as r V ® 


— i < 1 * = constant. . 

It is found convenient to make use of solv- 

polar in case of cartesian curves who.se equations ^j.g8ol* 
able lor x and but whose transformed polar cquatioi 
vable for r. This is illusinited in the following problem. 
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I 



L 


e 

0 

n 

T 

n 

T 

IF 

4 

rr 

4 

IlTt 

T 

TT 

4 

r- 

0 

n '5 a 

0 

oo 

0 

^'5xj 0 

00 


With ihc help of the «Jk>vc Ubie und n ethod* adopted in 
previous problcini, the curve represented by the given equation 
it shown in the hg. M7. 

standard curves 

lS*i. Tho eomiaao enttsinry 

A curve in which • perfectly flexible *r.d uniform ht.»y 
String hangs under gravity is called Catenerjf. 
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tan .L ^ < ,. , 

'i’o / 1 ,) -- ^ 'nr.r^ny _ 

dy 




dx 


= tan •> ^ JL 


1 di 
dx* "" c 


Difrcreniiating w. r, ,, 

. ii = 1 /lT7^^ 

'/* c 7 ^ IJJ J 

Adjusting and integrating, v/e get 
d*y 

-—— -_ — —, * ^- <}. ^ ennit.) 

/' + (I) 

i. e. sinh"' = -y [as A <= 0, for ^ « o 


^ = Sint, JL 

(ix c 


v/fjtn •• 0] 


Integrating, wc have ■= c cosh — -{■ k’ 

c 

Choosing the origin at a depth c ijclov/ the point C, vre 
have =1 c when x — 0 and hence k' = 0. 

Thus the equation of tlic curve with horizontal line O* 
(directrix) at a depth c ( parameter ) below the lowest point C 
as ;t-axi 3 and tiie line through the vertex C perpendicular i« 
as y*axis is given by 

. X (1) 

y = c cosh - 


Properties : — 

(i) s — c tan (Intrinsic equation) 


(ii) / 


t* + '* 


Scanned by CamScanner 








^ Tfomg W St^niari 
j3.5. Tlie Cliiold 



■ ""I* «■«, 

Circle in p ^^tcrjcct 

A in T 

of a point n 

Q such that 

OQ ~ PL 
’s ^nou'u as Cusoid. 

Eqaation 


Fig. 149 
and OL = la sccO 


Taking OA a, the initial line 

and LOA = 0, we have 
OP = 2a COS0 

[OA— 2 a =:dianielfr of the circle] 


Hence PL — OL — OP - 2 [sec f) 
2a sin*0 _ . 


cosO] 


za sin-u 

~ ' ~ OC4 (“ e , by definition of locus, 

cos 0 

Polar equation of the Cistiod is 

r co.s 0 = 2a sin* 0 ... ... ... (2) 

Transforming into cartesian form, wc get 

(2a —;r)^* =-t* ••• . (3) 

13.6. Witch of Agnesi : - 

Let OQA be a circle of OA 

\ _ /=3 2 a) as diameter. If P is a 

I point on any line LP drawn 

___ \ perpendicular to OA and mter- 

Q secting the circle in Q,, *uc 

X \ that 

_4__s = 2^ . *'* 

■ ‘■I* TP OA 

V / then .he locus of P i. known 

as H^drA. 

/ _nfP,Q 

/ Le. .he _^,ively 

O ^ ^ __1 1_ 




line through O pcrpcndicul 


with reference 
ai co*ordinftte i 


Hence a» 


The shape of the curve is given in the Fig 150. 

13*7. The Foliam of Descartes * 

ij The cartsian equation of the 

7 

/^/ curve is 

/^/) -f-y *= ••• (5) 

\(/'^ (i) Curve is symmetrical about 


\ (ii) Passes through the origin 

/ p \ and touches the axes at the 

/ origin. 

^ V 

(iii) There is a loop in the first 
^ quadrant and x -f ^ "h a = 0 

is the asymptote. 

(iv) The parametric form of the equation is , 

Sat Sat* 

X = —--, y = .." ji 

1 + /* 1 "f < 4 

(v) The curve can easily be traced from its polar equa¬ 
tion, viz. ] 

3c sin 6 cos 6 ^ 

cos* 0 -f sin* 0 

I 

13-8 R«mlettes s- | 

If one curve rolls without sliding on another fixed | 

the locus of ^ed point on the rolling curve is known ^ 
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III consiii®*’ briefly some curvet of ihi. 

I «! '''Wch hkve 

(I) Cycloid (ii) Epi..nd hypocytlow,. 

Il) ’ ” 

VVben a circle rolls in a plane along a given itraight line 
. locus traced out by any nxed point on the circumference vf 
the ^ O'^^oid. 

Equation : —"Let the circle P'TPG with centre C and 

rndiut a roll on a line DGA 
which il known as the base of 
the cycloid and A be the 
position of tixed point P when 
the circle touches the line 
AGO at the fixed point and 
O be the position of P when 
^ the diameter PP^ through P 
il vertical. 

Fig. 152 

1 e* AflD Pr is the direction along 
A.- '■* •' 

which P moves i. e. F1 repre 

PatP. 

We have arc PO = AO ex.remi.y of <•’' 

and arc P Cl I- diameter PP ]• 

. . .hOparanelfotheHneDGAber-f 

tet a line OK * OK be 

Hid line OD perpend and PCT - « 

Let the co-ordinates of 



Then we have + 

v = OT 4- TISv - 

+ CP.ln(’‘'^p.arcP'G 

.ae + a.ine[ro^»'-‘=° 

- /A 4- sin 0) 

and^==PK-CT4CI^^^^^^0, 


flOl 


Thui tb* fumwitif. €<(M»rt'/fi <4 the >>y^ 

»«.«(6 f ii» "■ '■'■'• 

Not# I -^Doperiding up*^t <U€ 
dllfcreni form# of e^^uatioo u^ *h<5 i»#>d ^ ^ 

not get coiifu^d wUh the form of tf*e ovrve «J^^ii***^*^*^ 
tlon of the cycloid, the thrre <)(>et of 
of the curvci tlt^y repreieot are givi-jj here 




0 e-TT 

pjj{. 

fl (0 -f lin 0) 
a (1 — coi ()) 


fi^U / 

P»r JM 

« n — 


t 


, -i 

"v 

1 .yl 


^ r. Tf 0 0 -n 

Fi|{. 155 

AT •• a (0 -h tin 6) 

;>- 4 (I + COfO) 

Propirtits of tht cum ; — 

(i) j ■■ 48 lin {intrimic equation), 

(ii) Area of the cycloid t5etweeti the boie and di< 
« 3 n a*. 

(lii) Volume of revolution alxnit the haae 5 


Qz. n 


(iv) Height of C« G, above the bate m 
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^ 7 - ViVOti 

If thf toed point jjj 

from the centre, thecn," **'' v 

^ yihoie cquaUons arc ^ W at ^ 

X *■ <18 -f- 5 sinQ at 

* ^ ^ C08 e. 

TM *^yp^«ycl0kl» J ^ 






Fig. 156 


locus of ^ 

on point 

circle L ^ a 

fere f circum. 

is C^H 

*" ’Pi^floil for roll- 
‘ng on the outside of the fixed 
circle, and a k^^ptcjclrndhr rolling 
on the inside. 


Equations : 


(a) Epicycloid : —Let P be the position of the fixed point 
after the circle G has rolled from A to K so that A is 
the starting point. 


Hence arc KA = arc KP 

If KOA = 8, OK = a, KG - 6, then 
arcKP arcKA a9 

KGP = —;— = — T — “ -r 
b b If 


... (I) 


Similarly CPR » c£n = KOL + KOA , . , 

[Ext angle of AOOl-J 

^ PM » CN —CR *• t«-r / \ 
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That ih« equ*«Jo»« “» *« «!>•'>■<='“'* •" 

,-(. + *)«.»-* CO* (-^*)« I 

J - («) 

Since K if moincnUfiJy *»t reft and KPS « 90*, SP i, 
tangent at P and 

4 , - STN - e + PMC - « + 27 «- 

Cp, , —. If tf we get the cardioid, whote cquationi are 
jr -• 2a Ci>i 0 • a coi 2d, / « 2fl fin d — « lin 2d ... (7j 

(b) Hjpocythid : - By changinf ^ to - i or by the 
j iimilar method, the etjuatiooi to 

1 are 


M 


^ b^ ccfd ^ b cm 


(^) 


\ ~|'/■*(«" *' (—'f')** 


157 


If i •• 

cusped hypoevcioid whose cquationi 
are given by 


The Fig. 15'rep«e.u U« cum given b, .he cqu..i<»* «)• 
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CHAPTER 16 


MULTIPLE INTEGRALS 

W.l. DoabU latagnl i Introdnctloa and Notation i- 

It U prctumed that the itudenU are familiar with “ the limii 
of a turn at an integral.** 

Thus if P(x, y), Q (jc + h, 
y 4- ly) arc two adjacent points 
on the curve — / (^r), the area 

of the elementary strip formed 
by the ordinates at P and Q, 
the curve and the x-axii ii, to 
the first order of smallneii, 
given by y%it. Forming such 
expressions for the elementary 
areas between m ^ a, and a » 
taking the sum and proceeding 

: as -p 0, we have the area ABCD given by 

lim ^ 

y^x and this is expressed as 



Bx 


/y» 


•“* f . 

Thu« Lim 1 yix - j ydx- 

S *-»0 *“• » 

Let til now coniider the integreUon of a function of two 

variables over a given area. i 
make the idea clear, wc shall 
consider a plane lamina in 
xOy plane, the surface 

of which is a function ^ , 

tion of the point P 
the surface density a ^ J \ * 

„ To find the mass 'J* 

* lamina, we .halt take a .mM'a« 

... JA about the point P (*• V- 

Plf. H'' 
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»A, .11 o,„ ,i„ 

The mass of the lamina = Hm. S/(* x a m\ 

SA^O . (1) 

where the summation extends all over the lamina. 

Let us take SA in a more convenient way so that the sum- 
jiiation in (1) can be carried out. 

Divide the lamina 
by a system of straight 
lines parallel to the 
X ' and y axis into a 
mesh of elementary 
rectangles. Take the 
rectangle with one 
corner at P (x, j>). 

Then the area 
of rectangle PQ^RS 

8A = Sx. ly 


ana me ^ 

t>v (1V the mass of the lamina M 

t« the expression on the r. h. s. of (2) in a 
We shall evaluate the expr 

irstcmatic way. S* Sv over the strip ABCD, we 

Taking the sum strip ABCD 

,ave for the mass of the^elem 

==Lim . 

"" lion we note that x and Sx are con- 
where in this as 

..J" «.cn. 
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/iO 


and by the introductory remarks on the limit 
as an integral, we write (4) as ® th^ 

Jt(*) 

f f{xyj)dy .. 

(x) ®) 

where ji(x), and jt(x) arc the values of at A a rf n 
both depend on the position of the ordinate, that is on ” ^ 

It is to be remembered in the integral of (5) that ^ * 
regarded as a constant in the integration w r t « ^ 

Bmit, of the integral are functions of , •"* 

J»(*) 

*° / rfr will be some function of *, say ^(x). yyg 

say that let 

f. 

•trip ABCD as°[ r° ***' elementary 

to the “"P 

J^a,«, over the area of the lamina, we have 
Ma« of the lamina = Lim 's* ^(,) j,. 

Xmta 

M^b 


dx. 


••• 


Substituting for ^(*) from (6) « (7), we get 

Mass of the lamina «= f f^V ^ r \ j 1 j /«> 

J < J / (*.Ji) <fr V <fr ... (8) 

Th, ^ *"* ViW <' 

double integral for oh^ *’ **l“®*'on (8) is called a 

a» follow. ^ “ written in various ways 

* J-s'a) 

/ / ^ <fc. . ( 9 a) 

• J'lW 
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^ y%{») 

or J J fMdxdy ... .. 

O Vl(*) 

where the integral signs are written in order of integration 

v,n from the right, 

b y^(x) 

or /''* / ^^^>y'>dy .. {9c) 

« ^ yiix) 

This way of writing the integral is more convenient, 
it expresses clearly the order in which the integration is per¬ 
formed i. c. wc first integrate w. r. t. y considering x as 
constant and then wc integrate w. r. t. .v. It may 
also be noted that when we take the elementary strips parallel 

to the y-axiSy we firs- 



integrate w*t. t. y* 

If instead of taking 
the clciiicntary strip par- 
allcl to the 

it parallel to the *-ax>» 
such as EFGH shown m 
the adjacent figure, we 
have by a similar reason- 
i„g 10 the above 


^' 8 * / H^y) 

. ^ C dr ( 

Mass of the lamina - J J 

• t. * ant 


( 10 ) 


Mass of the.am.no ; ,„d then wr-W 

„ which we have “ 

thus changing ^ ^uss of the >am'm’ » of 

. 
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16’2. Evalvatloii of Doable IntegraU; Caien 

order of iategratlon : — ••of 






The method of evaluating the double integrali n 
actually clear from the theory developed in the previoui 
We note that in the evaluation of the double integrals 
grate first w. r, t. one variable (y or x depending upon thlV*'*^' 
and the elementary strip) and co sidering the other v **^***‘ 

as consunt and then integrate with respect to the r^«f*^-**^** 
variable. '®«»ajn,ng 




r-|-. 

O 










1 


I 

■t 


Fig. 174 
h d 


If >he limit, of integration, 
arc constants such as in 
region of integration being a 
rectangle, then the change 
in the order of integration 
docs not require the change 
of the limits of integration. 
Thus from the adjacent figure 
we We that ’ 

b 


J f/ix.y) f dy ffix.y) dx 


( 12 ) 


But if the limits be variable as in fK.* i 

will make these ideas clear^ TK* k ^ ^*jnjpics solved below 

integral,. Thi, i, al,oXt«,i3 in 1.“'* 

below Inchangintr the n^.! „?i . . 

to draw rough .ketch of the ren’ i* >» convenient 

H.lp » «, i ,bS -Hcb - 

pU.l. Evaluate ^ ^ triangle wboie 

wtice. are at the point. (0,1), n, I) and (I, J). 

A (0,1), O ““ '*"«'* »« « 
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C€iJ^ 






Fig. 175 


••iliown In &e figure. ^ •• •• U) 

to dementaty itripparriw 

wiU b« btegratmg the 
given functton with respect to «. The 
ends of this strip are bounded by the tines 
* " ■” 1 i» >0 that these are the 

limits of integration with respect to a. Next 
we integrate w. r. t. y from - 1 to y - 2, 
which then covers the whole area of the 
triangle ABC. 


Tht>» 


Tbcf* 


j» ^ taken over the area of the triangle ABO 


2 1 

mm f (fy f (**-J^*^ ^ 

I ^-1 

a„,iat«gt.l, «.r«g.rd 
1 


ToevJ-**''*"'®"** l’ *' 


-fv ’ 

4--%- " .Vi-rl 


-[ 


i'08 ®* . ji-«f to the 


trV t**® 


to toC 7 ^ 

L.i. u «b<w*' 






parait*^*... 
tame refuU »» 






A 




Scanned by CamScanner 


In th* lnt«f ml »i It Unndi, tlin Ititeimtion it ftnt w. r. *. * 
lion* «i U U winpllcnttd. Ai IntfiirnTIfii w, r» t.^ Ii ||J Inte, 
chtiit« th« «rd 0 r of Uuf«r»t»oti, for which inko we And out th* ..** */ 
tloa for the ||lv«« pioWeiu. of 

tn the given Integral, wh. . 
creilon l« flrit w. r. t. «, ^*lnt^ 
•frliM nre paraU^l to til !’‘"'""’•ry 
them atrlpi extend from * ^ 1 )* 

the V — axil) to m tm ^ ^ ,* 1 ^ 
i.«. to the boundary of . 1 * 

# - rt mhut v^^rr^t I, ^ ' 

theiide (I) of the d.dp«„<j " 

■"« notupio 

1 . . whiVh X •*• a />/«r 

.lemrofry ,„lp ... J," V* 

w. r.t,.flr,>in,»- 0 ii..* - . fli,,| i|,r Milpi aurli m All l)„„„rt, i 

b, thr.y.»,l. .,ul chc ,„hcr l.y ,l„ .,r .hr ’ 

> - 0 . ., Th„. ,hr „r ... .h.-IH t"; .'.m;™” 

lf«rch.„„r ,hr ,mlrr „r l,„r„r..l...,. I„lr,y.,|,., fi„, „ . , , 

•hr rlrmcl.rv I. ,..,■.11^ ,hr ,.„1., .„rl, .. IKI !„ i|/i 

.. < Hc..M,lr..r,„ r .hr ci.rlr (. - ,)• + y II .2*"^ 

U.7„w‘'r'r.*’irh'rf l».rir.' 

gration w r t » TK.i. "* which are thr liniid of into 

•ey I, can be written ai'*' '* "’* hitcgra.lon, the given hurgril 



Fig. 176 


»,ylof(x+*) 


* / _ 

2m — a* 

«m.gr.,h., w.,. ron.W.,l„, , .. 

• « 

I - f * «) r 1 

o' _ 

V 2ex « gl 
e 

-If* .»lot (» + .), , 


m 

“I / »ln»'» + ,) *. 
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rbi* t*n b« iniefrsted by paru, wiih log (« a) u a part to be dlffwen- 

liaied, whicli giv»« 


* *" "g" I ^ • + n 


in 


EsAmple 3. Change the order of integration 

/ / /(••f) 

The order of integration in the 
given integral U hrit w. r. i.y and 
then w. r. t x. 

The elementary itrip* here are 
parallel to (he^'txi* jtuc h a» A B) 

and extend from ,y ■■ \/2«t — »*. 

[i. e. the circle ** 4- .r* " 2<i« •• 0. 
with centre at {<i, 0) and radlui ol 

to r - t >• 

% . J 4 ,] and ruch »irip» arc taken 

>,om « - nto* - 2a The ihaded 

yjj hrtween the t>ar«l>ola and the 

circle i» therefore the legioti of iniegratlon 

In changing the ord^r ol 

elementary Urtp* parallel to the * ‘ to ddferenl rurve*. We there- 

,.g.on - I r,*! r..,to three p*rtc (11. (H). (Ul, a. .hown 

fore rl.vide the region liy tnr » 

alKtve in the figure. „ ,» - naralxda »* -• 2ax i* <■ 

/ ,. line . - r*. •« ">« •" ■''' 



(i) 


. f\ i 

.k. **'*'"’ r*'* *”'* ^ “ *“ ■ 

Uteih* negative Hr* 


T. ». A. 
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limita of Inter***"" *’• *• * * 





•re MkM fromji -Otoj/-o,to cover lhi« region completely. The coiitrlbu. 
tion to the Integral from thia region I| la therefore 

e o— 

i« - / * f /(»-.>)* ,ii) 

0 //2j 


For the region (III), the atripa extend from the circle Jr* -f >* -- 2fl» • q 

[I. e.X"i<i± y/a*—ji*i In thia we have to take the poaitiveaign wiih the' 

radic<il as is clear from the figure ] to the line n •" 2a, ao that the limits of 
integration w. r. t a are x — <j + \/ o* - ji* to * — 2a; and such strips are to 
be taken fromjr -■ 0 toj^ •• a, which covers In the integration the region (HI) 
Denoting this part of integral by I|, we have 

a 2a 

^ f f f(*> y) d* (iii) 

0 a -f \/ a* - y* 


Thus if we change the order of Integration, we have to divide the region 
of integration, and the given integral is equal to I, I, + I, or from 

(i)»(iO. (iii) 



a 2« 

+ / * y 

0 a + Vfl* - f* 


The example illustrates that In changing the order of integration aomc- 
timea, not only the limits are to be changed, but it la necenary'to split up the 
region of integration. 



( 


I 


4. Change the order of integration for the integral 
n 2a — # 

/ / 

0 «*/a 

•nd evaluate the same with reversed order of integnuioii. 


1 

! 
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• J«—IT 

/*/ '♦ . ,0 

'' «»l- 

U this iKp )iit«ftr«tion ii firit 
w. ra» jr. with $tnps nu^h *> aB. 
pAr^Uf] to thf ,w*\U v^ith rxirnoiiitii 

WittS on Uic |>»rtK>t« y m, t j 


Fin* I'B 


the xtniinht Hne > • 
»tnp* *re t«ien 
» * A. thAt niv« the rr^uvn <or mte$rmuon> the curviUneAc 
sh»cic<i in the »bov« figxire. 


U^g. The.f 
fiom A «*• 0 to 
inenjjW Ol'Q, 


In chAttging the order ot toienrxtion^ the intenrAtu'u ts to he t«ken fir*t 
w. r. 1.1, with cleroentArr strip jMtsUei to the s-A\is, such «s OJD. end th*t 
a«e».i> diviJinc the renk'n oi integiation by the Hnr,» •- *, i. e. the hue TK, imo 
two j>Arts. the ttrAngle PQR And the cwrviiineAr triAngleOFR denoted in the 
fijtxire bv And [W' resf'eeijveh. 


For the region J *, the limits ol' inte|n^Ativ>n w. r. t, * Ate * 0 to » 2<— 

And the limits ot the next integration w. r. t. r Ate » -• a to t '^4. so the foutr>- 
bu'ion to the given integral from region vl; is 

2 a 5a-/ 

»t J ^ f . 

A 0 


FvV the region (IT', the limits onutegTition w. r. t. s are * - 0 to « - y' av 
A nd those w. r. t. r are r - 0 lo.s * a. so the cvmiribut«ou to the given integral 

fipom the regicua (U is _ 

A 

Ij^ dt J »yi* . 

0 0 


Hence, revermng 

2a —a 2a—/ 


the order of integration, from^(i). («) And (iii), 

A V«/ 


f *V /<»/ 

'L. ^ n 0 0 


(iv) 


0 A*/« * ^ 

Now, with ufu.1 method of evluAung the douWe integral 

2a 2«-/ 

r ^ . I :i- I » 

2 

■ A 

0 


JWa WIW -- 

« 2a 2a—/ 

/•*/:.-/*.[ 4 ] -I/»»-«' 

A A ® ** 


*“ 24 * 


(V) 
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• \/iy « r I f 

iii4 \ f Hjnlx*** J [ T J *" "7 J 

« 0 U M 


^ l a* 

() 


« • It I * * • 


(vl) 


Vrtnii (Iv), (v) ofiH ^vl), 

J tin J ttltdV"* «* f* “TP "* ** “X '*** 

0 /»•//! 

ExfimpUM XVI A. 

Kvalii(ii» lb« following Iniagrmh i 

' // yilxfly nvfi (I) lilt aif'u brt|Ui<lr»l by y —< *• huH n I y *-* 'I 

(II) llifl hotiritlnl by <f — <>, y — **, * | y •« t 
In llm IlMl «jMn»1fwrii. 

r !lfi Hi 1 

[A"". (') — (•«) pr ]. 

. // lyd H y^i^diily nvrr tlii' «i'r« ol (Im* irUit|>i>' |,y 

w «• b, y 0 w -f y I — <1. All*. 

1 (») // I ,/if ,)y (|j^ till rt (ri.ii 1 hy) ilxdy ovfr ihr* iii«*n 

'll H lijuiiHlf' biuUiiVil liy *■ — (), y •• 0 nii<I «a I hy l< 


^ // ay in 4 y) dttdy ovrf ih^* nrfu liiitindrH by i}ia pAMiiMtinN j»* #- y ntJ 

y» (Am. 114/420 1 

ft. <0 // l (II) // «•> dg(()fOver ihf •rm ft ihf (toMiivf 


j/i 

i)MMdrin( of (h«r)i)|l)i« X ^ ^ 


I^Am. 


^ (...... 4 n- 


«. f J V (* +.») f “ if tni ji a. 

[An*. S/ftS). 
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// 


I J 

1 V 1 + * 


where * > I and y >a* 


[*“• t]- 


«*''// T+l» 71« <«>) J J 


1 *» 


0 0 


0 0 


0 0 


av/3 V***^®* 


(iv) 


/ {/tHW)" 


0 0 


[ rr ... 1 . ’'*1 

Am. (i) log (1 + V^l ^/u “ 4 * J’ 

Changt thi t/Tfitr of i/tUgradon ard etaluaU : — 

1 2 * 

10 , J J 


2 x*/« 

’ / J » r dx df 
0 0 
1 V7 

11. J J 

0 t 


13 


f f - _ 


0 0 

« A 






17, 


vV + / 

0 .? 

, y/r^ 

^ <F 

Vi*+/ 


0 * 

,J / / 

0 «/« 

< 2 V^ 

M J / **^' 

0 0 
« 2 «-* 

16. / / 9 ** 

0 

flO ® 


/'•/ 

0 « 

« • 


,a. / / 


0 0 
CO <® 


f f 

'®- J 

0 y’tfx 

2 2 +» 

* 1 . / / 

0 


20 . / / v'"'" 
0 * 

8 * 

«. / / 

2 4f* 
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00 « 


23. / 

0 0 

3 ^/2h-y* 


I 2~* 

J* J* ^yJxdy 

0 «* 


25. / / 
0 4/3 


1/4 VT 

26. J* ^ 

0 *» 



A»m. (9) ”5" T 24 


(u, ::i (15) 4'->«(' + v2) (•«) ^ (17) 


H 4 - 4 -] 03). 

7 ■ ■ J 

(18, -1 (19) ^ 120) 1 (21) -!i (22) 30-8lojj 

(23) ~ (24) 5/24. (25)' 337/8 (26) 5/64. 

i/lflu) the region of inUgration hnd cftcmge the order of integration of tf^ 
following ; — 


/la 

27. / / f{x,y) dydx 


■Jt 

28. // f {x,y) dxdj 


a b 


-a 0 


0 0 


2 1 +^ 2 ^-*® 

29, // f{x,y) dxdy 

1 1 —^ 2 *—** 


30. 


I 2-x 
f f f ix,y) dxdy 
—2 ** 


a j)+fl 


31 


. f ‘ly f nx„)d,{.>v) 82. / <7 J f(thy)dx 

0 


b c^jx 

S3 // 


a 0 


l±z^L 

tt xj ifl — b^ V 
34. j* rfjc J /(»,.^)*s 


0 
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a ~ t -7 V»'-/ 


^ Prove that J J itdym. J f 

0 A n 


0 h , 

V («-«) 

represent ? 

;c* 

a /2 *-“-7 

86 . / / fMdxdy 

0 **/<* 
a 

38. J J/ 

0 mx 
a A^ 

40. / / f{x,y)dxdy 


this integral 


a 

T 


0 b 




0 V** “ ** 

42. J J / (v.J') *'fr 

“0 V*^ 2 ax - 


2a V2ox 

37. J J /{*,y)dx4y 

® V2ax—X* 

a cot •( Ve*“"** 

39. / / / (*» J') dx dy 

0 xtan c< 

fl 0 + 

41. / / /(x,j>) dxdy. 

0 vwfl+y'fl*—j»* 


0 “+17 

J. J J f{xty)dgdy 


2a—V 4fl* — >* 


a a + V 

.4. J J 

0 ^/lL^-y^ 


45,Expret,thefoHo«in.i...«r-.«-»«';‘““''-^«^"*'“^^ 


0 0 _ x-1 

t i" I i /■<’ 

i ! 1 X--1 

0 -VjT -- 

V' fl* — ** 

«/v ^2 * - r x</*<iy 

(Ui)/ / -J 

0 0 


[Anfc -^1 

I 3^2** 


a/V 2 
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16 3 . !>»“*•*• in***'** *“ *“ "^inate, . 

In case 




co-ordinates, divide the^ 
integration by curves of 

, (which are circles) and 

(which are straight lines)*^ 

This gives a mesh of 
form shown, where th 
mentary area is 8r. r SQ ^ 

Thus if / (r, 0) be a fu . 

of position, we have ove 
wedge PQ,, the sum as ' 

>- 2 ( 9 ) 

Lim 8eS/(r,6).r8r= se / / (r, 0) r* ... , 

8r-»0 P 'ilS) ' ' 

where r, (6) and r, (6) are equations of the two par,,„, 
the curves, where 0 is kept constant, while integrating w r, \ / 
Finally summing for all wedges between 0 = • 

0 = P, ive get p 

Lim S Se / (r, 0) rrfr = / d0 J / (r, 0) rdr... (14V 
50-»0 « a rjiG) 

The order of integration may be changed with appropriate 
changes in the limits. 

Example 1. Evaluate J J 



r* aa fl* COS 26 . 




over one loop of the Icmniscaie 



This curve, as can be known 
from curve tracing, has a loop lying 
between 6 = — and 6 « it/ 4 . 

If we integrate first w. r. t. r, rhas 

for its limits r *» 0 and r « <1 
and to cover the entire loop 6 variei 
from - 7t/4 to nU. Thus the inicgral 
required I is 
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y/ Cot 2Q 

I - f we f L±_ 

-»/« 

n/4 -- j— 

2 p __ -«VC08 2t) 

“Iwe j^Vo'+r* 1 

—itL n 


729 


-Tt/4 

W4 


./we {‘' 

_w/. ^ 


V 1 + cos 20! — 


“W4 

^/4 


\ 

r 

► 


^/ 4 p _ 

a aj* I^V 2 1 cos 0 — I ^ 
-W4 


(fe 


e 


n-af V 2|8ine - 

~k /4 

a Vfl*' 

E*Mnpl« *• Evaluate / W« / • 

0 5 * 


by changing to polar 


y - X 

cooriinetc- ,he, aaltauW ax- 

H«e <he elementary attipa, »uc ^ 

cUx* 

.,(\o).nWr.<lim5]«>,-V«*-«’ 

(i\ theclM. «• +y*-Aw'''; 
~mr. at *' O'**'” n ,1 

r .he‘'a"relT.«een the 

r„: Mhe region onnte,r.non. 

V the ttiven integtal to 

2 rrWin....; «' 

Fig. •*' . E”'*! ,,„,.lemenlary area in polar co- 

„ J W»W* by tta eg”"'**' * . _oi,p'^ eoordinates are 

-a A And f 
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•long iberiMJlui-vector lie* on th«e circle* and *o give the Hn»iu of i,» 
w.r. I, r.andtocovcr the •ame region of integration ai in giy 

0 varie* from 0 to ‘ integral J it 


n/2 a 

m. J S J 

0 d coi 6 
n/2 


y fli* — r* 


dr 


J dQ — y'fl*—r* J 


0 

k/2 

/ 


d coi 0 


d tin 0 d6 « d. 


Esamplet XVI B 


Evaluate :— 


r t 

J J ® **n 0 dQ over the upi>cr half of the circle r <■ 2a coi 6 

[*“■ ¥‘’ + '“)]- 

^•// rdrdO over the cardioide r «■ 1 + co« 6. (Ans. 3 Tr/ 2 ]. 

3. J J r*drdQ over the area included between the circlet r «= 2 tin 0 and 
f «• 4 sio 0. 

[*“ 

4 . f J ^ cos®0 drdQ over the interior of the circle r = 2a cot 0 

[am- -^ **]• 

Express th» following integrals in polar coordinates^ showing the region of integra¬ 
tion and evaluate 


d -y/o* — K* 

* / / 

0 0 


dxdj 


a ^d* — d* 

v'**+>* dxdy 


j^Am. ~ (I -**•»)] 

[a“ ^ ] 


0 0 
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ki ». / / ^ 

-#0 

1 vl*-** 

‘// (Jl* +/) 


0 0 


fl « 



** 


0 7 
H J 

/ / XT? 

0 T*/**® 


Jr»+/ 


dxdjt 


2 \ 4- v'2* ** 

"• / / -, 

0 1 - v/J* — * 


djf^y 

XT?:* 


« « 


n n dM 4 (» 

x;-?' * 

0 ^ 

« v' •* "■ ** _ 

/ / _ V 

i v»-"* 

11 ' * 

P !«. // (■ + » <tF* 

^ 0 0 
I M 

15.// (.*+/)-*'• <^ 

0 «• 
e» o 

16 ./ J rC»^»*)<M» 

0 0 



!• V *•* ^ 

" // 

0 0 
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[ 
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(An*. «1 


[ 


An*. 



(An*. *1 


(An*- 11* 


lAuA. (V 2 - '>1 


( Ant. «U ^ 



■ • 
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2^2 V 16 - 

/ J dydx 

0 0 

4 a/4* — x2 

15 * ^ ^ ^ <(>■<£» 

0 0 X* + ^ 

20 . Express as a single integral and evaluate 


f 2(x + 


[a„,. 


al^2 * ® V«* - 

J J cos {A (*2 4- J J cos {* (x* + yt)) 


aj \' 2 0 


An,. — .to 


in (»,*)1 


Chang* to polar coordinates and tvalucle : — 

e r *2 —y* 


t C ^—y 

21* J J region of the circle x* + jf* - 2«* in ih« 

first quadrant. I Ans. ■^f.l 

L s J 

22, J'J" xy (x* ^*)n/* dxd} over the positive quadrant of the circle 

r .* 

** 4 * = a*, supposing n -f 3>0 Ans. — ^ , J 

/* /* (ixcly 

23 . / / — s— —i over the region included between the circlet x* -f jf* — a* 

J J X* -f y* 

r, n(a*-**)T 

and X* 4" >* = quadrant. | Ans: -64*””" J 

24 . f f which lies outside the circle x* 4 - .y* — tx «• 0 

r 4 1 

but inside the circlex* +j>* — 2 <t# ■•0 1 An*, « J 

25. (i) Evaluate j J ^ IcinnUcate 

(,.»+j,t)« - - y. [ Ani ^]■ 

(ii) Evaluate J J "^ 3 ^ rfaiic over the area eonanon to the droleo 

** + / - »J- (a> *>0). f A"*' *» 1 


but inside the circle x* +j>* — 2<r# 0 


(** 4 ->*)* - - .»*• 


»8 .X «»8t8 
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753 


(ill) 


(V) 


J '• / 

0 0 

» \ 


dxdj 


il 

* f j«* 


« flo 

(«)/ j 




-CD -00 


<") / <• / .-. 

0 1 




f <* f **Z ’* ** 

0 0 + * '"*//* 

0 0 


dtif 


« ^- ,1 


M 0 '' 


vin) 


• y 


// 


y 


0 ,1 , (— 


\ l 4. vM - , 


(’O 


// 




0 I - V I - r 
I 


f ■* f~S • 


<') 


// 




A 4 **) •, f-»**-T* 


0 0 

I \ ’^y 


i K 


(«0 


f 


->// 


4|Wt 


tr — ’"’jj ■—-- - 

JJ V-(f^'(l-**7‘ « 0 ( ,.+•) V 


ft I _ 

\ 


(v»i' 


// 

0 0 

M. 


4^ - (»•+»•) 




(«v) 




vTT^ ^ 


•»+/ 




^4»—4lS 


5 im# V 


J / 




t<i** t 
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TtMt AmA 




t^3 




i«v»j 


/ / 


Miyi* 

7T1?T^ 


0 0 

An#, (i) (ii) Zw (iij) k (iv) #-i (yj g 

(,nr^ (v!ii) 1,^ 

(.ii) «i«f? {.iii>»-' (ti.) (I - 


(»V|) 


n* 


\) 


SMiA tkt 0 r$t #/ lAf dtmAfi idkfrutifm aitd tcalatu ; 

•IV2 

”• / / 


0 


•/l / 


2 fl. 


0 


‘ v'*(l-^») 

» // 

0 0 

-■'• ■!. 

’‘IS 


*Otf, iM* + y 

T <*»*•-»)]. 


(Art* |«‘*((| 

I- t1 


v'l - 

■ «* tin* 1 ^ 


dndf 

mm 

v'l 

- 

*• ;t 


!I<>|| 


(i) 






il» Provt thtt 

« 00 


( J - 


_ •# 

*•"'" " ii i mii 


t«)/ / 


~ I 0 

« I 


(i&) J JTd/#) 


\ 


717 - (•>«) 




'■ • 'rW.' . '. -45 Vv 

, ■' •' ■•"»■■■' • 
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Multipli Inttgfdlf 


16*4. Rcluii, 


-Jon between Bet. 

arc now in % 

Beta and Gimma to Mt.Li.. 


JS5 




» ") - / *»-■ (, ^ *' 

A 


*)"'* d. 


1 

/ ;t»-i 


dx. 


(15) 


wc get 


* • • • • • 


( 16 ) 


(1 ~x)m-ij^ I 

00 

and r (m) = J 

« j 

In the r {m), if wc substitute x = i*, \ 

00 

r (m) = 2 f 

0 

We use here the following result from double integrals. 

If F (x) and </} {y) arc functions of x and y only, and the 
mits of integrations arc constants, then the double integral can 
; represented as a product of two integrals. 

Thus 

b d h ^ 

f f F (x) (y) dx dy f F (x) dx. f <f> (y) dy ••• ( 17 ) 

a c 

Now by (16) and (17) 

00 ^ 

_,, . f .-*• ,«»-■ *• / /*■' 

r(m) r(n) = *J ‘ ^ 

r\ 


0 

we change_ 

P“;'tfrro” «/2i ,o (.8) give, in pol.r 
,kcn from 0 to oo, 


akcn from 
rdinatcs, 


! 


I 
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w/2 00 


r(m). r(«) *• 4 / / coi««~i e e </rrf6 


0 0 


4 J fir, f cos*«-* 0. sin*»»-»0 </e ... (19) 


By (16), 


by (17). 


2 / + r (nj + n) ... (20) 


and putting sin^O s= p^ 

rt/2 1 

2 / cos*«~^ 0 sin**-* 0 rfO = J* />«“* ( 1 - /> )"»*"’ dp 

0 0 

= B ( 01 , n), by (15). ... (21) 

Hence from (19), (20), and (21), 

r(m). r(n) = r(m + /j). B (m, n), 


B (m, n) = 


r(m). T{n) 
r(m + n) 


. ( 22 ) 


which gives the relation between Beta and Gamma Func¬ 
tions. 

Entttple. Evaluate // ^i-l ym-i over the triangle given by 
a >0,^ > 0, * + y < 1. 

The region of Integration in thlsca^e 
is t e triangle O.^B, so the required 
integral is 

1 1-jt 

J J .< * r--* 

0 0 



0 . 0 ) 
Fig. 182 


- /^* ‘[r] 

0 0 

1 

«. -L J 


; - NV. 
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Multiple integrals 


^ 1 




73 ? 


^ m). 


+ i)-l.£h). r,/+, 


_£(/) 


r(„ 




+ H7) 



hdrt” 

Divide the body by a ,y„a„. of 
p ane, parallel ,o the co-ordinate 
planes into small rectangular blocks. 
The element of volume at P {x, ^) 

is then dxdydz. 

The mass of the elementary 
cuboid at P = / {x, y, z). dxdydz 

Then 

Lim. 2: f {x,y,z) dxdydz = dxdy j f {^,y,t) dz ... 

dz’^O Zj{x,y) 

where Zi {x,y) and ^2 ix,y) are the equations of the lower and 
upper surfaces of the bounding volume. The result (23) gives 
the mass of the elementary column on dxdy in the xOy plane 
as the base. In the integral (23), at, ^ are constants. 

W« now have to sum for all the column, standing on the 

[ f { j /(>.^.-)* ] J 

J,,,,) , = a to » = i, we have 

»nd Hnally .um m.ng lor - 


dx 


(24) 






dy J f{x,y,z)dz 
f^(x) z^^x,y} 


... (25) 


t.b. a. m.. 
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r*xt Bmk ^ 



The walMtion »f * **^^ “ iT^M 

change in the Hmit*- 

the Tnluinc <* *n demeLom 
In p«lar c:>-ordinato uxc ^ 

4t = r^n® 

Md U.e iniegiaJ [25) «ko th* fc™ 

.W in cylindrical coK»dinat«, ihe dc«nuiT vol^c 

* = p if id iJ 

Mi the integral (25) tato the from 

////(?. d, J)f/--id^i 

with appropriate limits 


£xa(Bpfc i. Show 


>w the v- oa*; bo«3ficd h« dw cramisT jr «» 

ir.d'thc ?l*ae5 z = 0, t + J« - ^ = 2 ;f tc 

1 v'« 2 —*—/ 

/ / / 


_U. 


The cviirirr «*n>d» on the »re» coa-ti^a U> t'.e ;wio ;>ir*bcl» wvl 



C?rfr»:^r5 par*!'?' m the C'lia. 
the Tivuae re-q-atw! h the rcraee jf 
•bis orJInder rnt-ofi' bnr -Jiie 
z = 0ai-d tr.T'f caa j i. e c=I-i«--;i 

Inie^atiai; iErst •». r. t ; we jScisi 
J e xoijTe of the ^esarr.U'T edhoa* 
oo is i} a the base, where Kaia ia 
^ are c =s 0 to c — 2 - » — 

Thm the ee<hxBie of tkaatwT 
okhiBM «B as (he base is 

J* /; -- ^ 

Ti^anut a shcc paraiiei ?® AeJ®* 
plaae, of aB wdi co?«ii««. : 


; •.• ■ ■ 'i • ^ , 

. . - , . ■■ ■.. IVJ-- 

■-, ■■ y. ''dr-i-: 
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MultipU IntegraU 


Vx {ref. 6,5, 'oi. 

to the X)« plane a, have the 


'volume, 


2 -*-, 


““'''"“"'•tyilice 


parallel 


* /« 


Summing the v„i„_ " " ' ^ 

> = VT from * = 0 to ' bv the eu 

question and is * S‘ves the total vol 

“ '-o'-ma of ,h. 

<! 'If 


f Jx J iy J, 


^ ^ () 

which IS the same as ,he given integral. To evaluate it 
prtncip es as used in the evaluation of a double iutearal. r 


1 V X 2 - 


^vcuaie It wc ust; the same 
integral. Thus 


* -y I V* 


s -1 

n ^9 /a „ . L -1 


0 At^ 0 


0 ** 0 
1 y/x 

jdx j {2-x-y)dy 
0 ;«* 


1 ^ 
-fh - *) V'.'- -f - (2 -') «• + T ) ■" 

.W-i? 4 * 51 

[ 3 5 ^ 0 


E*ampl«» XVI-C. 


Evsiuftte : 

log 2 * x+y 

,. / // ' 


+if+r dxdydXx 


[am. 
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2a * « 

r. . 1 

2. 

Jdx ^dji J {xy «) dz 

I^An.. J 


O 

o 

( 


1 l-x x-\-y 

r 1 1 

3. 

J J J* ^dzdydx 

I^An.. -J 


0 0 0 






Tc/g a »in 6 a 

r Swa* T 

4. 

/ / / 

I^Ans. —-J 


0 0 0 



2 4-* 3 

r “IS 1 

5. 

^ dxdydz 

I^Ans. — J 


Ox 3x 

TT 



1 z x^z 

Ans. 0 ^ 

fi. 

/ // dxdydz. 


-1 0 



11 1-x 

r 4 “1 

7. 

J J J ^ dzdxdy. 

^ J 


0 / 0 



00 00 00 

r Tt^ 1 


f , C, C _ 

r Ans. - 

8. 


L 8 J 


o 

o 

o 



r a p 

—. 

9. 

J J J{x^ + y* + 2^) dxdydz \\heic k 

« ^/r^ -z^ 0 = \/r® - -v* “ 


0 0 0 

[- 


and f is a const. 



2a 's/2ax —^4a®— 

r Sna®! 

10. 

( dx f dy / ''e 

0 — x^lax-x* 0 

j^Ans. ~ J 

11. 

Evaluate the integral J* f Jv**+y* 

dxdydz where v is the volume 


r 

bounded by the surface x* H* y* •* «*» « 

'>0 and (he plane « = 1* 

r 5 nl 



1 Ans:.jJ 
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MuhipU 


la. 


13. 


14. 


15. 


16. 


Rvahute 


///(** 


0 




oU 


•urface »* -f / 2^ 


•' e plan. , , j 


.. 


Ui 


// 


0 0 



dxdjfdt 





Evaluate JJ J ^^ dndydt [An,. ^1 

0 0 0 L lOJ 

Show lhat f f f-~ (log 2-^ ) , mifgr»‘lon 

J J ./(>f + J'+ < + 1'* 2 \ 8/ 

bcimj taken throughout the volume of the tcirahodran bounded by the 
coordinate planet and the plane <r -f* ^ 1 


Evaluate ///<* *•*'*“ ****’®"«*’®”* 

t- t ^ ^ e* « a* and the cylinder a* +/*-«. 
sphere r 2Tt1 
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CHAnm 17 


APPLICATIONS OF INTEGRATION 


17.1 In this chapter we ihail study the upplicationi of 
integral calculus to the problems involving areas, volumes «i)d 
surfaces of solids, centre of gravity, hydrostatic centre of pmsiirr 
moment of inertia, mean and root mean square values etc. 
Formulae for these in terms of integrals, tingle and multiple are 
developed and their use in the example on these topics ii 
illustrated. 


17*2 AREAS 



The area A, included 
by the curve y ^ f (a) 
the Jt-axis and the ordi* 
nates x •• a and x ^ hit 
given by 


— i — 

A - 


• » • 


(I) 


Pig tS5 


Similarly the area A', included by the curve »••/(*), the 
jr-axis, and y ^ c and y d it 

i 



• • • 


• • • 




In case of a loop, as 
shosvn in the figure, the 
area of an elementary 
rectangle at P {) «• 
4x4y and so the area of 
the loop is given by 


i 

Scanned by CamScanner 





Applications of Integration 



713 


"f the loop 


(3. 


. of 

» given in 

'«or,iina,e,bye=/:l" 

Jen a, Vi-,0, ,he a'rea 
, ® clcmcntar/ tri- 
*ngle OPQ i. j,,„ 
I lor dropping PR 
penjcniar to OQ, PQ 
=- '411 can be taken ai the 
base of the OPR r,f 

which the height ijr, and 

its area is \ r*i(j; 


Area of the sector OAB = i f r^dfi 


•*' {^) 



For a closed curse, 
whose equation is given in 
polar co-ordinatei, we disadc 
the area into a mesh with 
lines 0 = constant and circles 
r = constant. The “area of 
an clemeRtary rectangle at 
P ( f, 0 ) is fdrdd and so 


PiR. 188 


I Area of the loop ~ // 


rdtd^ 


• • • « » « 


(3) 
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^niatics^l 


The tracing done by the method, c 
curve-tracing (Chap. XIII) give, thecurve« 
a symmetrical loop on the x - axi, between 
^ — 0 and x » 2<i. 


2a 


J ydx gi 


gives the area of the 


uppcj 


half of the loop and so the area A of the 
loop 18 

2a 


A = 2 


/ ydx 


(0 


0 


in (i). 


From the equation of the curve y - - -L— , substituting this 


J 

0 


.. (ii) 


For integration, we put x = 2o sin* 0 , so that dx =» 4 a sin 0 cos 0 i 0 and 

when X «= 0 , 0 = 0 and when x = 2 a, 0 = — • 

2 

«/a 

A = 64o*. ^ sin® 0 cos* 0 </0 .. .. (iii) 

0 

By the reduction formulae [chapter XIV J, we can write the value of 
this integral, so 

* e2A 9 (5.3-1). (1) 7r 5x 

A = 64o*. - - ^ ■= - 7 * a*. 

8 - 6 .4.2 2 4 

Example 2. Trace the curve a*x* = y'^ (2a — y) and show that its area 
!• equal to ir a*. 

Here the loop it on the y — axis, and so wc use the formula (2) for the area. 

Thus the area A of the loop is 



2 a 


% 2 J xdy 


0 


2a 


r ( 2 e- y)''^ 
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n/- 


Substituting y => 2a iin*©, A «= 32 J sin* 0 cos* 0 


rfe 


0 


32 <■». . JL 

6.4.2. 2 


71 a*. 


Example 3. Prove that th© area of the loop of the curve — 5ax^y^ 

5 . 


IS — a‘ 
2 



From the equation of the curve, 
it is clear that the loop docs not He 
on the X or_j»axis and so is inclined 
to them. In case of inclined loopf 
we change the equation to polar co¬ 
ordinates with X = r cos 0, == r sin0. 

The equation of the curve in 
polar coordinates is 

5fl sin* 0 cos* 0 ... 

r = —^-r— ' • • • vO 

sin® 0 'f cos® 0 


r is zero when 6 = 0 and 7 t/ 2 , so the loop of the curve lies between these 
two limits. Using formula (4), the area A of the loop is 

7r/2 

A = ^ f*dO . • 

0 


(ii) 


Substituting for r from (i) in (ii), 

tt/* 

25fl2 


I 


sin* 0 cos* 0 


2 J (sin® 0 + cos® 0)2 
0 


de 


Dividing the numerator and denominator by cos*®0, 


A = 


25a2 


’'/a 

/ 


sec2 0. Ian* 0 


Put 


2 J ( 1 + tan® 0 )2 

0 


- d0 


^ ^ -t =» 1 + ian®0, dz =* 5 see* 0 tan* 0 rfO. When 0 = 0, ^ = 1, and 
When 0- 


tt/2, ^ = 00, 

A = 


00 


00 


r dz 5 0*1 

1 ■ 

J l2 

1 

Z . 


2 
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it 



In the cycloid*-e (e 

y- the area betwcci 

3A5Bjy ^ portion of the 

U5P to cuip. 


:n iti bale 

curve from 


w 11 ^ j*}j^ 5ketch of the cur 

pjg jg2 with c 

and Q and the bair PQ 

area required is that of the curvilioer figure POQ. 


Required area A ■■ 2 / a^ 


From the equation of the cycloid Jt mm a (9 -i- »fn 9) 
substituting in (i) 


Substituting these values of the integraJs in 


and its asymptote 


Example 5* Find the area between 


the figure with x 

ipproaches ] 


The nature of fhr curve shown in 
[ Asymptote if the line to which the curve a 
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Example 6. Find the area of the loop of the curve 
r Bs a cos 3 0 + ^ *io 3 0. 


Let « “ tan-1 so that a« 

0 


V?+7^iina, coi«. 


SO that the equation of the curve can be written as 

r » (»'"a cos 3 0 + cos« sin 36). 


(i) 


To find the potitioo of .h« ^'o^ « 0 .nd’l. ■>"' «' 

n i. on integer). Taking eonteeanve value 


TT —a 


between 0 «=» — 3 


The area of the loop 
Substituting for r from (»! 


It - « 

^3 

J. f r*rfe 

2 ^ t 

-a/s 


(ii) 


B — * 


iitS- / 


•m 


8 (3 9 + »> 


—a/s 
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Example 7. 


. between two loops of the curve 

Find the area mciuoc 

,^<lwT cose -1)- 


.hi. curve properly co get on idea of how one loop 
It is necessary to trace th ^ ^ some convenient values 

lie. inside the other. We tabu a ^ 0, the curve is symctrical about the 

of 0. Since the expression ‘<»y g q to tc, is sufficient for analysis 

initial line, and to a range of value. 

We have, 



lig. 191 


The curve starts at A, where 8 — 0, and r « a (\/‘5 — 1)> f continue^ 
decreases as 0 increases, and becomes 0 when 0 =• it/ 4 . As 0 

from r is negative, and so is in the opposite direction. Thus for 6 * 

r — — fl, and so we take OG « <i in opposite direction to Qy* ® 
r 09 •» a (-v/^ + 1)» and so intersects Ox at a point ■- where OB x (I"!* V ^ 
We also note that OB > OA. The continuous curve AOCB gives the 
the curve for 0 from 0 to n and by symmetry about the initial Ki»a» ^ 
complete curve. 


j 


' j 
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rw ^ 

«| 4JM Lmmrn ^ • «l 




» M *f «• |kf a^ . a 

• *»««f 1^ , * ♦ 

*’-'t/- 

•'<«• <w,, 

'•"**/ V Ir 


«♦ - I t 


'« 

• I 




0 


t»#l 




«) 




mmI •!»« **«« fi# iW >iii»»i 


■**[f “’* t]' T" ’ 

♦ 

i-»-S-!-r/ *•' 




/ At - «•/ < *' 


n*<i 





FfM 


. n - V 

t ' * 

^ ♦ •>* 


lit' 


(»>•) 


;•*) 


(•. 
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, «„d b, double in.cgr..io» -he .re. mcl»d«l be.«.„ 

I. curves ^ ^ ^ 

It — 2x^'4*4x-j-7. 







The abscissa of the point, of 
intersection of the two parabolju, 
a rough sketch of which is giy^^ 
in the adjacent diagram, arc 
given by 

~ ^ - 3 = - 2*H4x + 7 


i. c. X* “ X — 2 =a 0. 


Fig. 195 


Taking the elementary strip parallel to the y - axis, such as AB, bounded 
by the two parabolas we integrate 6rst '.v. r. t. y, and then integrating w. r. t. * 
fromx = - 1 to X = 2, gives for the area A required. 

2-2x2 ^^4;, 4. 7 
A t= J J dxdy 
-1 3x2 - X - 3 

I -2x«+4x + 7 


/. - X- + - 


L 

“Sj (-x*+x + 2)rfx 



Example 9, Find by double integration the area included belweea 
the curve r - a (,ec 0 +^cose ) and iu asympotote r - e sec «. 

y ansforming the equations to cartesian coordinaWs, the curves S** 
easily traced, as shown in the Bfure. 



Scanned by CamScanner 




TcJ 



jipplUations of J^U 


, ’* ^a. 

" + C0l9> 

'^®'n the 
' ® varie. 

•yntmeirv 


gravity 


rriang«i»t iatr.^ 

iceA at tV»e «» 
,„gu\at iamina 

u\ar iamvna « 
Viout vbia^o*- 


iina 


of a cttc 
nt O on 
about an 


\t dennty 

iom a ftt^' 
ii the area 


tnomwt oi 
ot i^tntnet 


Examples : XVII—A 

Obtain the area in the first quadrant bounded by the curve 


U vis base. 

tU inoincttt of 
i|d by a doub\ 
I axistbtougb 


AT*)® and the co-ordinate axes 


e of small eccentricity has its perimeter cqi; 


iange«i 


radius o. Show that its area is na 


%bc tnotnent < 
:UaraVlc\toiv 


3. Prove that the area of the curve *■= ^ /2) 


4. Find the area enclosed by the curv 
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TtMi V 

^ ••/* +/^“ **** 

^ ,|K " « *■ * J 

' r ,h. Wlo*''"* *•”'*'■ 

'‘’ .,y.»«.(•>«>• '■’> ^‘-7''*-*"—) 

^iuy i _ * /_ -»#A _i 




./^JLV ... 0 ^.* 

[*"••"> l5 “’■'"" ( *’ ' . 

,,, I H-.)•*. T "**’• ”■ '"'‘’*’''“1 

7 . ShoM# <h»t j - 

^ . «* ■nd.t - 1 J- (<i > 0 ) !• - J 


in qM*dr«r» r^i%ir^n Ih« rwtr 

8. Fiod ■!*« _ 2, .,-1 .h..- -h.i .h» l^i.h ol ih, 

,IC till off b2 >ti« liK'i*-^ I ''” ““J"’"*’] 


8. Find in lomf of fiicn. fonoinn.. .•>» »’> 'n'l"'-' ••* ">' 

f* 


(tIMt)"- 


10. Show Ihftt if I »»<■ 

whirr « ji * vunjibli* pjrniuMrr, mr«»uir«! frt'in i) r iMiiil liw <«» 

• point l» in ifr curve *011 if A W iKe *irA bounrird ly iK« CMfre 
the initwl line end the fi*hui veciw to V, il eti 9 a* «• *«*•* 

i f. Sketeh the curve wlioie poler e<|u«1tcun «« ' 

• 

r •• • liinh 

2 

Find the IcuBih i of the curve end the ere* A of tKe feeror 

from the reditrt vetlor at •• 0 to tbc rtditM v«rtof fr#) * 

2 A-.a(t-i). 

12. If A it the vertee, O the eeatre am) P f*,^> a«T po^nf on ’He fcfpcrhef* 

»* y* 2^ 2^ « ^ 

- Tj *» », prove that a « « eodt —^ * iliib -- , 

" aik ai 

»ectorial aioi OFA. 

IJ. Findih. ie«»lin,af 1^ 

^ AC'*” 

SlrannpH hv Pi^mSlrj^nnpr 
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14, (h# ^ 


iii^ ill* ^ l 


I 4^ ( 2 ^ \ / 


I6. Khw tlini »»,* *r** .j . *^***'** ^^ •• ^ ij^ ^ ^ 

f * ' 


</f > t > 


*> i*' 


n. H,.-i 

IB. Hn/I liy , (Air^fJ’ 

y - 4 3 nii/l ^ ^ 2* ... 5,, 

Ifl nh^,w hy . l/^' *"'t]' 

y' - 4/ijf sin/l *» 


3 


CttTve 


20 . M„rt (,,, rt«,.(,(. fr.i.*,„i«,, „„ 

i _ - JT) 

^ ~ «t» a^ywpv.f*. I 4 *«»] 

21. Fi/»/I JiA ;,!-«:«» I>«iwr«ri C‘ifv« - 4 * ar*4 2* - 3, 4 . H - 0. 

22. Fifi/l ihe nrfik infAtiAf ti Ixtwe^n tiK cury<t 9xy •• 4 and 2* 4- y — 2 

by fUmijir in^^graliori, ^Af.<. ~ —^ 

23. 3b«w tb*t the area enclofed by the curve* */-**(*-» tod 

( 4 f — AJ 7 * *■ i* <A - 2 ) «*. 

** y* ** y* 

24. Find the area common to the ellffwef 4"^ - * + -jjj- - b 

j^An*. 4** laa"' 


25 


, Find by dmiWe integratiofl »be area 


incMed between the curve* 


•* 1^—1 la > *) 
«« Af the part o( the cllipt« J * 

2». ^ i. ,i« W 

whUh i. *i.W» ">* O"*'^ ‘ 


L ♦*, + «(o'‘ <, 




9 


T, B. A. M,..w 



wat- 


|, 

ju,e ‘jiA^arv 
; tr.ai4rA^ 

I *b 0 H* 
4 Vli^ * 




-i i 


1 


wn 




i Ti&tmB*. Cif 
; • *.hr<«€b « 


i 5 « detsMt? 

! 

rosTi a T®' 
; tbe a-re* 1 


* 


H ’Jbe ?n< 

I all' P* 

4 ,t»ba»e 


e tofsta^ 


^ by 


a < 
a*i* tbrt 


by diTMWe - r 8 —1 

j a dkfh^x'i I An*.-T'(a 4-4) >/a* | 

4a (a 4-1 ’ f 


lante*’ 


lie tnom 
4 parattel 




'V 

4 

;^' 


.5$ 
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Abo evaluate the .rea ^ 

r the cIo*ed portion of the Folium 

« Hnd U.e .r.. 

iin» e + CO** ® 


[*“t 1 


»e» 


^ — /»f A loop of the curve r » a Cos n 0 h _ 

». Show >h«l ‘h* *'« TT 

and itate m r - a and the curve r « eoi5e. 

conumod betwtm m ^ 3 

Ana. B-odd ; «-even — ; —»«« 1 

so. Find the area included between two loops of the curve 

,_.( 2 co .8 + v'J)- ^An...^( 10 w + 9v'3l j. 

31. Provo that thocurver) •’« <'»•'« loop wha» 

(i.%w4o.(V 

(l +2>in -Ly 


areas arc a" 
respectively 

32. Find the areas of three loops of the curve r •» a 


[ 


Ans. ( 3 ir + 8 ) fl*, ( 3 it — 8 ) , ( 3 it 


-. 4 ] 


33. Find the area bounded by the curve r «= 2a cos 3 0 and lying outride 
the circle r = a. 


^ Ans. a* ^ 


34. Find the whole area of the curve represented by the equation 
r at a -f ii cos 9| assuming a > 4. 

35. Show that the area of loop of the curve 


[a“-’'(**+ t**)} 


(i) rcosO -acos26 is ^ 

9 

(ii) f*»a8cos6 is!L^(^_ 

nr 


6 ) 


36. ShoWthattheareaof the loop of the curve 

r*(2r*cost - 2«f sin9cose +eituj*0) - 4|l^ i, 
Sa Kndthearcaof thcfurvef*- a*coi2«. 


I Afif. ^ 1 


o the difilereoce trf the iquam these 


Scanned by 


jppikatims of hUgration 


39. tind 






O (I + cos 6). *** 0 (1 *. cos6)^ 

40. Find .he area i„.Me ,he cardioide , . '“’(t- 4 

the parabola r « - ' + co» e ) a„j 

[am. «« (Sa+il]] 

in4 L. . ^ ' J 


the parabola r 

- - . H ^ikhts) 


+ ^2n 


4mn r 
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17*4 VOLUMES OF SOLIDS 


Let z 
which the 


^ f (^f y) ^ the equation of the surface, of 
orthogonal projeettrn rn the xOy plane is the 
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Tmi B^k 9/ AppM 

contour PQR, whose cou^ 
tion is / {x,y) « 0. The 
'/^•fCjc,y} volume of an elementary 

\ parallellopiped on dxij 

^ bounded by the surface. 

u e — f { y ) and sides 

Parallel to the z axis is 

Zdxdy r^f[x,y)dxiy. 


1 ne summation of all 
»uch terms over the area 
of closed curve PQR 
gi^'cs the volume of the 
•olid cylinder bounded 
by the given surface and 
the plane xOy with genera¬ 
tors parallel to the e^axis as 


Volume 


to be taken on the area of the contour PQR 

To express the volume of a solid as 
note that the volume of an elementary cub< 
the volume of the solid is xiven bv 


volume 


where the limits of 


mtegration w. r. t, 4 (if, 
r, t. z ) are z^ and Zt obtained from its equal 
i bottom of the given surface and then the 
It IS w. r. t X and is performed over the ara 
given solid on the xOy plane. 

If g y (jr.jf, e) is the density of ik* -^i 
Xfjft X ), then t)ie 


mass of the laiid is 

f / ( *9j» x) ix ifyix 
appropriate Umita of integrations. 
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Example 1 . . 7^0 

.• +>• + c«, Off bj 

area at P /. « /. ' lary 

»he line at P rf 

*'>'*->«u T 

volumtof Ihec'emt”*'*" *’ 
Wopip^d« p''r3;*'’': 
voiu™. r 

bounded a, ,he ,„p 
•urfacc of the sphere 

**+>•+««-«> i, 

fJ^rdrdQ . (ij 

with proper limits of integratu n. 



Fig. 200 


fl* or 


I-r'** 1111 

As =» r* so the equation of the sphere i, ,« + 

^ Fhc region^of intecration is the circle x*+/-a*-.o 

which has its centre at ^ 0, 0 ) and radius is Its polar equation 

IS r «*■ fl cos 6. So the limits of integration w. r. t. r are 0 and a cos 8 
and w, r. t. 6 are — and With these considerations and using 
(i), the volume V required is ^ 


n/q acosO 


V-l/ 


(ii) 


V 

To evaluate the firit integral put I* - «• - r*, lo we have 
acoeS ««"• r,si’' 

r ,dr--/<*d<--[Yj 

0 « « 

« -sin^e] .. 

3 

Uelngthlelndi). the volunte reqdired 1 . 

'•/it. 41 

f T ^ 

V- 3 J 

° I .,«* cut off from the paraboloid 

Find the volant, onto 

1 ,^,_lbythepl.ne«-»- 

JI* + 


(iii) 
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r-f m 
n»* 

- / O J I - r* - f ^ 4^ 

-I ^ 

* 41 >(✓!-•'* 

-/((.,*,-£} A 

-I -i^r'Tr 


-/4 


I 




•/♦ 


y ^ * <»•* • ^ i, ( *i4ii n i # «• «M* ♦ I 

-f-ifff]” 

tt i wf l w i I XVII«-C 

I rs 4 Hi# ^ 

Wi I «• 9 * ^1 • 4 r f « » 9, [ *** *^* ] 

r«<r.W •. %ttm» |^«t %k9 '^ rn m <4 ♦*» iwM « ’w*"' 

Ai • 

»/ 


mud It 


(“T 


« fl^ - 


1 
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3. If the deniity at a point vari« .. .u 

from the ,, _ p|,„e. ^ ">« <»«»ne. <rf tb. H., 

.phcre *» + j.* + ,« . ,, cylind *,“l + 

4. Fmd the volume bounded by the .urfece e-t 

and the positive quadrant of the elliptic cyl'nder + ^ _ I, s _ 0. 

5. Find the volume in the fir»t rctant bounded by the cylindrr 

(* — 1)* -h (j— I)* ■■ 1 and the paraboloid ny •" z I Ani. « ]. 

6* Find the volume under the ipheiical lurfacc a* + ^ + e* -■ a* and over 

the leninifcate r* — a* cos2 0. ^ ^ ■■ (1+2V?) + ^a*(2v/5—oj 

7. Find the volume of the solid bounded by the surfaces e«»4 — a* — i>* 

ande=3x2+iy [Am. 4 V?k] 

8. Find the volume in the first octant bounded by a* + J-* — 2, z — » + > 

— a, z — 0 and a 0 j^Ans. “g" ] 

9 A solid Is cut out of the cylinder + / - a* by the plane z - 0 and 
that part of the plane z - ma for which z is positive the dennty of 

jUrscSd l, anypL. v.ri«.. the bright of tb. pom. above the plan. 

z<m0. Find the mass of the solid. km*a*n 1 

I^Ansa—I 

L -A im formed by the revolution of the ellipse 

10. A solid spheroid is formca y 

about i« major aais; a cyKndrical hole of drcular 
<:L Jion with major aais « •*“ *»«<•• 

Prov..ha..h.volu«.ofU.ercm.lnl..«-.-i.^. 

the length of the hole. 

) 1, Wnd the volume common 

^ + a* - «*• 

. . . e U i a. * to set up over a base which is a cartJI.^ 


to the right circular cylinders 


[Ans-ya* ] 
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go Text Book of Applied MaBiema&u-l 

the expressioo in polar form of a double integral for the TolmBe 

within the tent and evaluate it. 

71 fl (I + cos 6} 

[ah.. 2A/de/{l-;^^^,-Jrd,--.e**] 

0 0 

i3. A right circular cylinder of radius — and height a is (oimed hf the 

plane z = 0, « *- s and the surface ^ Find the rolwDC 

of the portion of the cylinder inside the cone 

[a-. ^(!»a-l«)] 

14 . The base of pOc of sand covers the regioo in the m ^ ^ pl«s^ 
that it bounded by the parabola s* + > ^ 6 and the bne JP The 

depth of the sand above the point (a,^) is a*. Find the volmne et 
thesand. [Ant. S7MJ 
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CHAPTER 14 


REDUCTION FORMULAE 


14*1 In many problems of integration, we sec that hy 
some convenient substitution the integrals can be reduced to 

the form / sin«v dx, f cos^x dx, or f sin«;fco8«Af dx and 

these can be made to depend upon tho>e involving 
degrees of the trigonometrical expressions, by what are known 
as reduction formulae. Also we shall fee that the knowledge 

rr/a 

of the values of the definite integrals such as J sin’** dx etc. 

0 

is very helpful in problems of integration. We shall therefore 
investigate the reduction formulae for these integrals. 

14*2. Redaction formula for f sin”z dz : — 

Let I„ = y* sin»;r dx where n is a positive integer. 

We shall see that it can be made to depend on 
=* J sin»“^ X dx. Thus : 

J sin" X dx ^ J sin^-^Af sin x dx. 

Integrating by parts, 

= —sin"”^^ cos.r 

4- (n—1)J sin*^;r cos*x d* 

In the integral write co8»r =. 1 sin* x, and so wc have 
y* fin* ndx ^ fin*“** cos x 

+ (a-l) / fin«-*xd:« - («_i) J iin» M ^ 


or » *— fin cost + (« 






-I) I». 


t- 
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' ftitudu 

•^0*^ ets 

term on r.h.i.io ihel.h.i. wc have 
-»ln»-**t<»a+ (»-l)I,_, 


i\n^'^^xco%x n — 1 

ofU---!- I 


• • • • • » 


0 ) 


Xbil »» required reduction formula, which makei 
J depend upon the evaluation of j »in*-Vr </*. 

TPhe lucccuive application of this formula rnajees In depend 
gpon 1 upon Tn _4 and »o on and thui depending 

gpon whether n i« even or odd, we finally come to the integral 

■» J lifiV Hx s j dx •=: X, when n even, 
or I| » J <in X dx ^ — co* at, when n odd. 

•r/i 

14.3. Reduction Formula for j iln* * da i — 


n 


We «hall now coniider the correiponding definite integral. 

"/i 

%\\\^x dx. Then by (1) above 


Sf 


/ 

0 


1 

c 1 

n/, 

- _ * coi At *1 

V sin" xdx ^ \ 

- - „ J 
• 0 


«/i 


*♦* *”■ 


n ~~ 




i**“> X dx 


S. 


n — I 


- S... 


( 2 ) 


»y luccewive application of ihii formula, we have 

a « -2 

a — 1 « — \ " ~ - Sj|_* and so on. 

"" ■ n — 2 a — 4 
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■m hook */' 




"i* « ... 1 

jTrfv- ,,ll»li«v*n 


- y 

r *• J "" I ^ ^ 1 ^ 

0 “ 

We thu* vttiup <>l til** «lr(lnlte Inle^rwl mi 


W/| 

J siu’^.viv 
0 


1 N .'' « ^ ^ 

V" H - M ^ ^ 


w evfu 


1 N * • M e 
-* • " 
W 2 M 


% 2 

1 ' k -timm 

4 M 


. l.rHuld, 


H i Reduction Formula for 


'1 

J coi'* * d* ond f cou^ % d* 


As above, if In / cos'* V dx then splitting m»;r ai 
cos cos X and intri^ratinK by pans, wr obtain the reduction 
formula for J cos'* x dx ns 

e eM.x* - j co.-.^. 

ori.- !i!ll!^'*+ —I.-. . 


•-• xdK 


or In 


and putting the limits as 0 nnd 7i/2, wc have the reduc 
formula for C» « j cos'*Af ix ns 


c.-«-zic 

ft 
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thin wf %f\ lh« viiluf of the detlnite 


F^. 

i^t « u J» •>» 
# !* '•* 


M 1 e :» H - n 1 n 

N e t n i « y 

H - I H i e — ft y I .. 

I, N 0(1(1 

N e V e — •! Jl 


it «o-vv h<* 0 (»*rtt ihul N„ (1^ fUrf, opjiI wrt ) 

t4.ft. Ui***f^*^ riii>or»ttii on n«fliil(« liitfiroli : >- 

'VU«'' 0 ‘ *'**’ wl(rn the rmigr fur lutr^rnliol 

(Hn'*.^ rtod <io*" V t« unilllple of — l.e. 0 lo it| — « 

H> n end 0 U( 'Jn, 

Xheoretn I • _ 


J / (a) »/,v — J./ I'* *) ••• 


I > • »•», ) 


l.rl .V rt ^ •** 


H ' 

j/(*)rfA- j /(i 


- //(« 

, (P«r d.nnlt« l.iirKr"l. "><’ ... "'' * 

'Ohingo the value of ihe IntfBrel* ] 

I "/i ''f j 

[ Bm. Prove ihel j •in'* J ®®* ^ 

0 ° 


By the above theorem 

fi/« (v/i 




CM* M 
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Theorem H : — 


a “ 

f /(*) rf* = J/(*) * + / /(- *) * 

L. 0 0 


Now 


a ^ 

j f W — j /(^) '^■^ + / 

—a ® 

For the first integral on the R. H. S. put x = —t 
0 0 fl 

//(*)rf* = -//(-<)* = //(-<)* 

1. . 0 

a 

= //(-*)*< 

0 

Substituting in (i), we get 

fl fl a 

y /(^) dx = J f\x) dx J f{ •—x) dx 


Ex. 1 . Evaluate J sin* x cos* a' dx. 

—jt/2 

n/j 

J sin* X cos* xdx = J sin* x cos* x dx 


-f J sin* (— x) cos* (--x) dx 
0 

[ by the theorem H ] 

it/2 

2 f sin‘*cos»*</* [Ref. art. I4'7] 


-i2 






(3 X 1) (1) Jl^JL 

«6.4-2 ' 2 16 
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011 


•*/! 


»»/i 


«»■ *' ^ ./. 

,|,fl Ihrorrif, 

J I j M)fh 

i , 0 0 

«/l ^/l 

J ( 111 * * tlk j tin* M tin - 0 , 



f/(,) ■ / /'-)'" t / •)* 

J n 0 



0^ 


j fh)'l‘ J 


0 


of fi), wr 
24 


(I 


r/(x)</v-jn) jj 


Es 


EvalMHt* to / 

#»r If 


i»»»r z/x, (»») J 


,|0<;< C<)* 




t.tt.A M . 
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(i) J sin* cos* ^ == J sin*x cos^x dx 


T,., Book ^ APPIU4 


+ / «n‘ (_^) cos. (_,) ^ 
0 

[ by the theorem II ] 

n 

= 2 f sin.Jt cos” ,1 dx 


r"'* 

[/ 


sin*^ co?i'^xdx 


?^2 / V 

-j- sin^ ( n~x J 


cos* (tc - x) dx 


[ by theorem HI ] 


■“ «/2 
2 2 f sin* 

- 0 


X cos^x dx 


= 4 Li-1. — = — . [Ref. art. 14,7] 
- 6-4-2 2 8 ^ ' 


Similarly, 


(i) y sin*;if cos*;ir ^ sin*Ar cos* ,y </a' 


■V ^y sin* (2 rf.v 


[by Tb.IIIJ. 


''X cos*Ar dx 


/ 


JL [by above exantp^®] 
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fi Formulae . . 

Thus by the above Theorems, we have 

tc 

j sin» xdx ^ j sin* xdx’\- j sin«'( 7 t - x) 


dx 


0 


• ■ '1 


w/2 


7l/, 


J sin» X dx -{■ j sin» x dz 
0 0 
«/i 

2 j sin* X dx 
0 


Ws 


it/s 


Similarly, 

f cos* xdx = f cos* xdx ^ j cos* (tc — Af) f/Af 

J n 


«/2 

= r cos* X </ac + ( — 1)” J* ^ 

n 


cos* X dx 


0 


W 2 . j 

2 J cos* X dx if n IS even I 

..ifni^odd ) 


675 
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lategrzUng by parts, in which the bracketed t 
that is integrated, and fin*»“* x is the part to be 
we have 

nn*~* X cos*^* x 


Here the integrand 
sin*^ X cos*^* X = sin 


The expression for the integral !(«,,) becomes 

l{m, ») = ----+-I ,„.2 , _ ^ 

Transposing the last term on the R. H <: — j 

plying by -, wc have 

« -I- » 

j — sin"-* jr cos*+* jt , w - J , 

-- i.i 

Similarly in the Jsin^ x cos» xdx, if wc split up the term 

co«» X and write integrand as (sin» x cos x) cos«-^ x and integrate 

by parts, we get another reduction formula, 

* cos*—* X sin**^* X a ~ 1 

!(",•) - -—-,9) 

*«-fa ai-|>a 

In (8) m is reduced by 2, n being kept the same and in (9) 
• M reduced by two. 
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fofmula0 


m 


If) 


limit, of ,|« P ^ 

,„d (9) »bov« glv«i tiM r«l«otlnn f„rmui„ 


1 (W»I 


") 


in'**! _ 
m'Tn 


n I 
m 1 « 


1 


(m,n -2) 


••• ill 


• ■ • III 


•• ( 10 ) 
... ( 11 ) 


To obUiri the value of ihc definite integral, we ihall con- 
ll^f four different caie* i- 

(^) Fir<il^ly let rn and n both be tm, then by lucceiilve »ppli* 

^,|oO of Ihfi fo'mulii (10), 

IH"" I 


J(m.«) 


min 


^(w—'i.nj 


m —1 I * . 

^ -*(w— 4 , «) 

m 4 «m 1 n I 



mi 

... . 

Now. 1(0,«) '• 

Wi 

r M r eol** X 

I( 0 ,») J 

„_1 «-3 n-^ 1 ^ «i« O^'O) 

- -7" n-in~* 

Subitltutlng for 1 ( 0 ,») '* 

' ilii"* 00*** * " **"’ "* , ,v 

I \".4 - 2 2 ) 


^ 0 


n « 


•• 


\i»+» ”-;r- , ] - 

r /m-l) 4.2 

f _ «+»•-*>. o 


/w-"* ■'■ 


«*(»,«) 


X j C’) 
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\ 

(it) Let rn be n be odd, then from (i2) 




w-l _ 

«+2 

«/i\ 

and 1(0, «) *“ J* cos**x dx 


^(0, «) 


0 


n 


1 «-3 


1 (as «is 


n n —2 3 

t ( >”~n (w-3) 3.1 ] [ 



•*• hm,n) =“ {m+n-2) ... («+2) n' 

^ • • 5*3 
^ ^ • (l4) 

(m) Let now n be toen and m be odd, then 

j sin”»^ ros”jf dx 
0 


I 


(m,n) 


0 ^ 

[byTK.Iofa^.i^.j, 

jp/a 7t/a •' 

= J* cos’^Af sin" X dx = J sin"jif 008 ”*;^ dx 


0 


(n,m) 


Thus as I {m, a) = I (a, ai) and a the index of sine term is 
even, and m the index of cosine term is odd, we can use the 
formula (14) and we have 

^ (»*,«) “ ^(n, w) 

» [ («~-3)..3-l ] [ (m^3) ... 2 ] 

(w-M) (wf»-~2).., .5-3 

Thus adjusting'the numerator, 


I 


(w, «) 


[ (ia~l) (>»-3 )..4j1 r (a—n fa~3)...3‘1 J 


(w+«) (TO + n-~2) ... 5-3 

the same as the formula (14). 

(w) Lastly, let m and n both be odd. 


X I ••• (* 5 ) 
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ihis formula in succession, we shall have 

^ ? ~ \ . 1(3, n). 

m + ” m-^n—2 

^ gi - 1 w — _ _L-I( 1 ,,) using the same 

;4 -4* A n “h 3 

n^on formula. 

«/, 

But 1(1.") = / * “** * 

ri 


" «+l J »+' 



Substituting this value above we have ^ 

m — 1 III — 3 X ( ——7 ) • 

^—!- V --r-, + 3 \»+i/ 

form '« multiply this exprei- 

To adjust this in a couvememf , 

, in numerator and denom^i ^ 

(«+«) (»+" -2) - „p into, 

All the above four formulae 

•’jL__ - X* 

-- 

(w+o) (<n+a ^)y - —" 

-- , .,„and» »« 

* : : for all other va.u«jf ^ the denominate 

Mom the way in wHiC-*— 
e written. 
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14*8. Value of J sin”* a cos» a da : — 

0 

Now by Theorem II of art. 14^, we have 
* w/* 

J" sin”* X cos” X dx — J sin”* x cos” x dx 

0 0 

rt/j 

+ J" sin”* (n — x) cos” {t. ^ x) dx 
0 

Tc/j 7c/j 

= y sin" *cas»*<*+ (- 1)» y sin-»,cos«,^ 



0 


n/a 


=s 2 J* sin”* a: cos” x dx, if n is even. 


= 0 ., if n is odd. 

Illustrative Eaamples : — 

Let u8 now see the use of the above formulae in evaluating the integral! 

It 12 w /4 

Example 1. Evaluate (i) J sin* 6 cos^ 0//6; (ii) ^ sin’26 rf6 


0 


0 

2 


(ii) J'ci - cos 6)* rf0; (iv) J x» V(2 ~») dx. 




(i) / " 


sin* 6 cos* 0 </ 0 


0 


(2) • (3.1) 


(3 + 4) (3 + 4 - 2) (3 + 4 - 4) (3+4-6) 






T T aiitg formulft .. (17) 

2*3 2 

" 7.5-3.1 " 35 * 


(ii) 5in^20 i/0. Put 20 »■ the integral becomes 
0 

"/l nit 

i r X dx 
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F^rffwU* 

16 4 2 

2 T"’ ’i“‘ <oriaul* (Sj 

8 * 


»/"-•"./[■" 4 ]'“-•/«■!-- 


Putting M ■■ 8/2 


fl’2 J fin***, by formula (3) 


Mi 16 ~ JL * 

6 ' 4 * T’ T 


- 5 


(iv) f X* v ''2 - * I </*. 


Put X -• 2 lin*®, Vx -• 4 lin 8 c«»<4 iW; when * « 0, • - 0; and x — 2 
gill 0 mm 1,8 ti/ 2» 1 hcrefore the intcgrxl it 


J ( 2 )*iin* 0 ( 2 )*'*coi 8 . 


4 xin • CO* I ® 


« 32 V 2 1 f wn’® coi* 6 ^8 
0 

m [6*^«2H n_ formula (17) 

« S2 V ^ > 9.7.5.S.I 

■ 16 512 ^/T 

« 32 V 2 ^'sTs'" 515 

1 

ia.«f f (I 

thif valu^ 0* j ' 

BmmpI* »• »» coiwdirfW '» J 

' ’ 2 4 « JIL. 

^ -i-.-T'-T-2x4- I 

S 5 ' 
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utl- J (I-**)•* 

0 

/. r - J cof^* 

0 

2 « 2rt - 2 

" jrTT' 2 «-I 

^ ^ -1 
- Y‘ T’ 7 


4 2 

* ’ ^ ' 1 
2n 

'In +1 


^1/ 


Ne*( e*p«n4ln« ^ I - by tb. b...om..l theorem, w« h.i,, 

I 

\ m, j l \ • • **)*• dx 


f r n.fn^\) . 

- / [ I - "** + —j;-- ' 


\. In — I I (»l ’- 2) 
_ 




I n (« - n I 


« , - IH« - 2) t 

r ? *1 7 ~ 




(iij 


From ' *nff ^\vr ligvr; 

n «(«-!) fl (« - 1) rfl - 2 


‘ 1.^ ^ 1.2.^ 


1 2 V7 


2^6 

ITT 


«/l 


Easmilk 3. If U. - J W®, thow <h«i U, 

*/« 


2 - 

27T 


- I 


"-I 


0 


nL 


h^nce calculaft y* iaA* jr<f* 
0 

*/4 


U« • JU«« I/O -• ^ Urn*-*3 (•<£»$ - I) df^ 
0 

•u 


> ■ ■;' ll;. 

‘ < '^'■-1'"' J/.' 



Scanned by CamScanner 





i«it FormuilW 

[ „ the «« p«t » - l.n 6. ii becon,« 

f d* - _JL 


SB3 


n—i 


I 


V^ehavQ, Un 
«/4 

Next J tan* x dx by the successive use of this formula is 


U, 




0 • 


-t-It-I*-”-)] 




rcit 


and 


Uo =» J* tan" X dx = J* 


dx 


0 

«/4 


J tan* X dx 


0 


U. 


13 It 
l 5 ~T 

14.9. Beta and Gamma Functions : - 

We shall consider here briefly the two important functions, 
known as Beta and Gamma Functions, which fadlitate the evalu¬ 
ation of certain definite integrals. 

00 

We define J which is a function of n 

0 



(n>0)as a Gamma Function and denote it by r(n). Thus 

00 

r (n) «ss J dx . 
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tft us some simple properties of this function, 

00 

W.h.y« r 

0 

Intefreting by per** 


r (i-hi) 


CD 

+»/ =» r (,) 


Thus r (» + !)-''I’ (") ••• ••• . •• (19) 

>^»hich w the reduction formula for the Gamma function. 

Ifa is a positive integer, then by successive application of 

formula (19), we get , „ /.v 

r « a (a-J) (n -2) . 2-1 T (I) 

® 00 

und M r (I) - f »-* A “ [ - '■* ] = ' “"d »o 


r (n+i) =»I 

If we substitutes a. e* in (18), we get 
00 

r (a) = 2 y* e**”‘ dz 


• • • • t 


• • • » » • • 


( 20 ) 


( 21 ) 


We next define ^ (I—s)*”^ d*, which is a function 

0 

of m, a, as a Beta Function and denote it by B (m,n). 

Thus 

t 

B (im)-/*■“* (I—*)•“** . (22) 


and so 


Then by y* /(x) « y* / (a—a) dx, wt have 

0 0 
1 1 

y* a"-* (l^)a-i da « y aa-i (I-a)"»-»dr 

0 0 

B (ai, a) — B (a, at) . 


(23) 
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FormiUat 


Xhc important relation between 


The proof of the relation (24) i, defmed to a latter 
chaptc’’ ai it involve! double integration [ Ref. Chap, xvt, 
Wt >6-41 

If in (22) wc substitute x $in*0, wc get 


0 coi**“‘ 6 dq 


In this relation writing p 


the definite 


evaluation 


a relation 
integral. 


taking P 
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Example 1. / ctn^ff ,H), 

0 

' ^-^»ingrclatmn(25),. 

0 . , '2r(5) ' ■ 2y 4' 

2.1 I 

"" 2‘1.2'3A^ TT 


Example 2. Ryaluatfr J" z'^ dx. 

fj 

I ut 4 : => //2 and th^' integral is 
CO 


I 


.T^/ 


-5^ * dz 


0 




^/ 7T 

4^3 


Example 3. Prove that ^ B -f ^ ,, 

,y B (x + i,^) ^ 

F (x -f- I d-^v) 

^ F (x) r (,y; 

TO V, -- - ■ 

F /x -f- I d" ^') 

'r=. X F f ,y d- 1) 

F (x d- 1 d' y) 

=> X B (Xj^- d- I). 

Example 4. Rvaluafc the itilcgral? 

^ CO { 

(i) y*x« i «-«^cos bxdx (il) r x'*-! tf-tx lin bxdx 
0 - 


when n *5 integer. 


0 


CO 


Consider the integral ^ 


0 


Put « y/ ,/ 


3 

00 T : W'J,. 


Ai/*-< ( —— \ 

. M -. '■*/ 


dt 



■- ib 
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f §n m hi 


W 

u«,*6).J "'-77^3)7 

•/ ” 


Now’ei 

^ _ ifc » re~ /. r^ ^ or ^ h^, H m tan*** -i- 

;. (« - ib)» - r* r »•« . 

from (i), we Itave 

00 

^-(a + <&)* x« 1 r '«> 

0 

Equating real and imaginary partt, v. e get 
00 

r. . . . r(«)_.. 


J* X* ^ e"** coiftx rfx 


coi H0 


J ^n'l e“i>» tin bn dx ^ ^ 

^ Example* i XIV 


in n0. 


1 Prove that : — 

k/2 


7^ •>_ .jv r (1 4 - co*«/* - 1 

(i) J*in*0 cr.»*0 ^ 9- 256 ‘ ' 

0 « 8 « 

^ ^ (iv) f * ^ 

(iii) J »in*«*‘'‘”* “ 16 Q 


(v) J* 


(iv) f 

82 0 


'*• 286 


»/,__ J_, ^.iU) / «* 


r * — b 45 

(>«) J rr+^ 


r 2, Prove : ^ 

F 1 




X 
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(ffl 


a® JT (2w I)! 


** (2a* 


*)" tfx, show that 


3. If / (ot, «) 


xtn+l (I — X) 


f {m, n) 


B cos» 6 dB, prove that 


Evaluate u, 


Hint ; Write the integrand as cos 6 (B cos B) and integrate by parts 


***in xdx, (ii> 1), prove that 


(• > 2), prove that 
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Foimlae 


■ the i„,eg„| 


"ll 

bcncc evaluate f cot^e. r 

«/g 

+ po,Uve,.ege„. 

t. Obtain a reduction formula for J ede, by writing 

)_ , c» f sec”"* 6 do » f —— « f t'tttOdO e d{iin6i 

/ J co.»-*e J c'^-J ^^TiT 

integrating by parts ;'.nd rearranging suitably. Use the formula 
n/4 

find ^ sec^O rfO. 

0 

00 

>. If In- / #“• sin” X dxy (n > 2), then prove that 

” 0+(Ann 24/651 

evaluate I 4 
w/a 

10. If In — J* CO* 

® 2fi n(«-l). 

I„ - J- (71/2)'* [sin (‘»’'/2) + ^ ^ " fl* 

a 

«/* 

Hence evriuate J »‘cof*.*. 

0 

I. trim a- few” 

U. Ifl«.» J 

(m + fl) 1«>" 

andifU..-/— 

co8"» a ^ 

Im a — _ m + *• 

*•** m + « 

hesice prove that 

tf/t -^TT* 

0 

T. B. A. M.-44 


[ Ans. 24/85 ] 


In — 
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13. Evalute 


sin** 6 </9, where m is a positive integer, 


The expression --- (1 - « sin*0)V*, where 0 < «< 

(1 — sin*6)*/* 

expanded in ascending powers of a and the coefficient of a» 
denoted by Un> 


rove that 


where a =• sin 


15. Show that 


16. Prove that if I ( 
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Formulae 

«/4 

J 
0 




6U 


j8,v lfUn “ profe that 

. > 2n7 V; 0.211+1.; 

19. If “ J" ** *^*^ <** show that 


V<.' «r i. 




•. i V 


'' a* In =? ~ ox^ cos (ix.-\-. nx**"*^ 


sin 




In-2, ^ 


Evaluate. 


J x^ sin 2x dx. r Ans. ~ - -!L + JL] 
y 1 . 64 8 4 J. 

TtU 

20. If In “ J tan” 0 £? 0, prove that, when n is positive integer 

0 

n (In-i + I«+i) = 1* Hence or otherwise prove that 
a 

J X® (2o2 — x^)"^ rfx « ^ (log 2 — |). 

0 

21. if Im, n => J(log *)" 


k.m+1 


»-m> n 


— (log x)” — -Iin> n -1 

1 ' ® n + 1 


m + 


22 in„ = f *” (0 - P'“'" 

(2n + 3)i;=- 2-.»% 


Evaluau / *• (« - *• 

0 

r _ dx, show that 

23. If In ^ J "( 0 * + 

x”;;^_(„ - i)a‘in 2 

(0 ^ 2)I«=“ 

1 v6 

__ 

(3 + »‘“ 

0 

^2)1/fi (/x, show that 

In 


[ 


STTfl*! 

Ans jjg J 


[Ans. 0.023] 


. /n J».8/a+ a* 


(n + 2) 
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25. Show that if 


Text B6ok of AppiUd I 



(jt* + o^)«/> n 

(i) i„ = j (**+ dx. In —;nri~ rnJ 

^ 2 FI ^ 

(ii) In “/ (;*a + a^» ’ “ ('2« - 2) a* (** + a*)«-i 


*»»~^-(2ax—X*) 


W2 


(iii) In =/*" v/ dxt In = ^ ^2 


n+2 


2rta2 


(iv) In ^ f - **) “ 2 ;r+ I 


0 


26. Show that 

J cos 2 n <j> d(f> tan (f> cos^n <f> 

27. By means of J x*” + ^ (1 ” sh„^v that 

I J_L-+_L-i_^— + 

2V+’2 ^ 2 2/1+4"^ 2 4 2n-f fx 

2 4.6.2n_ 

:i.r)’ 7 T... ( 2 n+lT‘ 


28. Prove that 



1.3.5 .... (2/n-l) It 
~TXJ ~.... 2m 4 

2.4.6. (2m) 


1 


3.5.7 .... (2m"j“ 0 2 


29. Prov’c that 
1 

(i) J’.v"«(I _.v«)/>^/x = 
0 




(ii) 1.3.5 .... (2n - 1) =. ?l£il + il 

V It 

{‘ii) ®('".") = B(m,,. + 1) + B(m+ l,n) 
(iv) B(,+ |,j,)„ Jl_ . . 


ad inf. 
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g^lioo 


Fomulat 


(V) rwr(m + j) -^r(2„). 

(vi) B(m.m) 

1 

/ *m-l ^ 


0 


(viii) J 


n 

» T-', 

X • 


1 


(1 -H *)" 


dx 




"/a 'll 

(ix) (/ sinPxrfx j ^ J sinJ’+*x(/x ^ 


0 


0 


«) 


CO 


(X) / 


fix 


xP+^ (x~ 1)« 


= Bf/;+ 7, 1 - 7). »f-^< 9< ' 


m 


r x”' ■" ^ 

(xi) J 

0 


dx ^ 




nil 


/t" (a + 

dO ^ ' \/ 2. 


(xii) r (J) r (1) - 2 / v'''""■" 

0 


(Xiii) / (X-O)"'*"*' 

^ p (n) r ( n) r (/* ) 

(xiv) + 




B (»! "') 


p (m) r (») 
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30. Prove that 
00 


Ttxt Book of Applied y Matht 


fwmttesr- 4 


<i) f,— -!-b/A-V if->o 

' J (#»+#-»)« 4 V 2 2 / 


00 

and hence evaluate ^ 8ech®x dx use y « #**, ans. J ■ 


31. J 
0 


■in^" 


(a+i coSAc)’ 


1 


j _ g/ji_ ji_\ 

:o8*)« (a*-.fc2)«/* A 2 ’ 2 7 


32. If B (n, 3) =>* and /» is a positive integer, find n. 

33. Prove that 

r ,« ,— r (2'3) 

(i) J (coiO + sin0)i/® </0 « 2i/« V 


-«/4 

7 


(ii) J* -1^(7—Af) (a;-3) dx 


2[r{^.U)]^ 

3 y' Tc 


34. Evaluate 
1 

dx 


(i)/ 


(ii) J" ^ log j dx 

0 


VI Af‘ 


.7W 


CO 


(myj ^ {I Vx dx. (iv) J -^dx (a > l) 
0 0 


[ Ans. n «. 1 ] 


fl 

(v) / (rt—' x)P dx. (vi) J* (fl®— dx. 

0 0 


00 


(vii) / 


•0 

00 


A?* (1 + a;*) 


00 


(/ac 


(viii) / 


0 


(1 4 - 


dx 


nL 


0 


/ iTT* <*> / 




V 1 - J sin* 0 


(*i) / 


0 


(1 + X*)* 


dx 
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CO . 


(xii) / ‘ 


0 


^Ans. (i) ^ 


; 1 

dn (*iu) J («lQgjip)3j/ju f 

0 i 

T ‘■(■ir) 


Q V-log^f 




.... r («) 1 

• (n) —LL (iii)-L- 
a" ' ’ 5148 


r(c + 1) 


(loga^“+’- 
(vii) 1^5005 


- . (v) r.»+P+^ B (n + 1, /> + 1) ] (vi) 


2r(4) 


(viii) 0 (ix) 


n-v/2 


(x) {r(i;4)}i*/2V« W -57 (xii) ^ 


(xiii) — 3 /128 ^ 


0 


35. Show that 
Tf/2 

(i) I* (tan =- Y 

b 


« sec where - 1 <»< ^- 


I ^ r= —— 

r dx X J rf+7)ti“ 4V2 

(») Jtt: .4)1/2 


0 


( 


oo 

iii) / *■' 




co^bx dx’-^ 


0 


^4 
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‘CHAPTER I 

introduction to DlFPFRPKrrT^ 

equations 

coefficient! or differential! i! caSd?!?-J"''”'""® 
ordinary differential equaUo^^ ", called 

.a, pSiSeS; 

Thui 

dy 

dx .. 

»«* ^ j. ^ 

(I).. 

^-3^. + 6y-0. (c) 

^x* ey ^ . . 

dx 

—+ 4* + Sjr-| 

-f 2« + ete^ f . 

•rc all difTeremal eqiiationt, out of which (d)is a partial differential 
®<lt»ation, and the others arc ordinary differential equations. 

|. , ^ * differential equation is the order of the 

/ ? dmvativc occurring in the differential equation. Thus 

of *Iti * equation of the second ootler. The dtgm. 

^fferential equation is the degree of the highest dcrivattve, 

^ ^ the differential coefRcients arc radonal and free from 
Thus equation (c) above is the first degree equation* 

\ tvntlen so as to remove the fraction becomes 
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and so is of the second degree. 

1*2. Foniuitioii of a differontsal eqnatioii 

matically, a differential equation is formed in an attempt 
eliminate arbitrary constant in the relation of the variables 
Thus to eliminate the two constants A, B from the relation 

y “ '4"»• .. *•* ••• ... ,,, 

we need two more equations, which can be easily formed throueh 
successive differentiation, that is ® 

y = 3A<** + 2B.** 

ax 

~ = 9A*»* + 4B.** j .. (2) 

Multiplying the first equation of hv_o a /w u c 

and adding all of them eliminates A R U 

bal equation ™natcs A, B, leading to the differen* 




4y 

dx 


+ ^ = 0 


( 3 ) 


The relation (H « raiuj 

^u»tion (3). Here we note that‘^' *' differential 

^nta. V,e require two more arbitrary com- 

'“‘"•'condoXT “ the given 

'quation of'the 'OMtanta wiU kL'"*‘™*"*' 

constants will *'**^^* Thus elitt.*^ ^ differential 

and converaely tht^ * '*^*rential ea t>f n arbitrary 

in ge„^„ of a ^ »th ordet : 

<**Pendent = *' ®o>««oi, . 

'"■'''rentiale,uatiot!''^tia,a,„,»^^^^^^^ the deri- 
Tht solution which • ^ solution 

the order of the as m 

"^a^tial e^u^"V,Tbitr.^ _ 

^ o?r:3 
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i uvNiooti Thu* from (1.2) above, we we that 
' t ^ A#** 4^ 

; 1 % the general iolutton of che equation 
/•r . - 

_- 5^+^»0 

J* the folution coniatm two arb'irary rontunts and the diffcrcn. 
itat equation U of the lecond order. SimiUrty, 

jr — sin a 4- r. 

U a (jprnerjl tolutitMn of the equation. 

--CO* a =* 0 

dn 

at can be verihed bv actual lubtdiution. 

The soluticei in srhich arbitrary constants in the G. S. (i. c. 
general s«>lution ^ are given specific numerical values U called a 
solution. Thus in the above if we t.ike A == 2 and 

B *a T, U*C h 

y ^ 2 r*' 7#** 

s\hich satisfies the differential equation 
^*1 • dy ^ A 

— a — tb — 0 

dx* dM 

and «■' is a p.'trlicular solution of the equation. The particular 
vslueMaken by the arbitrary constants, depend upon s^dtat are 
a .ss initial or boundarv conditiooi of the problem This 
point svill be made more clear, when we shall study applied 
differentia! equations. ^ 

more ct mlatioo. which U called « singuls, 
«Iu,i<vn. The dnfuUr wdudo« U . reUlioo between .he vanabK 
which does no. im-oKe «bi.rar>- co«..enh. and snU 

diffnenrial equs.io«. A sin^uUr 

the par«if.ilar wlution can be obuined) from ^ pneral 
mlut. n bTsi^n? numerical value, to the arburarr 

con-unis. 

To make this clear, let us eonuder the cquatum 

« . « .{♦) 


,A 

dM 


m 
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It c*n be verMled very eerily ll»»* 1“ lenerel lolmlon ii 

. I 

«* 4 " 

whera $ U iin arbllrtiry conilunt. 

Another eolurion of ihl. equation !•/ - I*, 
be verified by .ubitltuti.m, Thi. i. the .igolar ^ ** 

equation; end »• can be lecn. it cannot be 
general solution by giving any pariiculur value lu I- 

conitant, 


1'4. Bngineer’e Approach to DUferontUl eqonliona i— 

Dlfl'erenial Equationt play an impotant role in the itu > < 
Engineering Problemi, and the approach ol an Engineertng 
•indent to the differential e<iuation differ! from that of a ttudent 
of Mathematici. For the engineering itudent, the itudy tif a 
differential equation can be divided in three ttagei* 

(a) Formation of differential equation, from the given 
Phyiical or Engineering problem. 

(b) To obtain the lolution of the differential cquailon, 
and fixing the valuei of the arbitrary conitantj, with the help of 
given condltioni. 

(c) Phyiical interpretation of the mathematical solution. 

For initance, luppoie we are dealing with an electrical 
circuit, containing a resistance R, an inductance L, and an 
e. m. f. E all in lerici. 


Let i be the current flowing in 
the circuit at time t, We need to 
know the way in which the current 
varies with time, and how it ii 
affected by the values of the 
resistance and the inducance. 

, This is the Physical Engineering 
Problem. i 

Fig. 1 

In (he fint itage, we tramform thii into a differentl»' 
equal on. Uiing Klrchhoff'i Lawi for circuit, rince the potential 
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4 ^ MTMl » WMl L .M Bi »o4 L ^ r«|»eiiv*ly. wc hn, 

L ^ f Ri « E. 

fkU k lh« ni4lhcfiiatir«l lUtemmt U the ekctricMl circuit. 
*f||ii ami i* lo aolve iliis differential equation. By the 

malllfiili which MUfW, wt obtain the lolutirm of thit difTereadal 

iqyiilitvi M f 


it 


El 

1 

^ R ' 


Initially if i •* 0 when t — 0, then niUtituUng ihetc in 
iH« abova ralation we get c ^ E/R. 

TKa renuJreil toliition ii 

El 

In Ih. An.l .U,r, wr ,ry 
rf Ih. ph^r.l n.l«rr of .h< ^ 

lncr«u«. ih* . urrmt i K"" "" ^ u) note how 

mulmum vnloe E/R. Thli reUiion inducunce 

< I. .flkclMi by .he velue -rf .h* R •»*« '*'' 

1e In lha circuit. . 

The m..hem.Ue. ^ 

approach If more practical. 

k.ii Ant ■« difTcrent nicth<» 
In tha raft of ihif tacuon, %ec fhaU ^ .ppUcation of the 

to folvt the differential equaUOM •” . Pliydcal ProWcini. 

equnrfon. to the *•“* ^ 


to« —.he—**' 

TrMri.1. dw WIewta.* utMmmm m ^ ^ slTtnace 

^he lieiw "I • (•rieta *•*’'* ** ****'^ 

•f erilnaie and 


Scanned by CamScanner 



% A TfJTT BOCMI 09 APrUEO MATHSMAnTf 

I. Tk« ModfrafiaA of • rocirf of laMt m direrted •traifbt yfmrord ii retard* 
od bf both a contutfic gravity fwroe aod a fartr propMruoii*l lo it* tpoed. 

S> An rlortfiical cit'coii c«jniA<a* a r g ain ji o r e R, an ir‘4y<rtaoce L, a capactfy 
C, and *0 c. m. F. C «a v-t. •rrirv. 

Give order aiad degrer of each ot the ftdlowiog di^cr ntiali filiation* • 

♦» «f jr • — 

s. - J- 7. y -t'» - 

d. y > a(y' - I. 8- y '♦*-^'** 

lataWttll ih« ddfefrotiaJ eq»*atioo (oi each of fhe foJiowirtg priimdrci. 

( geiMTal MilntMO ) : 

•. / -• Ca -f C*. — rr" '*' (/')*! 

I*. 4 + -r - f/* - »I 

A ■ 

II. ^ - A -f B< 4 - Ct*. i »" - 0 |. 

I/. ^ - Aroill ^ B»<n Ir 

IS. f -• A* -f »«••* [ vV J • 8 ) 

14. 4 - c,4*<4-r..- [2 -—-*•-<»] 

15. / • Ar-^ wa (tW t ^ (f• -t- « 0 j. 

le. .y «• (Aj) ^ ^ * ] 

+ +«»rt-0 ]. 
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